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ON CONTINUITY PROPERTIES OF THE SOLUTION
MAP IN QUADRATIC PROGRAMMING

NGUYEN NANG TAM

ABSTRACT. We study in detail the lower semicontinuity and the upper
semicontinuity properties of the set-valued map (D,A,c,b)— sol (D,A,c,b),
where sol(D,A,c,b) denotes the solution set of the quadratic programming
problem

Minimize f(ac)::cTa:—f—%:cTD:c subject to Az>b, x>0.

In particular, a complete characterization for the lower semicontinuity of
the map sol(-) is obtained.

1. INTRODUCTION

Let there be given a matrix A € R"™*"™ and a matrix D from the
subspace RE™" of R™* "™ formed by symmetric square matrices of the
order n. Let ¢ € R™ and b € R". Consider the following quadratic
programming problem (P):

1
Minimize f(z) :=c’x + §xTDx,
subject to Az >b, = >0.
(The superscript 7 stands for matrix transposition.) Let A(A,b),

sol (D, A,c,b), and S(D, A,c,b) denote the constraint set, the solution
set, and the Karush-Kuhn-Tucker points set of (P), respectively. That is,

A(Ab)={x e R": Az > b, x > 0},
sol (D, A,c,b) ={z € A(A,b) : f(z) < f(y) for every y € A(A,b)},
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and x € S(D, A, ¢,b) iff there exists A € R™ such that

Dz —ATX+¢>0, Az—b>0,
(1.2) x>0, A>0,
(1.3) e (Dx — ATXA +¢) + M\ (Az —b) = 0.

In [14], [15] we have studied the upper semicontinuity of the set-valued
map

(1.4) (D, A, c,b) — S(D, A, c,b).

In this paper we will examine in detail the upper semicontinuity and the
lower semicontinuity properties of the solution map

(1.5) (D, A, e,b) — sol(D, A, c,b).
If D is positive semidefinite then f(z) is a convex function,
sol (D, A,c,b) = S(D, A, c,b),

and (P) is a convex quadratic programming problem. For convex qua-
dratic programming problems, continuity and/or differentiability proper-
ties of the solution map have been discussed, for example, in [2], [3], [4],
6, [7], [8], [13].

When D is not assumed to be positive semidefinite, the objective func-
tion f(x) may be nonconvex, and it may happen that sol (D, A,c,b) #
S(D, A, c,b). For this general situation, results on characterizing continu-
ity and differentiability properties of the set-valued map (1.5) seem to be
very limited. We only know a sufficient condition for upper semicontinuity
of the solution map given in [10].

Section 2 of this paper is devoted to the study of the upper semiconti-
nuity of the map (1.5). In Section 3 we obtain a complete characterization
of the lower semicontinuity property of the solution map, our main result.

In what follows, the scalar product and the Euclidean norm in a finite
dimensional Euclidean space are denoted by (-7™-) and || - ||, respectively.
Vectors in Euclidean spaces are interpreted as columns-vectors. The no-
tation = > y (resp., x > y) means that every component of = is greater
or equal (resp., greater) the corresponding component of y. For each
Ae limxn7

[|Al] := max{||Az|| : x € R", ||z|| = 1}.
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For a matrix D € RE*" the norm ||D|| is defined similarly. Finally, let
E denote the unit matrix in R$*", and let the symbol | X| stand for the
number of elements in X if X is a finite set.

2. UPPER SEMICONTINUITY OF THE SOLUTION MAP

The following is an adaptation of Definition 1.4.1 of [1] to the set-valued
map (1.5).

Definition 2.1. The solution map defined in (1.5) is said to be up-
per semicontinuous at (D, A, ¢, b) if for any open set 2 C R™ containing
sol(D, A, ¢, b), there exists § > 0 such that sol(D’, A", ¢/, b') C Q for every
(D' A", b)) e RY" x R™*™ x R™ x R™ satisfying

max{||D" — DI|,[|A" — Al|, [|¢ — [, |V" = b]|} < 6.
For the inequality system
(2.1) Az >b, x>0,

the notion of regularity from [11] (p.755) can be stated equivalently as
follows.

Definition 2.2. The system (2.1) is called regular if there exists g € R”
such that
Axg > b, xo > 0.

The next result is due to Nhan ([10], Theorem 3.4).

Theorem 2.1. Assume that:
(1) s0l(D, 4,0,0) = {0},
(a2) the system (2.1) is regular.
Then, for any ¢ € R™, the map sol (+) is upper semicontinuous at (D, A, ¢, b).

Corollary 2.1. If the system (2.1) is regular and if the set A(A,b) is
bounded, then sol (+) is upper semicontinuous at (D, A, c,b).

Proof. Since the system (2.1) is regular, A(A,b) is nonempty. Besides,
since

A(A,b) + A(A,0) C A(A, b),

A(A,0) is a cone and A(A,b) is bounded, one has A(A,0) = {0}. Hence
sol (D, A,0,0) = {0}, and the desired property follows from Theorem 2.1.
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Remark 2.1. Condition (a;) is equivalent to that #7 Dz > 0 for every
x € A(A,0)\ {0}, i.e. the quadratic form z7 Dz is strictly copositive on
the cone A(A4,0).

The next statement is a complement to Theorem 2.1.

Theorem 2.2. Assume that:

(bl) S(Da 4,0, 0) = {0}7

(ba) the system Ax >0, x > 0 is regular.
Then, for any (c,b) € R™ x R™, the map sol () is upper semicontinuous
at (D, A, c,b).

Proof. Suppose that the assertion of the theorem is false. Then there is
a pair (¢,b) € R™ x R™ such that there exist an open set {2 containing
sol (D, A, ¢,b), a sequence {(Dy, Ak, cx, b))} converging to (D, A, ¢, b), and
a sequence {xy} such that

xg € sol (Dy, Ak, c,bi) \ Q  for every k € N.

If the norms ||z || (k € N) are bounded, then, without loss of generality,
we may assume that x; — xo for some zyp € R". Fix any = € A(A,b).
By (b2) and Theorem 1 of [11], there exists a sequence &, € A(Ag,bg)
converging to x as k — oo. Since xy, € sol (Dy, Ak, ¢k, bx), we have

1 1
cfwy + §$£Dk$k <cpép + §5ng§k-

Letting k — oo we get

1 1
cag + §mOTDx0 <cTz+ §a:TDx,

which shows that z¢ € sol (D, A,¢,b) C Q. We have arrived at a contra-
diction, because x ¢ 2 for all k and € is open.

Now assume that the norms ||z|| (k € N) are unbounded. By taking
a subsequence, if necessary, we may assume that ||zg|| — 0o. According
to the first-order necessary optimality condition for quadratic programs
(see [9], p. 491) and since zy, € sol (Dy, Ak, ¢, b), for each k there exists
A € R™ such that

(2.2) Dyxy — Ag)\k +c >0, Apxp —bp >0,
T > 07 )\k > 07
(2.4) :I?f(DkZI?k — Ag)\k -+ Ck) -+ )\g(AkiEk — bk) =0.
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Since ||(zg, Ae)|| = ([|zx]* + ||)\k||2)1/2 — 00, we may assume, without
loss of generality, that ||(zg, Ax)|| # 0 for all £ and that the sequence of
vectors

G ( T, Ak )
(s AT N s A (@ Aw)|
converges to some (Z,)\) € R™ x R™ with ||(z,\)|| = 1. Dividing both

sides of (2.2) and of (2.3) by ||(zk, Ax)||, dividing both sides of (2.4) by
|[(2k, A)||?, and taking the limits as k — oo we obtain

(2.5) Dz — ATX>0, Az >0,
(2.6) z>0, A>0,
(2.7) z'(Dz — AT\ + M Az = 0.

The system (2.5)—(2.7) proves that £ € S(D, A,0,0). By (b1), = 0. Hence
(2.8) —ATX>0, x>0,

Combining (2.8) and (bz) yields A = 0 (see Lemma 2.1 in [15]), hence
||(Z,A)|| = 0, a contradiction. The proof is complete.

Remark 2.2. Since A(A,b) + A(A,0) C A(A,b), then (by) implies (as) if
A(A,b) is nonempty. However, (b;) does not imply (a).

Observe that neither (a1) nor (az) is a necessary condition for the upper
semicontinuity of the solution map sol () at a given point (D, A, ¢, b).

Example 2.1. Let n=m =1, D =10}, A=[l],c=1,b=1. It can
be easily verified that sol (D, A,¢,b) = {1} and the map sol (-) is upper
semicontinuous at (D, A, ¢,b). Since sol (D, A,0,0) = {z € R: z > 0},
(ay) fails to hold.

Example 2.2. Letn=m=1, A=[-1],b=0. If A’ =[-1+a], ¥ = 3,
where o and [ are sufficiently small. Then

AA V) ={zeR:0<a< 1_—604} .

It is easily seen that for arbitrarily chosen D and ¢, the map sol (+) is upper
semicontinuous at (D, A, ¢, b), while condition (a3) does not hold.
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3. LOWER SEMICONTINUITY OF THE SOLUTION MAP

Specializing the notion of lower semicontinuous set-valued map to the
solution map (1.5) we have the following

Definition 3.1. The solution map (D, A, ¢, b) — sol (D, A, ¢, b) is said to
be lower semicontinuous at (D, A, ¢,b) if sol (D, A, ¢,b) # () and, for each
open set 2 C R™ satisfying sol (D, A, ¢,b) NQ # (), there exists 6 > 0 such
that sol (D', A’,¢/,b') N Q # ( for every (D', A, ¢, V) € RZ*™ x R™*"™ x
R”™ x R™ satisfying

max{||D" — D[, [|A" = Al], ||" = ¢[[, [t = bl[} < 4.

The map sol () is called continuous at (D, A, ¢, b) if it is simultaneously
upper semicontinuous and lower semicontinuous at that point.

The above definition agrees with the one of [16, pp. 450-451], but differs
slightly from the one stated in [1, Definition 1.4.2, p. 39].
Our main result can be stated as follows.

Theorem 3.1. The solution map sol (-) of the problem (P) is lower semi-
continuous at (D, A, c,b) if and only if the following three conditions are
satisfied:

(a) the system Ax > b, x > 0 is regular,

(b) sol(D,A,0,0) = {0},

(c) |sol(D,A,cb)| =1.

For proving Theorem 3.1 we need some lemmas.

Lemma 3.1. If sol(-) is lower semicontinuous then the system Az > b,
x > 0 is regular.

Proof. If the system Ax > b, © > 0 is irregular, then according to [12
Lemma 3, p. 439], there exists a sequence (A, by) € R™*"xR™ tending to
(A, b) such that A(Ay,bx) = 0 for each k. Therefore, sol (D, Ay, c,bg) =0
for each k, contrary to the assumed lower semicontinuity of the solution
map.

Lemma 3.2. If the set-valued map sol(-) is lower semicontinuous at

(D, A, c,b) then sol (D, A,0,0) = {0}.

Proof. To the contrary, assume that sol (D, A,0,0) # {0}. Then there is
a nonzero vector £ € R™ such that

(3.1) Az >0, >0, z'Dz<0.
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Since A(A,b) # 0, it follows from (3.1) and the inclusion A(A,b) +
A(A,0) C A(A,b) that A(A,b) is unbounded. For every € > 0, we get
from (3.1) that 27 (D — eE)z < 0. Hence, for any x € A(A,b),

flz+1tz) = (z +tz) + %(w +t2)T(D — eF)(x + ) — —o00

ast — oo. Thus, sol (D—¢eFE, A, ¢,b) = (). This contradicts our assumption
that sol (+) is lower semicontinuous at (D, A, ¢, b).

Lemma 3.3.

(i) Ifsol (D, A,0,0) = {0} then for any (c¢,b) € R"xR™, sol (D, A, c,b)
18 a compact set.

(ii) Ifsol (D, A,0,0) = {0} and if A(A,b) is nonempty, then sol (D, A, c,b)
is nonempty for every c € R™.

Proof. (i) Suppose that sol (D, A,0,0) = {0}, but sol (D, A, ¢,b) is un-
bounded for some (¢,b). Then there is a sequence {z;} C sol (D, A,c,b)
such that ||zg|| — oo as k — oo. Fixing any x € A(A,b), one has

1 1
(3.2) Ty + §x£Dmk <clx+ §xTDm,

Without loss of generality we may assume that the sequence ||z|| "tz
converges to some T with ||Z|| = 1. Using (3.2) and (3.3) it is easy to
show that 27Dz < 0, Az > 0, £ > 0. This contradicts the fact that
sol (D, A,0,0) = {0}. We have thus proved that A := sol (D, A,¢,b) is a
bounded set. Fix any z € A. Since A = {zx € A(A,b) : f(x) = f(z)}, A
is closed. Hence A is a compact set.

(ii) Let sol (D, A,0,0) = {0}, A(A,b) # 0, and let ¢ € R™ be given
arbitrarily. If the quadratic form f(z) = ¢’z + 327 D is bounded below
on the polyhedron A(A,b), then by the Frank-Wolfe theorem (see [6, The-
orem 2.8.1]), the solution set sol (D, A, ¢, b) is nonempty. Now assume that
there exists a sequence z € A(A,b) such that f(xy) — —oo as k — oc.
By taking a subsequence, if necessary, we may assume that

1
(3.4) chay + §x£D:ck <0

for all k, ||zgx|| — oo and that ||zx||~'zk converges to some T as k — oo.
It is a simple matter to show that £ € A(A,0). Dividing both sides of
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(3.4) by ||z||* and letting & — oo one gets T Dz < 0. As ||z|| = 1,
sol (D, A,0,0) # {0}, which is impossible.

Lemma 3.4. If the map sol (+) is lower semicontinuous at (D, A, ¢, b) then
the set sol (D, A, c,b) is finite.

Proof. We define N =n + m,

v=(370) o= (5)

T

)\) € RV satisfying

and consider the problem of finding vectors z = (

(3.5) Mz+q¢>0, 2>0, 27 (Mz+q)=0.

For a nonempty subset & C {1,2,..., N}, the principal submatrix (mij)

of M = (mij)lgi,jgN

column-vector with the components (pl)

1,JEQ
is denoted by M,. For a vector p € RY, the

ica is denoted by p,. Let z =

(21,22,...,2n)T be a nonzero solution of the linear complementary prob-
lem (3.5). Let J ={j: 2 =0}, I ={i:2 > 0}. Since z;y = 0 and
(Mz+ q)r = 0, then M;z; = —q;. Therefore, if detM; # 0 then z is
defined uniquely via ¢ by the formulas

(3.6) 27 =0, 21 =—-M; (qr).
Given any nonempty subset I C {1,...,n} we define
Qr:={q¢€ RY : —g; = M;z; for some z € RN}.

If detM; = 0 then Q; is a proper subspace of R¥. In particular, Q;
is nowhere dense in RY. By Baire’s Lemma ([5, p.15]), the union Q :=
U{Qr: I cC{1,2,...,N}, T+#0, det M; = 0} is nowhere dense. Hence,

: (k) . c
there exists a sequence ¢%) = _p(k) | converging to g = b such

that ¢(¥) ¢ Q for all k.

Now, fix any z € A =sol (D, A, ¢, b) and let € > 0 be given arbitrarily.
Since sol (-) is lower semicontinuous at (D, A, ¢, b), there exists . > 0 such
that

x €sol (D, A, V) + eBrn
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for all (¢, ') satisfying max{||c’ — ¢, ||0’ — b||} < d., where Br~ denotes
the closed unit ball in R™. Hence, for each k sufficiently large, there exists
z(®) € sol (D, A, ™) bR)) such that

(3.7) |z — ¥ <e.

(k)
Since (%) € sol (D, A, ¢®), b)), there exists \(¥) such that z(¥) := <§(k) >

is a solution of the linear complementary problem
Mz+¢® >0 z>0, 2T (Mz+ q(k’)) =0.

(See [9, . 491]). Let J, = {5 : 2" = 0}, Iy = {i : 2 > 0}. If I, = @ then
2(k) = 0. If I}, # (), then det M, # 0 because ¢*) ¢ Q. Consequently,

(3.8) A0 =0, A = —mpt (aff).

Since the set {1,2,..., N} has only 2% subsets, then one can find a subset
I c{1,2,...,N} and a subsequence {k;} C {k} such that I, = I for all
k;. Let Z denote the set of all z € R such that there exists a nonempty
subset I C {1,..., N} with the property that det M # 0, zr = —M; *(qr)
and zy = 0, where J := {1,..., N}\I. It is clear that Z is finite. It follows

(k:)

from (3.8) that the sequence z 1., is convergent and that the limit belongs

to the finite set Z := ZU{0}. For every z = (i) we put pri(z) = &. Since
prl(z(ki)) = 2 from what has been said it follows that the sequence
{2} has a limit £ in the finite set X := {pri(z) : z € Z}. By (3.7),
z € X + eBg». Since € > 0 can be arbitrarily small, z must belong to X.
We have thus shown that A = sol (D, A, ¢, b) C X. Hence A is a finite set,
and the lemma follows.

Lemma 3.5. The set G := {(D, A) : sol(D,A,0,0) = {0}} is open in
R x R™*™.

Proof. Assume to the contrary that there is a sequence {(Dy, Ax)} con-
verging to (D, A) € G such that sol (Dy, Ag,0,0) # {0} for all k. Then for
each k there exists a vector zj such that ||zx|| = 1 and

(3.9) Az >0, x>0, xfDpx, <O0.
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Without loss of generality we may assume that {x} converges to some z
with ||zg|| = 1. Taking the limits in (3.9) as k — oo, we obtain

Axg >0, x9>0, xOTon <0.

This contradicts the assumption that sol (D, A, 0,0) = {0}.
For each subset o C {1,...,m} with the complement & and 3 C
{1,...,n} with the complement [ let

F(a,B) :=={z e R" : (Ax)q > ba, (Ax)a = bs, x5 >0, x5 =0}.

Obviously,

A(Ab) = | Fla, B).
(@,0)

Besides, for every x € A(A,b) there exists a unique pair (o, 3) such that
x € F(a, 3). In addition, if («, 3) # (/, ) then F(a, 3) N F (o', 3) = 0.

Lemma 3.6. If the solution set sol (D, A,c,b) is finite, then for any
aC{l,...,m} and for any  C {1,...,n} we have

(3.10) Isol (D, A, ¢,b) N F(a, B)] < 1.
Proof. For every z € A(A,b) we put
I(x) = {i: (Az); = bi},  J(x) ={j:2; =0}
The cone
Fo={veR": (Av); >0, v; >0 foralli € I(x), j € J(z)}

is the tangent cone of A(A,b) at x. By Theorem 2.8.4 of [6], a point
x € A(A,b) is a local minimum of (P) if and only if

(i) (Dz +c)Tv >0 for every v € F,,

(ii) If v € F, and (Dx + ¢)Tv =0, then vT Dv > 0.
We now suppose that for some a C {1,...,m} and § C {1,...,n} the
set sol (D, A,c,b) N F(a, ) contain two distinct elements z, 3. Since
.y € Fla,B), I(z) = I(y) and J(z) = J(y), hence Fz = F;. For any

0, 1], since F'(«, 3) is convex, x; := tx+ (1 —t)y € F(«, 3). Therefore,
x)=1

(7)

t
I (9) = 1(z), J(z) = J(y) = J(2¢), and Fz = Fy = Fo,.
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Fix any t € (0,1). Let v := y — z. Since v € Fz and —v € Fy, v and
—v belong to F,,. Since T and g are solutions of (P),

(3.11) (DZ +¢)'v = (Dy+¢c)Tv = 0.
This implies that
(3.12) (Dzy 4 ¢c)Tv =t(Dz + ¢)Tv + (1 — t)(Dy + ¢)v = 0.

As 7 is a solution of (P), (3.11) implies that v Dv > 0. Noting that
y —x¢ = 7o for some 7 > 0, one deduces from the last inequality and
(3.12) that

F(@) ~ F(w) = (D +0)!(7) + 5 (r0) " D(rv)
= 20T Dy > 0.

Then we get x; € sol (D, A,c,b) for all t € (0,1), which contradicts the
finiteness of sol (D, A, ¢, b).

Lemma 3.7. If the map sol () is lower semicontinuous at (D, A, c,b) then
|sol (D, A,¢c,b)| = 1.

Proof. On the contrary, suppose that in sol (D, A, ¢, b) we can find two
distinct vectors z, §. Let J(z) ={j :z; =0}, J(y) ={j : y; = 0}.

If J(z) # J(y), then there exists jo such that z,, = 0 and y;, > 0, or
there exists j; such that z;, > 0 and y;, = 0. By symmetry, it is enough
to consider the first case. As y € sol (D, A,c,b) and y;, > 0, there is an
open neighborhood U of y such that f(y) > f(y) and y;, > 0 for every
y € U. Fix any € > 0 and put c(¢) = (¢;(¢€)), where

C; (6) =

{Cz' if 77 Jo
ci+e if 7= jo.

1
Let f.(z) = f(x)+exj,, where, as before, f(x) = Tz + §xTDx. Consider

the quadratic program

Minimize f.(x) subject to z € A(A,b),
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whose solution set is sol (D, A, ¢(¢),b). For every y € U, we have

fe(y) = ) +eyjo > f(y) = [(9)
= f(2) = f-(z)
Hence y ¢ sol (D, A, ¢(e),b), so
(3.13) sol (D, A, c(e),b) NU = 0.

Since € > 0 can be arbitrarily small, (3.13) contradicts our assumption
that sol (+) is lower semicontinuous at (D, A, ¢, b).
Now suppose that J(z) = J(7). Let a and o be the index sets such
that
TeF(o,B), yeF(,p),

where (3 is the complement of J(z) = J(y) in {1,...,n}. By Lemma 3.4,
sol (D, A, ¢,b) is a finite set. Then, by Lemma 3.6, a # «’. Hence at least
one of the sets a\ @ and o’ \ @ must be nonempty. By symmetry, it
suffices to consider the first case. Let ig € a \ o’. Then we have

(3.14) (Aj)io > bio, (Agj)lo = bio-
As sol (D, A, ¢, b) is finite, one can find a neighborhood W of § such that
(3.15) sol|,(D,A,c,b) N W = {g}.

Fix any ¢ > 0 and put b(e) = (b;(¢)), where

b —
bi<e)={ i 24
b; + ¢ if ¢ =1p.

By (3.14) there exists § > 0 such that z € A(A,b(e)) for every e € (0,9).
Since A(A,b(e)) C A(A,b), then

inf > inf = f(2).
pently o, @) 2 it F@) = f(@)

Therefore, for every € € (0,4), T € sol (D, A, ¢,b(e)). Moreover,

sol (D, A, ¢, b(e)) Csol (D, A,c,b).
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It is clear that § ¢ A(A,b(e)). Then we have sol(D, A, c,b(e)) C
sol (D, A,c,b) \ {yg}. Hence, by (3.15), sol (D, A,c,b(e)) N W = () for
every ¢ € (0,6). This contradicts the lower semicontinuity of sol () at
(D, A,c,b). Lemma 3.7 is proved.

Proof of Theorem 3.1. If sol(-) is lower semicontinuous at (D, A, ¢, b)
then from Lemmas 3.1, 3.2, and 3.7, we get (a), (b), and (c).

Conversely, assume that the conditions (a), (b) and (c) are fulfilled.
Let Q be an open set containing the unique solution Z € sol (D, A, ¢, b).
By (a) and by Lemma 3 of [12], there exists §; > 0 such that A(A’,d) # ()
for every pair (A’,V') satisfying max{||A" — A]|, |0’ — ||} < J1. By (b)
and by Lemma 3.5, there exists do > 0 such that sol (D', A’,0,0) =
{0} for every pair (D', A’) satisfying max{||D’ — D||,||A" — A||} < 0s.
For 6 := min{dq,d2}, by the second assertion of Lemma 3.3 we have
sol (D', A", b') # 0 for every (D'A’, ', V') satisfying

(3.16) max{||D" = D, ||A" = Al|, [|" = ¢, [|b" = b][} < 6.

By (a) and (b), it follows from Theorem 2.1 that sol (-) is upper semicon-
tinuous at (D, A, ¢,b). Hence sol (D', A’,/,b") C Q for every (D'A’, ', V')
satisfying (3.16) if § > 0 is small enough. For such a ¢ it follows as above
that sol (D',b',¢,b') N Q # 0 for every (D', A’,c,b') satisfying (3.16).
This shows that sol (+) is lower semicontinuous at (D, A, ¢,b). The proof
is complete.

The following fact follows directly from Theorems 3.1 and 2.1.

Corollary 3.1. If the map sol(-) is lower semicontinuous at (D, A, c,b)
then it is upper semicontinuous at (D, A, c,b), hence it is continuous at
the point.

Let us mention two other interesting consequences of Theorem 3.1.

Corollary 3.2. If D is a negative semidefinite matriz, then the map
sol(-) is continuous at (D, A, c,b) if and only if the following conditions
are satisfied

(i) the system Az >b, x > 0 is regular,

(ii)) A(A,bd) is a compact set, and

(iii) |sol (D, A, ¢, b)| = 1.

Proof. Assume that sol(-) is lower semicontinuous at (D, A, ¢,b). By
Theorem 3.1, conditions (i) and (iii) are satisfied. Moreover,

(3.17) sol (D, 4,0,0) = {0}.
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We claim that A(A,0) = {0}. Indeed, by assumption, 27 Dx < 0 for
every z € A(A,0). If there exists no z € A(A,0) with the property that
#T Dz < 0 then sol (D, A,0,0) = A(A,0), and (3.17) forces A(4,0) = {0}.
If 7' Dz < 0 for some & € A(A, 0), then it is obvious that sol (D, A,0,0) =
(), which is impossible. Property (ii) follows easily from the equality
A(A,0) = {0}.

Conversely, suppose that (i), (ii) and (iii) are satisfied. As A(A,b) # ()
by (i), (ii) implies A(A,0) = {0}. Therefore, sol (D, A,0,0) = {0}. Since
the conditions (a), (b) and (c¢) in Theorem 3.1 are satisfied, sol (-) is lower
semicontinuous at (D, A, ¢,b). The proof is complete.

Corollary 3.3. If D is a positive definite matriz, then the map sol(-)
is continuous at (D, A, e, b) if and only if the system Az > b, > 0 is
reqular.

Remarks. We would like to observe that the proof of Theorem 3.1 can
be shortened by using a device shown to us by Hoang Xuan Phu. The
argument for proving Lemma 3.4 can be applied for studying the lower
semicontinuity property of the set of the Karush-Kuhn-Tucker points, and
of the set of the local solutions of (P).
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