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ON F-DISCRETE DISTRIBUTION

PHAM XUAN BINH

ABSTRACT. We investigate a new family of discrete distributions which
are called F-discrete distributions. A moment recursion formula and some
limit theorems for these distributions are proved. These results are similar
to those for the well-known F'-distributions in the continuous case.

1. INTRODUCTION

Let U be a random variable which has the density

0 if z <0,
(1) fle) =9 ¥ T(a+8) .

x x T « )

n n n
We note that when putting o = 71, 6= ?2, v = —2, we obtain the
ni

well-known F-distribution (Fisher-Snedecor distribution) with parameters
(n1,n2). It is easy to check that the density f in (1) satisfies the differential
equation

(2) 2z +)f'(z) = [y(a =1) = (B + D] f(2).

So the distribution of U belongs to Pearson’s system (see [4], page 133).
We can write (2) in the following form

x

3) / e — (8 - VAf()dt = 2(x +7)f(x), >0,

0

This leads us to consider, in the discrete case, the analogous equation
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k
4 D lra—(B-Djp=Ek+r)k+a)p, k=012,
7=0

where o, 5,7 > 0.

In this paper we shall show that (4) and the condition Z =1

k=0
uniquely define the following family of discrete distributions

Fla+B)T(B+r) T(a+k)(r+k)
C(@)D(B)T(r) T(a+pB+r+k)k!’

(5) pe= k=0,1,2,...

It is interesting that we can give a probabilistic model which generates
these distributions. Such a model can be obtained by reviewing Polya’s
one (see [4], Chapter 6, and [2], page 120) in another way (see the model
after Proposition 2.2).

We shall deliver a recursion formula for the moments of these distribu-
tions (Theorem 3.2 ). We shall also prove some limit theorems (Section 4)
which show that Poisson and Pascal distributions can be obtained under
certain conditions. These results show that the new distribution is simi-
lar to the F-distribution in the continuous case. Therefore we call it the
F'-discrete distribution.

2. PRELIMINARIES AND DEFINITION

Lemma 2.1 (see [1], page 73). We have

F(c) ~=~T(@+kITOb+k) T()T(c—a-—1)
I(c+ k)E! - T(c—a)l(c—b)’

k=0
where Re(c) > Re(b) >0, Re(c —a—0b) > 0.

Theorem 2.1. Let px, k = 0,1,2,..., be a sequence of real numbers.
Then py is given by (5) if and only if py satisfies (4) and the condition
0

Zpk =1.
k—0

Proof. Suppose that py satisfies (4) and the condition > pr = 1. By (4)
we have

[rao— (B—=1)(k+1)p, = (k+14+7)(k+ 14 a)prpr1 — (K +7)(k + a)px,
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k=0,1,2,... or

(k+a)(k+r)
k+1)(k+a+pB+r

Pr+1 = ( )pka k= 07 1727

Hence we get

Dla+B8+r(a+k)(r+k)
T(@)D (N (a+ B+ r+ k)

(6) i = k=0,1,2, ..

By Lemma 2.1 we see that

ZhMZE:Ha+ﬁ+mma+mrw+@ __n@r@+g+T%U
k=0

hor@ﬁ@wm+ﬁ+r+@mp“‘na+mnﬁ+m

By the condition Zpk = 1 we obtain

k=0
a4+ B)T(B+7r) .
rg)ra+p6+r)

(7) bo =

From (6) and (7) we get (5).
Now, suppose that py is given by (5). By Lemma 2.1 we see that the

condition Zpk = 1 is satisfied. We shall prove that pj satisfies (4) by
k=0
induction. It is easy to verify that (4) holds when k = 0. Assume that (4)

is true when k£ = n. By noting that

_(n+1)(n+a+p+r)
" (n+7)(n+a)

Pn41

we have

n+1

Z[ra—(ﬁ — Dklpx =

k=0

=[ra— (8- 1)(n+1)]pns1 + Z[Ta — (8= 1)k]px

k=0
=[ra—(B—1)(n+1)pns1 + (n+a)(n+r)p,
=[ra—(B=1)n+Dlppt1 + (n+1)(n+a+ B+ r)ppt1
2+ (a+7+2)n+ (ra+r+a+1)pni
(n+14+a)(n+1+7)ppy1. O
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By Theorem 2.1 we can give the following definition.
Definition 2.1. A random variable X is said to have F-discrete distri-
bution (F-d.d.) with parameters (a, 3, 7) if

Fla+B)T(B+7r) T'(a+k)(r+k)
F(@)I(B) T(r) T(a+B+r+k)k!’

P(X =k) = k=0,1,2,..,

where «, (3, r are positive real numbers.

Proposition 2.2. Let U be a random variable which has the density (1).
Suppose that for a random variable X we have

C(r+k);, v \7/ x \*k
( k‘U .fI?) F(T‘)k‘ (z‘i"y) <33—|-’y> ’ k 07 y Ly ooy r>0

Then X has F-d.d. with parameters (c, 3,1).
Proof. For k=0,1,2,..., we have

B+rT (v r T
P(X =k) =" F(FoS)FJ(Fﬂfﬁ()kT . / L () L

1

_ (0“"5 + k) /a—i—k (1 — p)fHr-1
 T(a) rk' t dt

0
Na+B)T(B+7r) T(a+k)I(r+k)

= T)T(B) o) Tlatitrthk =

When «, 3, r are integers, F-d.d. can be described as follows. Suppose
that there is an urn which contains a white and ( red balls. A ball is drawn
at random. It is replaced and, moreover, one ball of the color drawn is
added. A new random drawing is made from the urn (now containing
a+ 3+ 1 balls), and this procedure is repeated until r red balls are drawn.
Let Y be the random variable which represents for the number of drawing.
Then the random variable X = Y —r has F-d.d. with parameters (a, 3, 7).

This can be proved by induction. It is easy to check that if » = 1 then
X has F-d.d. with parameters (o, 3,1).

Now suppose that X has F-d.d. with parameters («, 5,n — 1) when
r =n — 1 and we find the probability of the event A that the procedure
terminates at the (n+k)-th step, i.e., the n-th red ball is drawn at (n+k)-
th step, n > 2.
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We denote by H; the events that the (n — 1)-th red ball is drawn at
(j +n — 1)-th step, j = 0, k. Then

k
P(A)=)_P(H;)P(A| H))

:z’“:r(aw)r(mn—l) T(a+ /)T(n+j—1)
T()(BT(n—1) D(a+B+n+j—1)j
D(a+B+n+j—DD(a+k)(f+n—1)

FNa+jj))I'a+p+7r+k)

CTD(a+BTB+n)T(a+k)  ~T@G+n—1)

- D@ (a+B+r+k) < T(n—1)j!
Fla+BT(B+n)(a+k)'(n+k)

F(a)(B)T (o + B+ n+ k)E!

3. MOMENT PROPERTIES

From now on, we denote by X a random variable which has F-d.d.
with parameters (a, 3,7) and we will use the notation pr, = P(X = k),
k=0,1,2,..

By the investigations of [1] (page 70), and [3] (page 280), we see that
the s-th moment of F-d.d. with parameters («, 3, r) is finite if and only
if s < f.

Proposition 3.1. For 3 —2 > s > 0, we have
E(X+1) (X +a)(X+r]=EX "X +a+8+r—1).
Proof. Note that
(k+a)k+r)pr=(k+1)(k+a+ B+ r)pr+1.

Multiplying the two sides of this equality by (k + 1)® and summing up we
obtain

S (k+ 1) (k+a)k+r)pr =Y (k+ 1) (k+a+ 8 +7)prs.
k=0 k=0
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Hence we get

oo

E(X+1) (X +a)(X +7)] =Y (k+1)"(k+a)(k+r)p
k=0

= (k+ 1) (k+a+ B+ r)prn
k=0

=Y M n+a+B+r—1p,
n=0
=EBX*"'X+a+p+r—1)] 0
It is easy to check the validity of the following lemma.
Lemma 3.1. For —1 > m > 0, we have

lim n™t2

n—oo

.pn = 0.

Theorem 3.2. For 3 —1>m, m=0,1,2, ..., we have

m—2 m—1
(B-1-m)EX™" =Y CLEXT"+(a+r) ) C)EXIH
Jj=0 j=0
(8) +ar) ClEX/.
§=0

Proof. By analogous arguments as in the proof of Proposition 3.1 we have

n n

9 Y (k+1)™k+a)(k+r)pr=> (k+1)" " (k+a+ B+ r)prsr
k=0 k=0

But

NE

(k+1)"(k+a)(k+7)pk ZC’fnkj (k% + (a4 1)k + ar]ps

J=0

C’ﬂ,le]JrlpkwLarZCj Zpk
7=0

||
=
i M:
(o)

e
I

n

0
m
=3 CL> KPp+ (a+1)
j=0 k=0 j

Ms

I
=
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m—2 n m—1
:ZCﬂnZk’”pk%— a+r) ZC’ ki,
j=0 k=0 J=0 k=0

3

m
—I—arZC’J Zpk+2km+2pk+m Em Ty,
=0 k—0
n

(10) +(a+r)> K" py,
k=0

n

> (k+ 1)k + o+ B+ r)prsa

k=0
= (k+1)"Pppp+ (@4 B+r—1)) (k+1)" M prp
- k=0
n+1 n+1
:ka+2pk+(a+ﬁ+r_1)zkm+lpk
k=0 k=0
n n
=Y E"Ppet(a+B+r—1)) E" pet
k=0 k=0

(11)
+(n+ 1)+ (@+B+r—1)(n+1)"pya.

From (9), (10), (11), we get

n

(B=1=m) Y k" + (n+1)"p, i
k=0

+(a+p+r—1)mn+1 m+lpn+1 Z C’J Zk3+2pk

(12)

1
(a+1) mZC'fni g+l pk+a7“ZC"7 Zpk
7=0 7=0

By Lemma 3.1 we get (8) when taking the limit as n — oo in (12). [
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Remark. o
(i) Ifﬁ>1themEX:/8_1
(i) It B > 2 then EX? = m([rﬁ‘ﬂ“()‘lﬁ; 51;27; ;) and §
rara+ (0 —1)a+0+r—
=TT G )

4. SoOME LiMIT THEOREMS

Theorem 4.1. For ¢ > 0, we have

. Pla+k) ok

lim P(X =k) = ————p° k=0,1,2,..
pam P =R = g 77 k=012
5

where p = 1i and g =1 —p.
c

Proof. When 3, r are large, 3 = cr + (3, r), where

ma e(B,r)=0.
B

Then

<HX:k%:Wa+mﬂa+mfﬂ+@ﬂﬂ+dr+d@ﬂﬁ

kT (a)T(B)D(r)T[(1 4 ¢)r + a+ k + (6, 7)]

By the continuity of Gamma function and the well-known limit
5 I'(z+a)
im

oo m = 1, we have

, . (o +k)sor*
lim P(X =k)= 1
pim PX =Fk) = Im o)1+ e+ o
B_ ¢ B e
CTla+k)r ¢ \or 1 Nk
= T (152) (752
P(a+k) o k

~ Tk V1
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Remark. Let f asin (1). For ¢ > 0 we have

0 if x <0,

li = o
,B,fylgloof(x) C—azo‘_le—cw if x> 0.
8

2 _se
~

The next result is analogous to Theorem 4.1

Theorem 4.2. For ¢ > 0, we have

: L(r+k) .
1 P(X=0)=——">p" k=0,1,2, ...
Jm ( ) TR P 1,2,
B8 ..
c
where p = and g =1 —p.
1+c
Theorem 4.3. For A > 0, we have
Aee—A
(13) lim P(X =k)= , k=0,1,2,..
a,B,r—o00 k!
ra_ N

B
Proof. For k=0,1,2, ..., we have
Dla+ BTGB+ r)T(a+ k)'(r+ k)
(B (a+ B+ r)akT(a)rkT(r)
( ar )k(a+6+r)kr(a+ﬁ+r) _
a+B+r Fla+ B+ 1+ Ek)k!

P(X =k)=

(14)

By using Stirling formula, we get

. Dla+p)l@B+r)
(15) D ATt At ¢

ra_, )

B

On the other hand

: Do+ k)(r+k)
16 | =1
(16) afirsoo P ()R (r) ’
%—»)\
k
T
(17) lim (a+pB+T) (a+ﬁ+r):1,
a,3,r—00 F(O{ + ﬂ +r 4+ ]{7)
G A
(18) lim ( ro )k — )k
afrsoNat+Brr)

ar_

B
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From (14), (15), (16), (17), (18) we get (13). O.
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