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. _SOME RESULTS ON QUASI-CONTINUOUS MODULES
‘NGO-SI TUNG :

Abstract. In [5] Mohamed and Miller introduced and gave some characteriza-
tions of quas1-cont1nuous modules, Here we characterize these modules by exten- .
ding property of uniform submodules. The following theofem is proven: ‘Let
M = @;c1M; such that: (i) all M; are uniform; (ii) this decomposition of M
‘complements uniform direct summands; {iii) for all £, j el,i # j, M; can not be
proper embedded in M;; and (iv) M has (1~ C'l) Then M is a quasi-continuous
module. As an application we show that, a ring R is QF iff R is semiperfect
right continuous and every projective right R-module has (1 — Cy). o

1. De_ﬁnitions and _notations

Throughout this note all rmgs R are assoc1at1ve rmgs with 1dent1ty and all
modules are unitary rlght R-modules.

We consider the followmg conditions on a module M.

(C'l) Every submodule of M is essent1a1 1n a direct summand of M. _

(Cg) Every submodule Isomorphm to a d1rect summand of M i itself’ a dlrect
summand of M. ' ‘ o

(C3) ¥ My and M, are direct summands of M such that M N Mz =0 then
M, @ M, is a direct summand of M. _
" (1= Cy) Every uniform submodule of M is essenitial in a direct suminand of

" & module M is called continuos if it has (Cy) and (Cy), M is called quasi-

'contmuous if it has'(C;) and (C3). ‘A module M is said to be an extendmg
module if it satisfies condition (C1), and M is sa1d to have extendlng property
of uniform submodules if it satisfies condition (1 — ).

A submodule N of a module M is closed in M if it has no proper essent1a1

extensmns in M
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A ring R is called quasi-Frobenius (briefly, QF), if R is right artinian and
right self-injective. It is known that a ring R is QF iff every projective R-module
is m_]ectlve, iff every 1n3ect1ve R—module is projective (see [3, Theorem 24.20}).

A decomposxtlon M= EB;eIM is said to complemcnt umform direct sum-
mands if for every uniform direct summand U of M, there exists a subset J of
I such that M = U @ (®jesM;). . _ |

For a submodule XofM, X ce M means tha,t A is an essent1a1 submodule
of M. , :
IfM= GBIGIM isa dlrect sum of modules M; a.nd J 1s a subset of I then

for convenience, we put M(J) = @je _]M

2. The results

LEMMA 1. Let M = @®;crM; be a decomposition that complements uniform
direct summands. Then decomposition M(J) = ®;esM; complements uniform

direct summands for every subset J of I-

PROOF. Let U be a umform dlrect summand of M (J ) Then U is a umform

- direct summand of M. By hypothes1s there exists a subset K of I such that
M =U@®M(K). Since U is a submodule of M (J) we have by modula.rlty

M) =UoX

. where X = M(I{) N M(J) It is easy to see tha,t X = M(T) Where T EnJ.

Thus M (J ) Bje JM complements uniform direct summands

THEOREM 2 Let M = BierM; be a decompos:tlon such that; (i) all M; are
umform, (11) t}ns decompos1t10n of M complements uniform dJrect summands;
)and (iii) all i z j € I % J,-M; can, not be. proper embedded in M;. Then the
following statements are eqmvalent
(i} M is a quasi- contmuous module S
(i) M has (1 - Cy); B
(ii) M(J) is M(K)-injective for any subsets J a.nd K ofI such that J NK = (D

PROOF. (i) = (i%) is trivial.
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- (3i1). = (2) by [5, Theorem 2.13). . :

“: (41} = (421). By [5, Proposition 1.5}, it suffices to prove. that for each k €
K, M(J) is My-injective. For this purpose, let U be a submodule of M and
a be a homomorph1sm from .U to M(J). We show that o is extended to a
homomorph1sm in HomR(Mk,M(J)) Since M(J) ® Mk has (1 - Cl) there
ex1sts a dlrect summa.nd X of M(J )& M % such that '

{z —a(z); €U} Q“ X

Since X is uniform and by Lemma 1, M(J ) D My is a decomposﬂ;lon thmt
complements umform direct. summands, there are only tWO cases:
1) M(J) @ M, = X @ M(J') for some subset J’ of J Then we ha.ve

M)OM, =X ®MU')CX®M(T)CMUJ)D M.

" Hence X ® M(J") = X @ M(J). It follows that J' = J. Therefore w|as,
extends a, where 7 : X @ M(J) — M(J) is the canonical projection. -
2) M(J) @Mk X EBM(J;) ® M for some subsct J1 of J. Let

o X @M(JI)EB.ML — ML

bé the canonical projection and let 4 = (X & M(J1)) N M(J).

If A# 0 and suppose that 4N M; # 0 for all j € J, then by [2, Proposition
3.6], A is essential in M(J). It is easy to check that X @ A is essential in
M;, @ M(J). Hence My N (X & M(J:)) # 0, a contradiction.. Consequently
there exists j € J such that M; N A =:0. Hence M; Nkerr; = 0 and thus
M; ~ 7 (M;). By hypothesis we have WL(M ) = M. Therefore

X6 M(Jl) OM,=X& M(Jl) ® M; = —Xa M(T2),

where J2 = J1 u { 3} C J Hence we may use Case 1 to show t.ha,t @ is extended
to a homomorphlsm in Hom R(M ko M (J))- . _ .
- If A =0, then M(J1) = 0. From this we see that M(J)® Mfk = X b M;_ It

is _e_a._sy to see that M{(J) is un;_fprrn and. -

M(J)@Mk - M; EBMk-XEBMk:
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where J = {j}. Hence we have 7(M;) = M; snd M;@®My = X@®M;. Therefore
7| M, - extends o, where = : X. @ M; — M; is the canonical ‘projection. ‘This

proves (111) and the proof of Theorem 2 is complete:

COROLLARY 3 Let M U1 EB EB U be a ﬁmte duect sum of umform'
modules U with End(U;) Ioca.l (1 < i< n) such tbat U &6 U is extendmg for
all1 <74 j < n. FU; cannot be proepr embeddedm U for all 5 75 j, then M

is a quasi-continuous module.

PROOI‘ Since End(U ) is loca,l for aIl (1<i<k n), U 63 Uj'is'a decomposmon
that complements umform dzrect summa.nds for a.ll T F g Then by Theorem 2;
Ui U; is qua31 contmuous and hénce M is quam—contmuous module’ by [15

Corollary 2.14]..

COROLLARY 4. Let.P. be. any projective’ module over a nght continuous semi-
perfect ring.. Then P is quasi- -continuoys if and only if P has (1.— Cy),

Proor. Let R be a rlght contmuous scmlperfect rmg and P a pro_]ectwe nght
R-module. Since R-is semlperfect by [1, Chapter 27] or [3, Theorem 22. 23]
R contains a complete set of p11m1t1ve orthogonal 1dempotents { €1,€2,-: . ,:‘en__}

and

o . R:e'l'R'@'-l-'@é;’R |
where each End(e; :/2):1s & local ring. Since R is. right. continuous, we see that
¢;f is uniform and:cannot be. ‘PTOPEr embedded n eJR.for all 1 £4,7:< n. By
[1, Theorem 27.11] we have - TR e e T A
P EB:eIPuW' L (1)
for some set I Where ea,ch P, 1s 1somorph.1c to some e; R in {e;R,.. enR}
Consequently P; is ihiform a.nd cannot be proper embedded in P for alls _7 € I
Now P obv10usly has (1 — Cy), if Pi 1s quasi- contmuous ' I
Conversely, assume that P have (1= C’l) We will show tha,t the decomposz—
tion (1) of P complements uniform d:rect summands. Let U be s unform direct
- summand of P, Let 7; be the projection of P onto F;. Smce U is uniform, we have

- Unkernr = 0 for some k € I. On the other ha.nd smce U is a direct summand
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of P, U is a uniform projective right R-module. Hence U is isomorphic to some
e;Rin {e1R,...,enR}. Then we have m((U) = Py and therefore

P=U@®P(I - {k})
Now by Theorem 2, P is quasi-continuous.

As an application we have the following result:

THEOREM 3. A semiperfect ring R is QF if and if R is right continuous and
every projective right R-module has (1 — C}). '

PRroOOF. It follows by [6, Theorem 4.2] and Corollary 4.
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