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ON THE CONTROLLABILITY OF SINGULAR SYSTEMS
IN BANACH SPACES

VU NGOC PHAT AND K. BALACHANDRAN

Abstract. The paper presents necessary and suficient conditions for global con-
trollability to a subset of singular linear discrete-time systems with constrained
controls in Banach spaces. The main tool of the proofs is based on extension of
the surjectivity theorem to set-valued functions.

1. Introduction

Singular systems ( or descriptor systems or generate state systems ) have
found wide applications in systems and control theory, s1gna.l processing com-
munication and other areas [1,3]. With the development of digital computers,
electrical network, and analysis of difference systems, controllability of singu-
lar discrete-time systems has attracted the attention of many authors [4,6,7].
Constrained controllability of normal discrete-time systems has been studied in
[2,9-11,14]. The aim of this paper is to give the corresponding development of

the controllability of abstract singular system
Ex(k+1)= Az{(k)+ Bu(k) , k=0,1,... (1)

where E is a singular operator.

Let M, £ be nonempty subsets. Descriptor system (1) is said to be
globally controllable to M | .(G’C am) if for every state g € X there exist a
number K > 0 and controls u(k) € €, & = 0,1,...,K — 1 such that the
solution @(k) of system (1) satisfies 2{0) = zq,2(K) € M. We may notice that

in several papers devoted the controllability to a subset, an essential assumption
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is that the target set M is A-invariant, i.e. AM C M, and a common tool of
the proof is based on the Banach open mapping theorem. In addition, in the
case M # {0} we should concern with set-valued operators constructing the
controllable set of the given control system. In this paper, not making the
above assumption on M, we shall use some extensions of the Banach open

ma,pping theorem to set-valued cases obtained in [8,12] to derive controllability

conditions for singular system (1) with constrained controls in Banach spaces.

2. Preliminaries

Let X, U be infinite-dimensional Banach spaces, X* be the dual topo-
logical space of X. By < z*,z > we denote the value of z* at z € X. The
interior, the closure, the linear hull of a set M are denoted by intM, cIM, spM,
respectively. By B, B, we denote the open unit balls in X, U. Let M + denote
the dual positive cone of a set M at 0 € M defined by

Mt ={a*ec X*:<z*,a>>0 Ve M}

Foreachk >0, M? denotes the set of all elements ¥ = (21,22, ., 2k)

with z; € M and X* stands for a Banaéh space with the norm
lz*{] = lza]l + 2]l + - - + llzell-

Moreove.r, we denote by riM the relative interior of a set M, i.e. the .
interior relative to the subspace generated by M, W = sp M.
To any set-valued function T : U — X we associate the image, the
graph of T by |
Im T = {Tu,u € domT},

gr T={(u,z) =ze€&Tu}

DEFINITION 2.1. A set valued function T is called convex, closed and odd if

grT is convex, closed and grT = —grT.



CONTROLLABILITY OF SINGULAR SYSTEM

69

For example, T'r = Az 4+ M , where A is a linear bounded operator, M

is a convex, closed and odd set or closed subspace, is a convex, closed and odd

set-valued function.

The following lemama is recalled from the author’s report [8] which can

be considered as a set-valued version of the Banach open mapping theorem

[13]. Detailed explanations at each stage of the proof given below may be often

omitted, for which we refer the reader to [§] .

LEMMA 2.1. LetT :' U — X be a convex, closed and odd set-valued function.

If ImT is a set of the second category, then 0 € intImT.

PROOF: : Let V be an arbitary neighborhood of zero in U. Let
Vo=r/2"B, ,n=0,1,...

where r is chosen so that V, C V.

Since T (.) is convex, odd, for every n > 1 we have

ClT(Vn 2 ClT(l/g(Vn+1 - Vn+1) 2 1/261T(Vn+1) - 1/26IT(V,1+1)

Let n > 1 be some fixed number. Since

U= Loj Vat1,

k=1
then
m .
T(U) = |J T(kVay1).

k=1

(2)

By the Baire theorem of categories, there is a number K > 1 such that
intelT(KVut1) # 8 . By the convexity of T and 0 € T(0), it follows that for

every k > 1
T(kVag1) € KT (Vpts)

which implies
nt clT(Vn+1) ?I—‘ 0.
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In virtue of (2) we conclude
0e int T(V,).
This means that there is a sequence of positive numbers 3, — 0 such that
BaB. C cl(1/2°T(V,)). (3)
To prove the lemma. it suffices to show that
1/2T (V1) C T(V).

Indeed, let y; € 1/2cIT(Vy). From (3) it follows that there exist se-

quences Yy, Un, 2, such that
Yndl = Yn — Zp3; Yn+1 € 1/2n+ldT(un—]—1)-

and [|yn|| < Bn. ,
Therefore, y, — 0 and the sequence > ;_, 1/ 2Fz, is a Cauchy sequence

which converges to some up € V. On the other hand, clearly

Zn:zk € Zn:l/ZkT(:ck).

k=1 k=1

Ll

By the convexity of T, we have

n

> 1/25T(z) ST 1/25a).

k=1 . k=1

Since y; = limp— 00 Zzzl 2 and by the closedness of T we obtain ‘
1 € T(uwg) C T(V),

which completes the proof.

We conclude this section with the Robinson surjectivity theorem given

in [12] and the Krein-Rutman theorem, whose proof was improved in [5].

LEMMAZ2.2. (Robinson’s surjectivity theorem). Let T : U — X be a convex,
closed set-valued function. Let 2y € intT(U). Then for every (zo,u0) € grT,
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there is a number § > 0 such that for every € € [0,1]

zo + €88, C T{up + eBy).

LEMMA 2.3. (Krein-Rutman theorem). Let K be a convex cone, intK # {
and K ## X. Let A be a linear bounded operator in X. If K is A-invariant, then

A* has an eigenvector in Kt with a nonnegative eigenvalue.

3. Controllability results

Throughout this section we always assume that 2 is a convex closed cone
and riQ2 # 0. We first consider the singular system(1) with A = [, the identity
operator in X :

Ez(k+1) =a(k)+ Bu(k), k=0,1,.. @
4
wk) eQcCU.

By direct computation, for every initial state 29 € X and controls u(k) €
2, the state 2(k) of system (1) is given by

k-1
E*a(k) =20+ )  E'Bu(i). (5)

=0
THEOREM 3.1. Assume that EF¥(M) is closed, k = 1,2,.... Let M be a closed
subspace in X. Singular system (4) is GCps if and only if
i}sp { BW, EBW, ... ,E*'BIWV,Ef(M)} =X , W =3sp Q (6)
ii) E* has no eigenvector in E(M)* N (—BQ)T with a nonnegative eigenvalue.

PROOF: Necessity. We define the following convex, closed, odd set-valued func-
tion

Tu® : Wk = X,

by
Tt = —Fu® + E¥M),
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where

k—1
Fru® = ZEiBu(z)
It is easily verified that T} is convex, closed and odd and

o0
Co = | T(WF) = x,
k=1
where Cy denotes the controllable to M set of system (4) with unconstrained
controls u(k) € W. By the Baire theorem of categories, there 1s a number k > 1 ‘

such that T%(W*) is of the second category. In virtue of Lemma 2.1. , we have
D€ int TR(WF).

Since T1(W*) is a linear subspace, it follows that the first condition i) is
satisfied. To prove ii) we assume the contrary. Let 0 # z* € (EMYytn(~BQ)*t
be an eigenvector of E* with an eigenvalue 8 > 0 .

For every zo € X, there exist a number X > 0 and controls
u(0), u(1),...,u(K — 1) € Q such that z(K) € M. From (5) it follows that

K-1

<a2* E¥z(K) >=<g* 3:0>+Z<:c E’Bu()
i=0

or
K-1

< z¥ zp >= BT < p* yEx(K) > — ZB’<:L yBu(?) >

Then, < z*, 2y >> 0 for any zy € X Whlch contradicts the condition
T # 0.
Sufficiency . From i) it follows that system (4) with u(L) € W is GCyuy
after K steps. Then
TK(WK y=X.

Since Ty is convex, closed and riQ* # 0, by Lemma 2.2 we claim

intTr(QK) £ 0
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Indeed, let u{’ € intQF (interior relative to W¥). For some 8 > 0
K K

Let 29 € T (ul). Since 2y € T (W), by Lemma 2.2, there is a
number é > 0 such that for every e € [0, 1]

xo + €6B, C Ty (ul + eByx).
Taking f; € [0,1], 82 < B1, we have
o + B26B; C Ti(uf' + B2 Bwx) C T (0F).
This implies that |
int Tpe(Q¥)= int Cix #0, |

or

int C4 %0

On the other hand, by simple computation we can see that C; is E-
invariant, i.e.

EC,CcC,.

Since CYy is convex, by Lemma 2.3, 1f Cy # X, then E* has an eigenvector

in C';" with a nonnegative eigenvalue. It is easily seen from the definition that
E(M) cCy , —BQcC/C,.

Therefore, E* has an eigenvector in' (EM)* N (—BQ)T which contradicts the
second condition ii). Thus, Cy = X , i.e. the system (4) is GCjy.

REMARK 3.1: In the case M is an arbitrary convex closed odd subset, not
‘necessarily subspace, Theorem 3.1 still holds where the condition (6) is replaced
by .
0e int sp{BW,.. EX1BW,E¥(M)}. (1
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In this case, as we have already seen in the preceding proof, we arrived
at the fact that '
0e int Tgp(W).

Since € is a convex cone and Tk is convex, we complete the proof by the

same way given above.

REMARK 3.2: It is easy to see that if M = {0} , then the global controllability
of system (4) follows immediately from the global reachability of the following

normal system

z(k + 1) = Ea(k) — Bu(k),
u(k) € Q.
However, in the case M # {0} this fact, in general, is not true.

We are now considering singular system (1), where 4 # I,. We shall say

that operator A is semi-invertible if
3P : AP=I,or PA=1,.

ny left (or right) multiplying both sides of system (1) with P we shall
lead system (1) to system (4) and then applying Theorem 3.1 we can prove the

following

THEOREM 3.2. Assume that A is semi-invertible and EX(M) is closed for
evéry k > 1. System (1) is GCy if and only if conditions i} and ii) of Theorem
3.1 hold (or conditions (7) and ii) hold for the case M is a convex closed odd
set), where E is replaced by PE (or EP), B is replaced by PB (or BP).

4. Example
Consider the following singular system in Hilbert space l; of the form
Ez(k+1) = Az(k) + u(k) . (8)

where

E: (ﬁl‘,ﬂ2,---) —r (ﬂ?aﬂl’n "'"))
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A (ﬂlaﬁZa“') — (ﬁl;O)ﬁZ:Os"'):
1= {(ﬁlaosﬁ?»:ﬁ‘i:’--) € l2 :ﬁi S 0},
M ={8=(p1,62,.) €l : ||| < 1,80 = 0,Vi}.

Note that A is right invertible, i.e. PA = I, where

P (ﬁl,ﬁz,---) — (461:/335/35)"')‘

We have
E* : (617)82) ) - (O)ﬁlnﬁza )

Then E* has no eigenvectors. A simple computation shows that

(PE)k : (ﬁl;ﬂéa"‘) - (ﬁ2k,ﬁ2_2k,ﬁ3.2k,...).

Hence, for every m € M, we have
(PEY'm =(0,0,...) € lo.

Therefore, we can easily verify that the conditions of Theorem 3.2 are

satisfied, and system (8) is GC}y.

5. Concluding remarks

In this paper we have established necessary and sufficient conditions for
global controllability to a target set of linear singular discrete- time systems
in Banach spaces. We have assumed that the operator A is semi-invertible.
The key to global controllability for singular systems is reduced to the global
controllaBility of normal "identity” system (4). The investigation is based on
multivalued convex techniques. The concept developed in this paper thus gives
us a wealth of open problems of global controllability of singular system (1),

where the operator A is an arbitrary linear operator.
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