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ON LYAPUNOV EXPONENTS AND CENTRAL EXPONENTS
OF LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS
WITH ALMOST PERIODIC COEFFICIENTS
UNDER RANDOM PERTURBATIONS

NGUYEN DINH CONG

In this paper we shall be concerned with an asymptotic behavior of Lya-
punov exponensand central exponents of a linear system of differential equati-
ons with almost periodic coefficients under small random perturbations. It is
proved that under small nondegenerate perturbations by a white noise, with
probability 1 the Lyapunov exponents and the central exponents of a perturbed
system coincide with auxiliary numbers of the given system which tend to cor-
respocnding numbers of the probability spectrum of the initial system.

We consider a linear system of differential equations
r = Alt)r, a (D
where t ¢ R, = € R®, A(t)is an almost peri odic matrix-valued function (see [1]).
To system (1) we associate its random perturbations :
y = (A(t) + oC(t w))y, » @)
where y € R", 0 € RY, the elements of matrix C(l, w) are independent white

noises, » belongs to the probability space (2, P). Let us denote by X(t, ¥) and
Y.t T, w) the Cauchy matrices of systems (1) and (2), respectively. We

shall consider Lyapunoir exponenis A, , ceéntral exponents Q and @, of the
system (1} (k = 1,s.., 1) (seE [2,3,4]) defined as follows:

b= min mez  Bm - In| X (O ®
Rn-k+1 CR’nl ;ERZ_ k+1 f—>+oo : S

_ 1 m—I . . - . '
Q. = inf inf Iim — 2 In)|X@+N7T,iT) I, (4)
gR—kt+I—pn TSRt m—~+ec ML =0 . lxarolr a—k+t1
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- m—1
8, = sup sup TUm 25 [ XGT, 40Ty -t )
RkCpR TSR m—-too mT ;=g x((i+1)T,0)R *

where R? is a dimentional linear subspace in R?, RY = RAN\ {0} and Xlﬁdisthe
restriciion of the operator X to RY. [t is easy foshow that 0, <A <. If

in (3)—(5) we replace X(t, T) by Y (6T; w) we shall get Lyapuaoy exponents
Ak(c,m) and central exponents .Qk(c,m), @k(a,m) of the system ) (k = 1..,., n).

We now introduce the following auxiliary functions of systems (1) — (2)

1 m-~1 . . . . .
v, 6, T) = _lim: — z% Elnd, (Yo((i+ 1) T, iT, w)), (6)
m—+ ;oo B : - -

where E ¢ (w) is the expectation of the random variable § () and d, (X) > ..
> d_(X) are the singular numbers of the-nondegenerate n X n matrix X, i e

they are the positive square roots of the eigenvalues of th matrix X*X, The.
following lemma is proved in [4]

LEMMA. For ail o € (0,1) and k € {1, .., n} there exisis ke following limit

v 6)=lm v (6,T) -
k T eetco I o
T EN

V.M. Millionshchikov introduced a. nolion of a probability specirum of a
linear system of differential equations: with uniformly continuous coefficients
and showed that the probability spectrum of an almost periodic system counsists
of no more than n elements Vi i > v, and that almost al] Sysiems in the

space of shifts of argument t of the given system have Lyapunoy speclrum
consisting of Vi ... > v, (see [5]). In [6] he proved a theorem on stochastic

stability of the probability spectrum of a linear system with ‘uniformly conti-

nuous coefficients, but his proof contains some flaws which are shown in [7,8],
In[7] he infers that this theorem still' holds if the given system is almost
periodic, but the proof of that result is not clear, In this paprer we formulate
and prove a more powerful theorem.. ST ' -

THEOREM. For all ¢ = 0 and k & {1,..., n} there exists 8 > 0 such that, for
each o € (0; §), : -
Eve @ —v, | <,

where V4 > . > v are the numbers of the. probability spectrum of the almost

periodic system (1), Furlhermore, the following equalilies are satisfied with
probability 1

(S (,,)=AA 6. 0)= 8, @, @) =%, (0)..
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Proof. We take a system A (f) from the space of shifts of argument £ of
system (1) such that 4 {f) is ahsolﬁiely regular and its Lyapunov Spectrﬁm
consisis of v, >... >> v_ (the existence of such a system follows from [5]). The
matrix A (t) has the form

A@B=limA¢t41), (7)
where the limit is uniform on segments, It follows from Boehner's Theorem
[1] that from the sequence {A(t +- t, )} (n &€ N) we may extract a subsequence
convergent uniformly or R. For simplicily we assume that the sequence
{4 + t, )} (n & N) itself bas this property. To every system '
o =AY
We associale the following perturbed system
Zz=(Mt+1)+6CLe)z
and the auxiliary function v, (o T3 ¢ ) defined by formula (6).
Denote by:;k (0, T) the adxi’liary functions of systems
x=A4 (),
h=(4@®+6CHa)y. |
Since the sequence {A@+ t, )} (ne N) uniformly converges to A (t) we get
the following equality for all o € (0,1), T € R+ and k & {1,...n}
lim v, (5, T;‘ tn)r = v, (6,T). 8)
n— oo
Using the results in [4] we may easily prove that for alln e N and ¢ € (0, 1)
the £0110w1ng inequality holds

L —_ 7 &galn®+2) -
M@J#Q—%w$ﬂgﬁf~Fm

wlf:exfe the positive constant ¢ does not depend on ¢ 0, T, k, { while the cons-
tant 3 depends on ¢ but not on s, T, k, t . Consequently, by (8) we have

§ galn®+2)

Therefore, by the above lemma for each ¢ & (0, 1) we have
o ) — v @ < of e

Since ¢ s arbitrarily chosen, we get

%6 D) =5, 6, D < efT — 2 in

v 6) =7 O < G
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Proof. We take a system A4 (f) from the space of shifts of argument t of
system (1) such that A () is absolutely regular and its Ljapunov spectfum
consists of v, >>... > v_ (the existence of such a system follows from [5]). The

matrix A (t) has the form
A (i)——llm Alt+1,), ' )
n—>-too . :
where the limit is nniform on segments. It follows from Boehner’s Theor'em._.
[1] that from the sequence {A(f 4 ¢ )} (n &€ N) we may extract a subsequence

convergent uniformly om R. For sunphc:ty we assume that the sequence
{A¢+ L )} (7 e N) itself has this property To every system

z= At 4 it )x
we associale the followmg perturbed system
—(A(t-]—t )+ 6 Cit, m})z
and the aumhary functmn ¥ (o, T 1) defined by formula (6).

Denote by (% T) the auxiliary functlons of systems
@ = A Oz,
y=@A &) +6CE o)y |
Since the sequence {A(t—]— t, )} (ne N) uniformly converges to 4 () we get
the following equality for all 6 € (0,1), T ¢ R* and k ¢ {1,...,n}
lim vk(ﬁ. T; tn) = vk(ﬁ,T). ' 8)
n— oo e
Using the results in [4] we may easily prove that for alln € N and ¢ g (0, 1)
the following inequality holds

' L (n®+2
b, (6, T-t)—v ®, T)'[' cfe -u;_ln‘sﬁ"; ),

where the positive constant ¢ does not depend one,a, T, L, t thle the cons-
tant & depends on ¢ but not on 5, T, k, t Consequently, by (8) we have

' § galn®+2) -

i T2

Therefore, by the above lemma for each ¢ € (0, 1) we have
S O = 5, @) < o5

Smce ¢ is arbitrarily chosen, we get

(@ =% 6. | L ®

I+, (6 Ty —v, (6, T < el -_~T-1n
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It follows from a theorem in [4] and the stochastic sfability of Lyapunov expo-
nenta of absolutely regular system A(f) (see [6, 7]) that

-lim v (6) = Vo
6~>0

Consequently, talking account of equality {(9), we get the first assertion of the
theorem. The second one is proved in [4]:. The proof is complete,

COROLLARY. In order that the least Lyapunov ex ponent of an almost periodic
system be stable, a sufficient and necessary condition is that thu ex ponenf coincide
wzth the lower ceniral ex ponent of the given system,

Proof. It is proved in [9] that for the almost perlodlc system (1) we have

v == .w_ , Where
It 4]

_  Im —-lnnX(t O)X(O 't:ll

0 f—’t—-*coi—

is the lower special exponent of system (1) It is proved in [10] that o = co'o' "
Where o ,
Cim lim 1

o= p MR z ln}[X(tT (:+1)1n"

S;?—-)l_—{-oo . sT =0

is the lower central exponent of system (1). The corollary now follows from
the equalities o) = w = v_ and the above theorem. .
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