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ON THE CLOSEDNESS OF THE MAPPING DEFINED BY THE
GENERALIZED GRADIENT OF THE SUPPORT FUNCTION OF A
LIPSCHITZ SET~VALUED MAP
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0. INTRODUCTION AND DEFINITIONS

In recent years, set-valued maps have become a subject that attracts much
attention from researchers dealing with optimization theories. In our previous
papers [2—5] we considered a class of locally Lipschitz set-valued maps and,
established some results for optimization problems involving set-valued maps,
including necessary and sufficient oplimality conditions, stability properties,..,
Forthermore, some local surjeciivity theorems, implicit function theorems for
set-valued maps were also establisheds Most of the results were proved under
certain assumption on the closedness of the gradient mapping of the support
functions of the set-valued map. More precisely. recall that a set-valued map
F from a Banach space X into another Banmach space Y is said (o be locally
Lipachitz at a point zy if, for somepositive aumber k and neighborhood Uof z
the following relation holds

L‘(xi) < F(xg) + k| T, — T, | B, for all Tys Ty g U,

where |.J s’ands for the norm and B denrotes tbe unit ball in Banach spaces.
F is said to be locally Lipschilz (on X) if it is lo.allv Lipschitz at every point
of X. The support function for F is defined as follows

cp{y¥, T) = sup {@*, v)v € E@)}, © & X, y* e ¥,

where }'* is the co tinuous dval of ¥ and (.; .) denotes the catonical pairing
belween Y* and Y. It is well known that if F is locally Lipschilz then the set

Yi@) = {y* € Y* [ eply*s @) < +eo}.
is a nonempty convex cone which does not depend on z (and will be denoted
by Y";_,). Farthermore, ¢,(7%.) is locally Lipschitz (in x) uniformly for y* 5]
e y’; (1 B* (B* is the upit ball of Y*) The generalized gradient of c(y*.) at

(in the sense of [1]} is denoted by axcﬁ(y*, x)., Most of the results in [2—5] were

eslablished under the assumption that F satisfies cerlain (71— property which
means that the set—rvalued map (y*, x) — ach(y*' x) is closed.
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in the present paper we consider this assumption in more detail. First, we
give some sufficient conditions which easure the satisfaction of the assumption.
Further on, we construct an esample showing the existence of locally Lipschitz
sct-valued maps with no Cl-property. In the rest of the paper we provide a
method to circumvent the hindrance from the Ci-properiy assumption.

Although most of the resulis in this paper can be established for infinite-
dimensional spaces, for simplicity of exposition we shall restrict ourselves to
finite-dimensional Euelidean spaces, and we shall identify X*, ¥* with X, Y.
1. SOME CLASSES OF LOCALLY LIPSCHITZ SET-VALUED MAPS WITH CL~PROFPERTY
Recall that a locally Lipschitz sct-valued map # from X into Y has the Cl-pro-
perty if the mapping (%, x) - d_c.(Y*, 2) is closed, or, which amounis to the

same, if, for every friplet of sequences yi € Y;, z X, x €D cF(y*, z, )

* * r# * * . E
from y, ~ Y, © Yo @ = xg € X, @, - z it follows that x| € 9 cF(yS‘, ).

PROPOSITION 1. If F(x) = g(x) -I- K, where g: X~ Y is a locally Lipschilz
function and K is a convexr subset of Y, then F has Lhe Cl-property.
Proof. It is clear that

Y= K7 ={g*/sup (g 0}{ + =},
v K

and, for y* ¢ K7,
cp (4% @) = (g g @) + sup { (g, v)/v & K},

Hence,
3 cp(y%, ) = 3_{y* glx)).
It is a simple matter to verify that the mapping (y*, x) — 8 (y*, glx)) is clo-
sed and the proposition follows.
PROPOSITION 2. If F is convex, locally Lipschilz and, for every x, cp(., )
is continuous, then F has the Cl-property.
Proof. As F is convesx, Cr (y*,.) is concave, Hence, :c*each (y*, T) if and
only if
CF (U*- 3:) - CF(Q*? EE) g <1L‘*, €Xr — 5), for all x ¢ X, (1)
Now let yi e Y;, x e X, :cj; e BmcF(yz, ) be such that
y’; —a-y;‘ GY;,a:n -z, & X, x:’; -»a:;c.
By (1) we have, for allx & X,
O » &) — eyt 2 )+ ey, 2) —Cp (g x,) <(z;,x— x ). {2)
Clearly ‘
cplgt 2 ) — cpluns )| < Elui =, — =,
where k is a Lipschitz constant for F at z . On the other hand c¢p (-, X) is
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continuous, then from (2), by letting n ——» oo, we get
Cr(Ug» @) — Cpllys T,) < (T5» T — %) - | _
That means
z; €d ¢p (y’g s T, )
and the proposition is proved.

COROLLARY 1. If F is locally Lipschilz, convex and for every x, E (x) s
bounded, then F has the Ci-property. ’ ‘

Indeed, in this case Y} =Y and-the function ¢ (., x) , being concave, is
well defined on the whole space Y. Hence, ¢ (. a:) is continuous and the corol-
lary follows from Proposition 2.2,

Remark 1, The same argument shows that I’ropowhon 2 and Lorolialy 1
remain valid for the case where I is concave.

Remark 2. It can be shown that the continuity of ¢y (:,®) implies the

closedness of Y. The converse holds if the cone Y, is polyhedral.

" PROPOSITION 3. Let U be a metn‘c compact space, and f be a (single-valued)

function from X X U into Y which- is continuous on X X U together with f (. ss)

Then the sei-valued map
Fy={f(z,u)/ue D}
is locally Lipschitz and has the Cl-property.

Proof. It is easy to prove that F is locally Lipschitz. Further, F(2) is
bounded, hence Y}‘;, =Y. Note that
¢g (7*, «) = max {(y“ f@,u)/n elU}.
According to a result of [2] (Lerama 2. 8.2) we have

9. cp*, @)= co{y'f (x, 1)/ uel(y ,z)),

where I(y*,z}== {ueU/(J flz, Ll))—-CF(J Y} .
Observe that the mappmo (J* @) —— I (y*, T) is closed, and I (y* x) is a com-
pact set Hence, I is npper semicontinuous. By assumption, f ( y+) i8. conti-
nuous, so the set-valued map -
W ,z)—— G y* a:)""{y f’ (a: u)/ueI(y 9:)}
is upper semicontinuous. This implies the upper semlconunmty ‘of the map
(y ,x)y=cobG(y*,x), whlch is equwalent fo its closcdnesss The proof is

thus complete. ' ‘
Remark 3. It should be noted thai the assumptlon of the above proposition

can be Weakened
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.'%. EXAMPLE

In thia part we construct a'n"ex-ample of sel-valued maps having no
Cl-property.

In the 3-dimensional Euclidean space R? we lake a convex cone
E={a=(@, ypneR /z> vm}
‘The dual of K is 4
Kx={a ¢ R /< a,a><0, foralla e K}
= {e=wv,w)ekR? /w<— \/uz—l-u")}.
Let o, €(0,1) satisfy lim «, = 0 and cos « > 172 for all n.

g—roe
' 1 »3
Denote a = ——— (1, tge, , 1) € 87,
1 l—COSa
= {an n=1,2, 3,...} s

. M = co {4VK},
and observe that ;

M C K + 2B, - S (3)

si'ncé k -—1———-—- (1 tga s 1 ) & K for all n, and
n 1—cosa, cose, . _
' B PR
u

Define the set-valued map F from R? to R% as follows

(K- (0,0, —38), i t <
F(t) = % .M , if olhcrwme

It is obvious that lF(t) = Iuk (mdependent 01 ) acd, for a’e K*

b(a)_sup{-f.a m:>/me11} 2laf,
because of (3). Direct uomputation shows that, for «’ = (y, v, w) & Kx,

: it <0
ep(e: ) —g L '5(0 »o otlierwise.‘

Clearly, ¢y (a’, 1) is locally Llplchlt/ in ¢ umforml} for a’ € Kx N B (with

common Llpscmtz constant 3). From a result of [2] (see P10per1y 1.3, p.113) it
follows that I is locally Llpschlu Fnrther, we shall show that F has no

Ll-properly. Take = (co.?.a ; smun’“,' —1) & K* It is obwous that
a - H(IO—l)eIx* and ,
—8L i 1 <0

i, S(a;l) , otherwise, .

v

Cp (@, ) =

A



§ =31, ifIOo
) _C a’ sf == ' = -
4 ' ) -0, otherwise - A
Hence, 8, ¢ (an;'1) = {§ (an)} and -3,cx (g, 1) = {0}, Note that
SRz <apy > =

cOoS o
: n

> for all n.
2 ’ .
From this we deduce that the mapping‘at €pLse) is not closed.

Remark. 4.Itisclear thatin the given example, the support functionc (., 1) is

diseontinuos if t = 1.
i o

3. CONCLUDING REMARK

The previous example shows .that there exist locally Lipschitz set-valued
maps with no Cl-property. Even though these maps are rarely encountered in
practice, for wider applicability of the previously established results, we should
like to point out a method to overcome the hindrance from the Cl-property
assumption. To this end, let us consider a function f: T X X — R, where T is
a topological space. Suppose that for some point = € X, each lunction f(t,.) is
Lipschitz near . Following Clarke [1] we define the; relaxed, partial generalized
gradient of f (with respect to variable x) as

oL 2) =3 fe=limE (g €0 o ), (€T by 1w > 2

where 9 f(t, =) denoles the generalized gradient of f(t,.) at . Let K be a

locally Lipschitz set-valued map from X into Y, and B () = }; [ B. We put
35 E:B(F)]

CF (yk! CU)

1t is not difficult to prove that

(i) 6xCF (y*, «) is nonempty, convex and compact for every (y*, x3,

(ii) the mapping (y*, ) = 3_cj (y'z) is closed,

(iii) £ has the Cl-property if and only if 8 ¢, (§%, ®) = 3_cp (y* o)

Without the Cl-property assumption we can easily verify that all the
results previously established in [2—5] remain valid with Ex ¢ (g%, ) playing
the role of 9, cF(y*, e
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