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1. INTRODUCTION

In an attempt {0 unify cla*sical polynomials of Mathematical Physicls”Sing'h

[1] defined a functlon P( » B (’.L,-'Y,S, m, 4, B) by the Rodrigue’s type formula

PP @1 5,m,4.B)

S

— (Aat-B) "% — 2 D aat By T 2T Aoy (LD

where «, B, A, v, s, m, A and B are all parameters,
In continuation of this chain of unification and generalization, we consider

Il

below a generalized fnnction aiajﬁ’?\)(a:,T,s,q,A,B,m,k) defined by

Zia,B,K) (x: 1,5, q, 4, Bym, k)

= (4 + B %1 — r2") ~B* gmbngaa g prtang _agnPAM] 12)

where ¢, B, A, 7, 5, ¢, 4, B, m and k are all parameiers, and O = x*D :
p=2, | | | |

dz

The study of the type of functions defined by (1.2) is of intercst as we
observe that it also includes as speclal case assocxaled Legendre function
defmed in [3] :
(x?__j)m,"ﬂ A'd:ﬁ:‘rn

2 in B 2
9t pJ dxpmra @ Y (1.9)

P f:(x] =

Also, (1.2) includes many well known classical polynomials and functions of
Mathematical Physics as special cases. In particular, -

p(‘I,B }\-)(ﬂa s Sy s A B) Z(’%le)(m, Yy 85 A B O 0) (14)
— Singh {7]. .
Pf:!,.q, )(CC; ';h S,EQ) = ZE:C}BJ-)(J;, Ys Sy 4,1, 0,0, 0) Ry (1.5)
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' _ Shrivastava [8).
2 @2 1) R pmey e 2090, 1,1,1,1, L, m, 0) . (1.6)

— Associated Legendra function [3].

Other than above, we may mention the names of (zeneralized Hermile

fanctions of Gould — Hopper [4], Generalized Laguerre [unclion of Singh — — Shri-
‘vastava [6], (,hatter]ea ({13, [2]) and Shrivastava [0}

In the present nole we shall denve some operatlonal formulas, recurrence
-relations and generaling functions for

Z(“’ ﬁ’ 7\.) (’B: l, 3: qs A B3, m, 1‘) .

2. We mention below some \well krown Oﬁeratlonal relations for lhe

operator xk D = @, which will be useful in cur study:

. 0t @) = (D m =D | @n
“where ()7 == o(e -+ )@+ 2K (@ nk— B} | | ‘
B e = T

(1 — (k — Dtk 71/ G=D G2

b”(u-v} . (?) (O i) (O'V). - (2.3)

L i=0 . o . :

- clo (W ov) = (CIO ) (CtOD). ' _ . (24)

F(O) {2%g(0)} = v*Floaak ™+ O)gla) -~ (2.5)

Fo) {ch®) g(:r)} = Cf‘(”f'(:v"h (@) + O) g@) ; (@26)

"where, h1 = —_— dh ‘ ' '

Cdz.’

The generalized rule of d:fferenuation

. on _ 3 (—1H? s d A 51y . E.L (2.7)
L onie)= 2 = () 1o Eeneriond.

(m+[3){ G=1n} _ _g (?) L N G LN @3

i=o0

- 3. OPERATIONAL FORMULA

From {2.3), we obtain the operatlonal f.ormula

Azk (O!. 1 qn\’ Ix+‘Y 1 B+ Asn) ]m-i-nf L
(Az £B) (1 —2aaM)

[0+
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mEH (m-.l'n) (Az +- B)—q(n-i) (1— Ax?):—s"(n"—'-i)'
L . S0

i=0

fl

s z@rie Bt M o e g A, B m O @D

n
When f =1, we get
[ 1 AxF(e + (]Il) 'y:c"'"‘i'Y"f‘(B -F Rsny ]m-!—n .
O v - . . 1 =
(Az + B) 1— az¥

P i e B L wb A SRR - AT S M )
n .

For m = k =0, (3 2) reduces to the operatidnal formula of (1.4)

[D L AMetgm yaVTIE 4 A ] .
(Az + B) {1 —azY)

= (Ax + B)_q"(l — hw?)—snl’im’ Bs 1) (@ v, 8 ¢ A, D) (3.3)

4, BECURRENCE RELATIONS

From (1.2) we get

0z(® B Nz, v,5,q, 4, B,m, k)

B—s AN,

= (dz 4 B 11 =¥y g @ v, 55 qs Ay By, k) (A1)

w Az B'Yxk_i_'y_j
Ax+ B 1 — Az
ol Zn(“’ B, A (CC- VsS4 A, B, m, k)

where, Q = (0 - ) , and repeated operation of gives

—gt —tra—t,—h,?x‘
= (Ax 4 B) q(l--?\x'y) $ Aiﬂq B-st )(:c,

¥ 8 ¢ A, B,m ). (4.2)
Again from (1.2), we get P
QZS’ 2 M(cc, VS Qo A, Bym k) ‘
= (dz+ BT — 2"y Zifiq’ PrsMMiy v s g A, B,m 4 2 fy, (@3
and repeated operation of Q gives - C

ﬂtZE:”’ B M (@ § @ A, B, m, k)

) o
=zt B "yt 20T bB T b Mgy 0 4B gtk (44
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It is easily seen that

i=o

Ot (1. p) = 5 () @) (0. C {4.5)

From this we get

an =3 (@ (4w 4 By eln- D (1 —azl)—sa-

l—'O
« ZE?.._EQ(H__I')’ B.‘sl(n—i). 7\)(&.’%3’ g, 4, B, m, k) Oi . . (4.6)
This suggests an inverse relation to (4'6) as
oi= % (J)A - B (z,v,0,0,4, Bombal., - (4.7)
i=0

From (4.6) and (4.7) we get the fol!owmg relations
Z(ﬁ qny B Asn, A)

t+tn

(I, 'Y’ S! qs A,.B, m, [\)

(M) (4= + By (L — Az Y)st 7<°° o gla =i B=sMn=D: 0y 5 g A, B,m, k)
a

xot 2" BY 2y a0, A, B,m, I, (4.8)

i
I

and

oJ Z(“’ B 1) (x,7,s,q 4, B,m k)

- 3 (y 2¢% B’?‘)(:LTOOABmk)
.—0 J J—r

(&gl B—si Ay B)

t+: (%, 7, 8, q,A B, m, k) . . (74.9)

5. CENERATING FUNCTIONS

We see that (1.2) can be written as

Z(m, BN, vy 8,00 4y By ) = (Az + B)™ (1 — M)~ B/h( )m+n
B , du

XIA((1 = k) M1 L pyetanfi — dog( 1 — IR BR oy 5
h xf— k '
il ==
where o |
Using the modified form of Lagrange’s expanéionsT_h,eqfeni [5] We have
F(P) pogl L
To10(p) o nl Ao 6B
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where P =z + 10 (p) and @ (p) is derivable at p=ux and ®O(x) = 0. Now

0
2 T é}f’B’M (@, 7,5 ¢, 4, B, m, k)
n=0

= (dz + B)y™% (1 — az?y "B 3 ;i](d;i)m*“ [{ A4 — &y @17k 4. By+an
n=@ " .

{1 — M — By Y/~ B/h+sm, 5.3)
Hence taking '

o) = {M1 — k! 17F L B} 1 a1 — oy Hys .
and i )
Py = (A — QT L BY* {1 — a1t — &y )y /I=Ry A |
we get the desired generating function as
T B (B )
2oy 20PN @ s g, 4 B, m, k) ;
= (dz + By (1 — "y “Ph@k D ym (a1 — k) pylit—k 4 pye
x{l — AL — ko p)TH=RWBA (1t 1 — kypykit—k
XA — T L Byl (1 — @ — Kyp)YH Ryt

x (Ag(l — A (L —kypy =Ry — avs (1 — kypylY = D/1—&

A — BpT=k. By, G.4)
where -
11—k
P =T THAG — PR 4 BY (12 (1 — TRy |

This generating function is a generalization of so many well known generat-
ing functions.

In particular, for associated Legendre function, (5.4) reduces to

20 (—0)' Pli(z) = (x -—1)"’"/2D;'[(1 + 0 + 2x(w) 172

= @ —1)" M gym (—-;—)m(ﬂco) (1 + 0?4 () Mo (5.5)
Further, using (4.6) and (2.2), we get
) = (Az -+ By~(1 — axr) PP omg0q (1 = (k — Dty k-1 + B
E)1r_ At — (k= ik~ Y-8 oot (g 1yh- 1) ~1/k~ 1} (5.6)
CI% (@) = (Ax + By-*(1 — rav)—B/A e
[ DGV, 1 ), o Fle(l — (& —1)zx"“1)-‘1/"“1}. - G.7)
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wherd ‘ _
Wiz, {, o) = [Aul — (k — Dieuyr—1) ~1k=1_ pjs

x[1 — ATl — (k — Di@umyk—1y ~v/E-1)B/A
and

== (1—(k— l)w:ck"“l ) ~-1/k-1 .
Taking f(zx) = Zg“’ B w(:c, Y» S ¢, A, B, m, k), relation (5'6) g'ves another
geherating relation

— sjh, A)

3 f_"(A:c+B)—q1 (1 — rzry~s/ anf‘j“ 9/ B @, 15, @ A B, m, )

j=0J!
= Az + B)~*(1—Azy) " B/* 0m{ Azt — (k — 1yt~ 1) ~V/k-1 4 g2

x[1 — Az¥(1 — (k —1)fck—1y ~V¥/k-17B/A
2% B W 3t em b Ty g, A, B, m 1), 58

In parttcular for associated Legendre function, (5 3) redvces to
R

_ ( T el @

J=o

— (2 — 1)/2 ;x - _;_ (—a2)® — 1;-—:;:/2 pm

;x—g’—u—-ﬂ) 5 69

(5. 5) and (5. 9) appear to be new generating functions.
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