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LOCAL MODELS OF THE GREATEST CHARACTERISTIC EXPONENT OF
DIFFERENTIAL EQUATIONS DEPENDING ON PARAMETERS.

HOANG HUU DUONG and NGUYEN VAN MINH

§ 1. INTRODUGTION

#* Let us consider the differential equation

dx
— = A (A
T (M

where z&R", A (3} is 2 n'X n'~ matrix depending differentiably on a parameter
A that belongs to a differentiable mamfold A of finite dimension. We put
fw=tim Tmype®
Cf— oo b
Then f (1) is equal to the greatest real -part of all -eigenvalues of A (A) 1].
Generally speaking, f (A) is a continuous but .not.differentiable function of A..

In the case where dim A is less than 2, V. 1. Arnold [2] has classified
singularities of f (1) by using the versal deformation of matrices. Our purpose
is to congider-the problem in the :case where 'dim A is arbitrary and the
equation has the form

a Mg La, MgV, pa My =0
where a, & € (A).

Our method is to use the technique of siratification, ‘Weieratrass Preparation
- Theorem ‘and Mather Division Theorem, Thom Transversality Theorem and

Lemma on a family of Morse functions {3]. Our paper 1s divided into several
A sections corresponding to the following steps:

— siratifying the space of polynomials;

— describing the hehanou" of poljnomlals in a reiglibourhood of a
stratim ; '

- determmmg equahons and calculatmg ‘the.codimension of strats;

——— e o



—_ ilsind ”fhon:. Tréns\’érsaiity Theorem and Lemma of a family of Morsé
functions tofind the local models of f (M) '

It will be proved that in the «general case» f(?\.) receives only a fzmte
number of local models that can be given in a list. Note that in the case
a, (A)= 1 the finiteness of the number of these local models was proved

geometrically by L. V. Levantovski [5].
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§ 2. STRATIFICATION OF THE SPACE OF POLYNOMIALS

Let us consider the set P of non constant polyﬁomials
T t" + I L VS o x, where a:i e +:z:2 1:,& 0.
: n—
We denote by S, (k, ky, ..., k) the set of polynomials of degree n—1I (i.e. such

that o = .. . &, = 0), for which the greatest real part of all the roots is
*

attained just at one real roots with multiplicity k and r pairs of complex roots
with multiplicity kg, .+« » kr respectively. Then we have

P= U S Ukn...,k )
0=l 1<<n—-1

Thesé sets Sy {k, IQ, ... If ) are disjoint. Besides they forma stratlflcatlon of

P whose strata are Sy (Ic, Iy, . vy k) for all' possible k, ki, . .., k, (that
. means the closure of each stratum is composed of itself and the finite union of
.-all strata of lower dimension). ' ' o

I -3, DESCRIPTION . OF THE BEHAVIOUR OF POLYNOMIALS IN THE
NEIGCHBOURHOOD OF EACH STRATUM

3.1 We use the followmg notatmns o

. C: = ring. of germs of real.(C™) dlfferentxable functlons at a pomt p.

15"'1.6;"?-?-'- ‘= ring - of -gei‘n;is of complex- value (C*=) diiferentiable functions at
-;PL;”"aPOlmP R B
M, = {ueC] [u®=0} o
Hpo {ve'e Lo(p)=0}.

i

C [t{] = ring of polynomials whose coefflcxents belono to C:.

Let us consider the polynomial



to(x) " + c1 () "7 + ... 4-a, (x) where ¢; € C::, i=0,1,..,n,

R n - N 1y —7 .
LEMMA 1. a} Let the equation X a, (py t* ! <= 0 Have one real root o with
‘ i=1

mul'tiplicity k. Then there are b!. S Mp (i =1, 2....,' R), cj' = C;o (j =0, 1,.._.;

4 ®— k) suchthat ina {;_eighbqqrhood of p € Rt we have

: n—k .
z 3, (t-—-or.) ) z e M7,

.n — o
LS o T =((t—a)" 4

TR -

Hj=

R n B B . ] . B ..
b) Let the equation Z a p)tn = 0 have one pair of conjugate complex
i=0

roots ¢ -4 iw (v =+ 0) wztz“z multzphczty k. Then there are b € ll (i =1,..,k),
c. € C°° (= 0 1,.... n — 2k) such thal ina nezghbourhood of pe RI we have
J’

n —-3 —f -
by a.t“ ‘:—_(tk—i— Z b; = J)(‘[: -+ E bjtk A %
) i=0 ... Jj=1 . d= ‘
& -t
1 n— 2k P ,
o DT @)
j=0

‘where T=1—atiw

Proof. Let us consuier the polymomial -

P2 21 2,5 W) = 2,W" 4 7 W™ + hz Wt
where (zo Ziiey Z )e C"’H W = C. \ '
Suppose that P(ay(q):..., a (p),‘B) = 0, whes . is real or cdmplex and that
P(ao(p)ses @, (D) w) # 0. Then from Weierstrass Theorem it follows thatin a
neighbourhood of (ao(p), . a (p) ) e "1 x C we have ~ :
P(zo,..., L0 W) = {(w - B)k + P1(zm = z BICET i + .+
Py (Zorers 2,0} X Wlen 20 )
where k > 1 is the mul‘t.i‘pl\icity- of B, p, (ap (p),.,., an(P)) =0, o(Z4n, z, W) 50,
p,» @ are holomorphic in this neighbourhood.
& a) Suppose that § == € R.According to Mather ‘Division Tﬁedrem [’3],

K are real dlfferentlable ‘Tunctions if (Zosoes Z )ERH-H w e B. Besides, p (P
satisfy the followmo conditions

v P (G {P) sy @, (D) = 0, @lae(P)yees @, (D) = 0o



So we put p, (a, (%), ...y @, ()= b, (x), b; Mp. It is easy lo see thal in this

n—k
case ¢ (a, (%), ..., 4, (2)) has the form = ¢ () wr k"1 where Kk is the’

4 i=o
mulhphmty of B, ¢; are differentiable functions of z(=0,1, ..y n—-k),‘
Hence we obtain M.

b) Suppose that p =at iw & C(w # 0), (2,5 .oy Z,, W) € R xR, Accord- -
ing fo the fundamental theorem of algebra: _
z t" 4z =1 +.owtz,= {(w -—a = {w)* 3 py (2,0 w0 2,) (W—a— fw)— 1
e P, (z, ...,.z-n)}. '{(w - a icp)k + Pi(z,s v 2)) X
X (W=~ o4 im)"""t o e ) 2700 CHPR 5 | N (€S z,, W).
where ¢(z , ..., z,, w) can be writien in the form of a polynomial with

respect to w and g(a, (p), ..., a,(p), B) # O, p, are holomorphic ( =1, 2, ..., k).

If we lpilt z, = a,(x), a; € C;' (i=0, ..., n) then p;(a,(z), ..., an(:v))zbi (@)
b, & € satisfy (2), where T=1—u —iw, b, & M,y ;& Cp
Remark. In this lemma if @, = 1 then ¢, = 1 in both cases,

-1
3.2 Let us consider s a; (p) "4 = 0 where 5‘.. a p) =+ 0,

j=o J=o
Suppose that the roots of thls gquatton are as follows :
— real roots «, with multiplicity &,
e with maultiplicity k& . R

= complex roots  B; £ tw, with multiplicity ,

LI I L R T L T T U D )

By * fw  with multiplicity l
,L‘(m # 0 J—1 2: -’s)n

‘ s
2 k. +2 X

Then, by repeatedly applying Lemma 1 we obtain

l.mgn.

- oy
LEMMA 2. In a neighbourhood of p each clement of Cp [} can be decom- ‘
posed in factors as follows

n , r 5 s
2 e = TP, (1) TLQ(t) T J,().R(t
=t =17 =T = )




kj
where P}(i)=(t__mj)kj+ hE Hjh(f—ﬂa) J -’_‘311]-,!6'5!;,
h=1,. k j—-lZ, I

o ol & -
Q () =(—B = fw* +-hz Oy (& — By — Tw )k

pkhep-p h_l, ,lk,k'—:j:l.--ss

ly

G, (O = (¢ =8, +iw) e+ I-lz T (=Bt iw ) kTR

n—E—2L r s
R(h= = gqtf; K= Z k;L= 2 [
i==0 i=1 k=1
ql g Afp * 1= 1, 2,..., Il - I( P 2L
q., g C N M

o RN {0} X X {0} X R
> T+ e 2, (V.

Denote by ‘? the mappmg A
Al

Suppose that P(he) =2 (Ao} I” + oo + T, (M) & Sl (k; ky 5o k) and that
a is the greatest real part of its roots. The following lemma will describe the
behaviour of polynomials in a neighbourhood of @ (A,). ' ‘

LEMMA 3. There exists a ng;'g{z'pqurh_qqd of Ao in which P(1) has the form
r roo_ h .
PM =Py T Q;(v;) I Q; (x;) RE) 5@).

where

: k . .' .
PE=~a) — 2 g (r—a) Tl r=1t—sifk>2
PO =T—q if k=1, . (3

0 |

Q;(t;) = (%; _bﬂ)_]—-z by (T~ ﬂ)"f‘f‘_.tj t—m-[—ico

ifk,>2 5 _ @
Q.(’t .)zi‘tj — b. if I:j =1 _ ()
§(1)= > ¢; t‘ fa _ | (6)

1 0



(This polynomialis. constant at-the pomf Aods ' ‘
R(t) = By (@ Bs (- s Ry(l), where ihe factors R, (t) have the form

R

o=@ pmd sa g O
- i=1 - “‘\'
a b]h’ 61 , d; are differentzable functzons of i\ in the mentioned neighbourhood .

wh:le vy are real or- complex satrsfymg Rey- (19) < -

Pmof At first wé notice that 1f m > 2 then the- polynomial T Zi-, 2 T, n—i
i=1
can be wul;len in the form
(‘c—y:)" Ty (twy)" i (8)
- . [— N _ . . LY
where iy :—% s Yp == — T2 -+ 62(—;{!‘) e =2, —I'-

The mappmg I“ Rn = Ro, @nen T )—> (Jl, es g ) and I“'l are both polyno—

mial mappmgs bo F is a(local) dlifeomorphlsm. Note that polynomxals of the

form (8) have T = y1 as a'root with multlphc:ty nif and only if yg == Y3 «n
= L T T

‘Now, by applying Lemma 2 we- obtain Lemma 3, -

§4. EQUATIONS AND CODIMENSION OF THE STRATA
Let us consider the family =

+ - +:v,( .x)eR“'“ {o}x...x{O}xn;rief

a:t"—l—:r: n-1

Accordmgto Lemma 3 1f @(a: yorey T ) € SI(k k1 ’ kr Y th'en"t.l:e"stratum
S,k kegaenns k) is défined in a-neighbourhood of (..vo,'.;., :z:f!) by the equations
=0, h=2,..,k; B
Re bj = Im by, =0, h=2,. ,1{}. R T
a; = Be bﬁ, J=1,uur
¢,=0h=0.,1—1: | -
"1t follows that the codimension of S (k; k1 gravs kr)_‘i's

I+ k42 2', k —r-—1.
J:



§ 5. APPLICATION OF THOM TRANSVERSALITY THEOREM AND THE LEMMA OF
A FAMILY OF MORSE EUNCTIONS TO FIND THE LOCAL MODELS OF f(R) "~ .

Let A be a differeniiable manifold of finite dimeﬁéiq_n. Then:from Thom .
Transversality Theorem it follows that the set of mappings

A — R {0}.X . X {0} X B
A j—— () 1" F otz (W)

transversal to every Si (L kj. W k ) forms an everywhere dense set’ in

= (A R NAOF X e X{O} X R) with Whltney c= -topology Then we say .
that z, (A) i =1 n) are generic,

LEMHA 4. Let P be transversal to the stratificati'on 'uhdéfj considera-
tion at X, . Then there exists a system of local coordinates in A centred af-.‘ho such -

that if P(hy) € S, (k3 k; sy k) we have

fo?(?»)—a+g(l)+max(u. Mgt v & —a— gA))
IS

where 1+ k+ 2 2‘. ]c - f -1 fzrst coordmates of A are denoted by » greres Ak

» A

jme S — 12 Ao 0
“W-is the ,grgcitest real par.t of all ‘the_roots of the polyriomial P

101. senyg KOI (j == 1,.‘-, I' ;T' == 2.-"’ kj ).

tk — z awck llfk>2 Il_Otfk._l,

: i=2 .
v, is the greatest lre&l of all the-roofs of Hze polynomml
kN
t.r...nz (1,211 1-—}-1?.],211)'5" sz >2and
= 0 if Ic =1 o

gzs the greatest real part of all the'Foots of the -polynomial
t + + lott + 1 e tf (101 I i ) lOI) =l= (Oyo u 0‘),
X - E -..:-'._d. — 1 . if (101. syrary )\-01) = (0 PLILTY 0)

Proof. According to Lemma 3, in a neighbourhood of Ap€ A we can write
P()) as | o ' '
T - S e F RUNRO :
P(3) = P(T) ;JJI_E Qj(fj) H! Qj('tj')- R(t): S¢ty -
- j=



where the cgpnessidns P(1),-Q;(t ; b H(t), S(t) are defined just as in Lemma 3
(see (3) — (7). So ‘ -
fo®(2)= max (foP foQ foS).
. . 1<j<r
According to (3) — (6) we have. - .
foP ='a +a, + M(ayenq,)  where l(dg,.., @)
equals zero if k=1 and equals the greatest real part of all the roots of the
equation M\7) = 0if k > 2,

foQ;=a+Reb, + v (Re Jg,lmb o Reb, Imbﬂq).

where v; (o) equals zero if k; =1 and equals the greatest real part of all the

roots ofthe equntlon Qf(t )-_0 ith>2;foS = E(CO. C,) where & (...) is the

greatest 1 real part of all the roo!s of the eqnatmn J‘EI clt =0 (G, + 0y if

(Ci ey CI) 5 (On'"’ 0) and E=oa— 1if (.C1 1esey CI)= (09--.; :O)- Notice that as-

c 0 (»)is-different from zero in the neighbourhood upder consideration we can put

C (?L) =1
On the other hand, the condutlon of transversahty of @ to S, (ks kj, o Ic )

at A is equwalent to the fact that cpo @ is a submersion in a nelghbourhood U

of ?Lo where

¢: RPTIN {0} X... x{O}xRDU(ﬂ’(R ))—>R’ kt2 3 k,—r—1,
i=1
av,v—-?,.,k

e e M = B b3 T T
REb 1 ’ ‘ o o
S ,-!l,'—j!':,l

Nole that in this case ' : A
U@, )N S, (ks ki,.,zf )= (O).

As 9P A DU (h) mrmr BT T kg 1 |
is a submersion at .lo EA there exists a syst?m of coordmates centred at

Ao whose 1 k- 22111:. —' F —1 first coordinates are 7\2,..., Ko ?Lji, hjz’q —q

112,1 ’ ?toj yee s (J = 1, ...,r M = 2, Ic". ), such that in this system o 2

becomes a canonical prp;eptl,on onto 1 + kA 2 2 kj—r— 1 flrst coordinates
. 3——1 o

10

17



a, = A\,

Re b, ai';-'—_-}lj‘l,

Re by =tm —1

Imby, =4, j=1, ,r;n=2.,...,kj,
hA=0,..,1—1.

According to Lemma 2.a; = Re bﬂ = g (A) where g is a differentiable

function, ¢g(0) = 0 and we can write .
foP = max (foP, fo QJ . foS)
1< js<r
=-a 4 g(A) + max< M A4 vy,

ISISE

t—a—=g(()

where U, Vi ¢ are defined as in Lemma 4
Remark 1. From the conditions of transversality it follows that if ? is

transversal to the siratification under consideration then (i) belongs to only

S,k Iy pums k) Where
ke —r— 1< < dim A.

_ S=1+k+ 2
i=1
2 We can give g(i) a slmpler form by using the following Iemma Let

ll PhL

m=dimaA — S.
LEMMA 5. (on a family of Morse functions). T here exists an open everyw here

den&g subsel -IOJHC' funciions g € C™ (R“_”l X R R) such that in a neighbourhood of
(0,0) € R™ X R*® there is a change of coordinates presewmg ys(x, y)—r (z,y) that

reduces g to one of the following forms:

L g(x,g) = const + @3
2 gx,g) = const + h(y) + 2 e, 1,2, ¢, — i.
i= 1 -

where h(y) is dif ferentiable h(0) = 0, (D)‘:)0 # 0, (n:,y) (xi,...,x » U1 soues B )

The proof of this lemma is analogous to that of Morse’s lemma [3]
'frﬁEOREN-[I Let us consider. the following family of “dif ferential eqiiations

ey ®P A4 ¢ A"V @ My =0,0e4,

tem of coordinales h =
wing normal forms ‘ ,
% + ml + max (p"’yli"i"vl" syrz + Ve 9'3" % _'331)'

D) et o A mer

If the coefficients a; (X) are generic, then for every Ay & A there exisls a local sys-
(x,y) centred at X, such that f()) has one of ithe follo-

u



m (R ‘ S
() w4 Z e at by + maz ga+ Vosem Yo+ VL E a—h(y)—

i=1

m

— E's.:c?).
. i
i=1

(IIT) & + h(y) + maz (Lgs + V1 pees Gyt ¥, 0 E— @ — R(Y))
where ao(?to)tn + e an(lo) e Sl(lc s Ky geens kr) T Vis E

are defined as in Lemma 4, the coordinates (wx,y) and h(y) are chosen as in
Lemma 5.

LIST OF LOGAL MODELS FOR THE CASE DIM A = 1

gic; Strata : Local models of f(A)
0 Sy, S50 1) et A, «+ M2
1 S, (2 a4 g(\)+ ReV N
1] oSS0 | e oM+ [
P o max (¢ 4+ g(d), Un)if A>0
where g(2) is a differentiable
function , ¢(0) =0
. [iST OF LOCAL MODELS FOR THE CASE DIM A= 2’
;‘;‘;.c:;; Strata : Lecal madels of f(})
0 S, S0 f o iatm, axa?ig?
I T O
1 s(2) | to Hy<p?
| £ x0T 0 if y< 0
1 S,y i ety -ty
1 So(05 1,1) atz? +|yl+ kY
B 1 1/y ify>0
1 Sy(1) % o defx g0
1. 0 84031 ' , 31/9, . if >0
eta? + Ay fy<O
2 | SB8ue-t- oo e 4+ gy + Hzy

12



3?1-1 Strate.. - Local models of f(R) o
o | sy2:1) o 3@+"g(ié,'y)+'maxm/a:,y) if >0
o «+x4|yloratat o) +iylifz<<0
2 | §,1;L1),S40; 1,1,1) max (0,2:4) + ¢ + g(zy)
2 Si05 2) o 4 g(zy) + | Re Y&+ |
iy ity >0
S Va x>0 ..
7 . , a+g(xﬂ)+ 0 ifxr<0 lfy""o
2 §1(2) ' (ot y+VT '
‘ %ora'**y—l—-]/u, 1f:g>Oy<0
; e itz <0 0
, uia’..?iyz ifx < 'y<
2 Sq(1;1) { {1y if y=>0
2 50;1,1) 3a+g(wsy)+t'xl <0
2 So(1) 5 8205 1) max (& + g(ay), ¥xp)
where A(y) , o(y) » g(x.y) are differentiable fune-
tions, H(r,y) and &(z, y) are the greatest real part
ol all the roots of the polynomials 72 —w1—
~y,xl gt 1 respeclwely h0) = cp\O)
‘ = 9(0,0) =0
LIST OF LOCAL MODELS POR THE CASEDIM A =3
codim - Sirala | ST " Local model-s of N
0 | S S (0; 1) o+, ot a2k yP k22
: a+y+§Vz1fz>/0.
1 S.(2) itz 0 _.
. “ixzﬂ:yz_l__h(z)_i_;‘/Zle}G_.
- : _ ' 0 ifz<0
| 50D R R RREA
1] 801D ettt yi+h@) + 2]
R 1z ifz=0
1 | S:i(1) atzif 20
1 | S:(0;5 1) 1z ifz=0"
- : ?a:i 2+ gt + A(2) il 20
' etz MY, 2 .
2 | 56 | et k@O R @)
2 1 8,21 | }«Jrg(r, Y, 2) + max (Vg, £) if y > 0
a-ha+]z|oratar & g4 h()+ | 2| I =<0

13



codim 7 Strata Local models of f(N\)
_2 30(15_1- 1) ; ¢ 4 x 4 max (0, y, z) -
2 [ S:(0:1, 1,1 a £ a? 4 k(y, 2) + max (0, y,z)
9 80(0;2)€ a+$—{-IR€1fy+le
| uiw2+k(y,2)+!ReVy+121
' _ 1/z if z=0 :
2 $1(2) ?z-{-l,r—{—ﬂxorcc—l—y P24 Vo if 20, 2 >0
|- . ZoAx? 4yt 2201 @} if z <0, a:<0
2 S:(1; D E 1z if z>10
2 8:(0;1,1) —r-:v+|y|0roe.+a:2-+k(y,")+ lg;1f~€0
2 Sﬁz(l)s 82 (0; 1) max (oc -+ a (.’,U, s 2)9 E (y Z) )
3 S ) «t+ g (@Y, 2) -V (&, y, 2)
3| S35 1) a-F g (= 4, 2) + max (L (z, 9), ) -
3 S (2; 1, 1) @+ g (2, Y, 2) - max (Vzx, g, ) if = >
max (G, y, 2) 1["3,-:0
3 ST, )
: Se (05 1,1, 1, 1) “+ 905+ max(l,z, y, )
S | S0(132),8051,2) | «dg(x,y,2) + max(| ReVz + iy |,2) |
3 | 8.4 ?max Ajz, a~t-g (z, ¥, 2) -+ K (g, Z))if; & =0
. 2+ 9@+ @y ife=0
3 | 8@ 1z, 7 3max()/y,z I/x_a—g(m,y,z))lfy>0
et i@y )+ max (0, x,1/x—o — g(x,y,2))if y<0
3 S1(1; LD, : }oc-—]—g(m,g,z)-l—max_(ﬂ W s B 1T — g (2, 1,7))if =20
1 81005 1,1,1) " {ed-g(0,y,2) - max (0,y,2) if =0 _
3 S 0;?- o 1z ifz>0
I l(m .)- ;m—i—g(ahy,z)—l-lﬁe"/x—l—ig] 1fz<0
3| SS@ . |y 7). jmax (Vx,b(y,2)—o—glz.1, ))1fx/0
z “+9@.y, )+ max (0, E(y,2)—a - g(x,y,2)}if r<0
3 | Sa(31),8:(0;L,1) | atg(x,y2)+ max O,mE (3, 2) — & —g(x, g, 7))
3 S, (1), 8,(0;1) «+9g(x, Y, 2)-+max (0, 1 (2, §,2) — & —g (x, ¥, 2))
where I(x), k(y, 2), g(x,y,z) are differentiable
‘fanctions, /(0) = k(0,0) = ¢(0,0,0) = 0(Dh), 4= 0
B ,
(DE) .03 4 0, (0, 0.0) 22 0, (g, 2), (z, y, ).
£ (y, 2), n(x,y, 2) are the greatest real part of all
_ the roots of the polynomials 3 — yl-—z, {4 — T{?
C—yt —z, yi® 4zt -1, 23 yiz |zt $ 1, respec-
tively.
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