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LOCAL CONTROLLABILITY FOR LIPSCHITZIAN
DISCRETE-TIME SYSTEMS

NGUYEN DONG YEN

1. INTRODUCTION

Given a subset Q of the Euclidean space R™ and mappings fk : R RP— RN
(k=0, 1, 2,...), let us consider the discrete-time system

Tpty = Fe @ 4

x, € RR, u €Q(k=01,2.. )

- and suppose that ' |
0 eint Q, (1)
f (0,0)=0. k=0,1; 2,.). (2)

The aim of this paper is to give some sufficient conditions for local
reachability and local controllability of this system under the assumption that fk

are locally Lipschitzian.
. When the mappings fk are coatinuously differentiable, the controllability

problem was studied by L. Weiss [1]. Our results extend Theorem 2 of that
paper. The reader is referred to [2] and the references therein for thé develop-
‘ment of the theory of controllability of discrete-time systems during the last
twenty years.

Our main result is Theorem 3 formulated in Section 2 and proved in

Section 3. Some corollaries including the mentioned above theorem of Weiss
are given in Section 4.

Throughout the paper, the following notations will be used:
N (x): the collection of all neighbourhoods of x;
B(x, 8): the open ball around = with radius J,
A*: the conjugate operator of A (or, the transposed mairix of 4 if A is
a matrix),
int M: the interior of M.
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2, MAIN RESULT.

Consider the system () and suppose that the conditions (1) and (2) are

satisfied. As in {1}, if 4, ay,..., u are some vectors (controls) in Q, z,=q,

H-1
Lye = b and zy, 2.0, x,. are defined by (D) with the chosen vectors uy, uy,..,
Uy _ 4 then we denote the fact by the symbol

(%) > bo

HO: ui,-'-: HM —1

a

DEFINITION 1. Systen (D) is said to be locally reachable (from the origin) afier M
‘stepsif there exists e neighbourhood U & N(0) with the property that for everyxelU,
there are M vectors ug, uy,..., U 1€ Q such that '

(2)

Uy, Upyere, U

M__.

g
M-1

DEFINITION 2. System () is said 1o be locally conirollable (inlo the origin)
after M steps if one can find a neighbourhood U € N (0) with the property that
for z & U, there are M wvectors uy, uy, ..., Uy, & S such that '

h o (2)

M

> 0,

Ugy Ugpeesy Upr g

Recall that a mapping f from RP? into R? is called locally Lipschitzian at

x € RP if there exist a neighbourhood U € N (x) and a aumber L = 0 such
that || f(x,) — f(@) | < L2y — @2 Il , for every x;, x, € U.
As usual, the set of linear operators from R’ into R? is denoted by
L (R, RY, Every element of this set can be identified with a m X n — matrix,
DEFINITION 3. A closed convex set A ¢ L (RP, RY)is called a skield for the
}napping f at T e RY if, for any ¢ > O, there exists Ue N () su,ch‘ that : whe-
‘never x,, x3 € U, there is an elemen! A & a salisfying
I fla) = flxe) — Al —z) | < slle — 22
This definition of shield is equivalent to the original version gi'!e;l in [3].

Now let us state two known resuits.

’I"HEOREM 1. Suppose that f is a mapping from an open set E ¢ R? into RY,
If o ¢ L(R?, RY)isacompact shield f‘ar fat x ¢ E and every A € A is
surjective, then f (x) < int f(U) for every U e N (x).
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THEOREM 2. Suppose thal f is a mapping frem an open set E ¢ RPx R7into
RP and f(x,y) = 0, where (x, y) e E. Lel A be a compaci shield for f at (x. yj
such tha! for every C & A the operator A= pr C is nonsingular, Then, there

exist Ue N(x), VenN (7} and a locally Lipschitzian mapplngcp Vv — U such thal:
for every (%, y)eU x V, f (z, y) =0 if and only if x =9y

Here, (prypC)(): = C(h, 0) for every h e RE.
 Theorems 1 and 2 are due to A' D. loffe |4] and P.H. Dien [5], Some
extensions of these results can be found in [8] and [9].

Béfbre going further, Jet us recall Clarke’s concept of Generalized Jacobian

of a mapping f from RP into RY which is locally Lipschitzian at w : the Gene-
ralized. Jacobian of f atx, denoted 3f (z), is the convex hull of the set of all

the limits of the form 4 = lim f(a: ), where [ (.Lk) is the Fréchet derivative
:L‘k"-’:c

of f at z,. It is known from 6] that of (%) is a compact shield for f at’z.
Suppose the mappings f, ave locally Lipschitzian at (0, 0) e R* X R™.
Denote by A, the Generalized Jacobian of fL at {0, 0) and define the following
sets (called the Partial Generalized jacobians of f, at (G 0)): B, =
= {pr_ C:Ced, h A = {pr,C:C e hy _}, where (pr, C) ) : = G0, 0}
for all v € R™ . :

We are now in a position to state the main result ol the paper.

THEOREM 3. Assume that the condilicns (1) and (2) are satisfied and
fi( k= 0, 1, 2, ) are locally . Lipschitzian al (0, 0). If there ea:lst

Poy Piy oovs Ppypy € L(R® , R™) such that the convex hull of the sel
‘2={A, _];"A1B0P0+AM—-1 ... AZBIPI +4-"+BM...1 PJM'_Q' :
A en, , k=12 ——1),BkeAk,u(k_—_O,l,...,lidl-—l)} 3)

consists only of nonsingular operators, then () is locally reachable and locally
controllable after M sieps. .

5. PROOCF OF THEOREM 3

Let Py, Py - < Py be operators such that the convex hull of Z consists

only of nonsingular operalors.
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Proof of reuchability., For every v ¢ R let us set
zy (v) = f, (0, P, v),
Ty (V) = v), Pvj,
2 ( ) fI (wl( ) 1V (4)

Ty (V) = fM-;i(xﬁf—a (v), Py o).

Since § 6int Q and P, v (k =0, 1, ,.., M — 1) are continuous mappings, we
can find a real number s > 0 such that P.v e Qfor every v € B (0, o) and
every k € { 0,1, ..., M - 1}. Define q(») = x, (») (v € R® ).  According
to (2) and (4) we have @(0) = 0. Hence, to prove the local.reachability of system
(D), it remains to show that

‘ 0 e int o), (5)
for every U & N(0). ;

To this end we shall prove that, for every ¢ > 0, there is a real ¢ > 0 such
that, if v, v’ € B (0, o), then there exists R ¢ I satisfying

I ¢@) — @) — R —0)i<e||v—v . (6
Given a positive number ¢, we set x(v) = 0 and pick a positive number
3, such that

]

€4 - : : . (7)
MM + 2) K*M+1
where 7 .
K = max {1, max | P, I, sup I 4,1, sup || B, 1} (8
k=015 0.5 M—11‘ Ak & Ak,i Bk € Ak,uk o
k=71,2,..-, M~—1 k=031h-- M-1

Notice that K < o because A, . and A, , are compact sets (see Section 2).
By assumplion, the mappings fk (k= 0,1,..., M —1) are continuous in a neigh-
bourhood of (0,0) ¢ R" x R™.Further, x,(0) = 0. Then we can find ¢ > 0
such that for every pair v, v’ ¢ B(0, &) and every k { 0,1,..., M—l} there is
C, & A, satisfying
I (@, @) P.0) — f iz, (), P o) —C (&, () — 2, (v'), PLo — Pv) |
' <o ll (m(2) — 2, (), Pv— Pod) . > (9;)
Hence, by setting A, =pr C,, B, =pr C, (éee Section 2) we get
fo(z, @), P )~ fr(@, (), Po)~ A, (z,(v) — =z, @y - B, (P v—P.v)
= (e (v)—x Y+ ]| Pyw — P o oy (10,)

for some w, € B(0,z,).
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For any k & {1,2.., M} combining (10 x—1hn (100) yields
— Pk_zv’} + Bk—J(Pk—:lv _— Pk—ﬂ p) + i Po_u — P0 v Ak—f P coo-i-

"!" (.'H mg(v) - wg (D’) “ + H ng - ng’ “) Ak_.g wes Azw_.l +-" -+ (" xk._z(u)
- mk—;l(v,) | Pk_1v - Pk_.gv’ 1) @z (llk)
Consequently, in view of (8) we have

| 2, (0) — 2, (0)) | < MBS o — ' 4 Me, Ky o — o7 |

4 eKM( | @) — wo(¥°) 1+ oo F 1 g 1(2) — z, (V)1 (12,)
From (1‘2.k)' (k=1,2,.. M) and (7) it is easy to sée that

uxk(v)_-xk(u’)ng(M+1)KM+1 ho—vy, - (13,)
for every k € {1, 2,..., M.
Therelore, taking (11M), 13} (k = 1, 2,..., M) and (7) into account we have
L, (v) =y (0") — R(o = V") | < Meg KM o — 07 I &

g iKM( “ mo(v) - xo(v,) ” + ase + “ xM"‘I(D) —_— .’L‘M.__I(U’) " ) < e u D — o’ il' .

Where R i AM"i ‘o AIBOPO + e "‘1" AM“lBM—QPﬂ’I_z + BM_1 Pﬂf_i [ E,

Thus, the assertion (6) holds. Consequently, co Z (the convex hull of Z) is
a shield for ¢ at 0 € R". Since Aké (=0, 1..., M — 1) are compact sets

it follows that co T is a compact shleld On the other hand, every operator
from co = is monsingular. Then, by virtue of Theorem 1 we have (5). This
completes the proof of the local reachability of system (%2).

Proof of conirollabih'ty. For every (h,v) € R® X R" let us define

zy(hyv) = f (ks Py)s
(R, v)_.fj(a: (h v), P,v)

"“M(h’ u) == fy-—zme-—i(h’ )y Py _ o)

and consider the mappings o(h, v) = :z:M(.h, p). By an argument similar to the
previous one, We can prove that the conveg hull of the set ‘
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T=141{4 Ay Ay Ay 4o Ay BoPo+ o+ Ay By 2Py o+

Mo1™

+ By Py i Ayed, o Boed (k=01.,M— 1}

is a compact shield for ¢ at (0,0) ¢ R* x R", Here, for any 4,5 ¢ L(R™ R")
the operator {4, B] ¢ L{R® x R", R") is defined by ‘
[4, B] (ho) = Ah 4 By

for every (h, p) € R? X R". By virtue of Theorem 2, we can find two mneigh-
bourhoods U, ¥ @ N(0) and a locally Lipschitzian mapping ¥ from V into U such
that, for every (& ) ¢ U X V, the equality ¢(k, ) = 0 bolds if and only if
p = W (k). Since T {0) = 0 and 0 ¢ int O+t follows from the continuity of ¥
that there exists U, ¢ N(0) such that P, ¥ (h) € Q@ for ke {0,3, ..., ¥ — 1} and
h e U . Witheat loss of generalily we can assume that U, C U. Hence, for
every h e U, the vectors

u, = P, ¥(h), ..., t
satisfy the condition

yg= Py g Weh)

D)
h ¢ — 0,

uo’ ui! ey uM'l
According to Definition 2, system (D) is locally controllable after M steps.

4. COROLLARIES

In this section we shall consider system () under the assumption that
conditions (1) and (2) are satisfied. We also assume that the mappings fk are

locally Lipschitzian at (0,0) € R® X R™ and denote by A, —and A, their Par-
tial Generalized Jacobians (see Section 2).

Given 2M — 1 operators A e A, (k= 12, ., M — 1. B, eA,

(k=01, ..., M — 1), we define

PO = (ZM_I e 1—11 _Bo)*, PI = {;{M—-i sen zg EI)*S [T Y PM-—I = FB}_I, (14)
R=A, & B Po+ Ay v B Pt +By Py, (15)
A=1Ay & Bo o Ay o By o By 4b (16)
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and

Py T MAX { sup A4, — Ek 1, sup | B, — Bk i 17N
Ay e By o B, ebd, ,
E= 1,20y M —1 k= 0,1,00y ¥ — 1

Note that every element of L(R", R™) can be identified with a m X n — matrix.
Thus, the matrix defined by (16) contains M blocks, each of which isanxm-
matrix. o

COROLLARY 1. Assume there exist 24 — 1 operators A e b, (k=12 M-,
B, e Ak,u(k='0’1""’ M—1) such that the convex hull of the set (3) with
Po, Pryess Py _4 defined by (14) consists only of nonsingular operators, Then the
conclusion of Theorem 3 holds. :

COROLLARY 2. Suppose there exist 2M -1 operalors Ak €A, (k=1,2,.. #=1),
B el k=01, M-~ 1) such that the mairiz A defined by (16) has

mazximal rank and
1

oM K2M-1 R 1y’

Py <

where K is the same as in (8). Then the conclusion of Theorem 3 holds.

Proof. According to (19) and (16) we have R = A . A* Since A has maxi-
mal rank, R is nonsingular. Using (17), (18) together with Theorem 4 in {7,
Chap. IV, Section 5], we deduce that every element of the set co Z is a nonsing-
ular operator. Hence our result follows immediately from Corollary 1.

Now suppose that f, are continuously differentiable in a neighbourhood
of (0,0) and denote by A, (resp., B,) their partial derivative with respect to &
{resp., u) at (0,0). As is known, such mappings are locally Lipschitzian at (0,0}
Evidently A, = {A, }and D = {B, }

The following resuit is due to L. Weiss ([1], Theorem 2).

‘COROLLARY 3. Assume that f L (k=0,1, e ) QT continuously dif ferentiable ir
 neighbourhood of (0,0). Let A, , B, be defined as above. If there exists an inleger
M such that the matriz A\ in (16) has maximal rank, then system (D) is locally
reachable and locally controllable after M steps.

The proof is immediate from Corollary 2, because in this case Py = 0
and (18) bolds automatically. '
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