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1. INTRODUCTION

Our purpose in this paper is to provide an alternative proof of the nuc-
learity ecriterion of a locally convesx space equipped with an equicontinuous
Schauder base and thereafter deduce the well —known Grothendieck — Pietsch
eiterion for nuciearity as a very simple corollary of the former. In the course
of proof of the first result we develop a general technique for estimating
Kolmogorov's n —th diamelers of (semi — riorm) neighbourhoods in a loeally
convex space possessing an équicontinuous Schauder®base. '

.

' 2. TERMINOLOGICAL EXCERPTS

We follow [11, -[7], [10] and [4]; [5] 1‘espectijvely for the theories of
locally convex spaces, nuclear spaces, Schatder bases and scquénce spaces &
eries; however, . we recall only a few relevant por.tions which inlerest us
most for this paper. Throughout we wrile X =(X, 7) to mean a Hausdor(l
locally convex space (abbrevialed hereafter as 1. ¢. TVS) and we use the symhol
< for the family of all Z—continuous semi—norms generating Lhe topology #,
For p € 9, let us denote by U, the set Ix € X; p(x) < 1}. A Schauder base for
(X, #) will be designaled by {xa3 fu} where n' =0, 1,.. and we say that x,: f,]
is equiconlinuous provlded for cach p € D there L01resp0nds some q € D
such that '

_p*(x) = sup | £o(x) [ p(xp) << q(X)V ¥ in x.

If Aand B are subsels of X such that A is absorbed by Bthen we can talk of
the n—ih Kolmogorev didmeter ig,(A, B)'of‘ A relalive to B (for various ele-
mentary and useful properties of the numbers o,, w, refer to [3]: [4], Chap. 1;
[6] and [7], Chap 9. .
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In the sequel we shallneed the followiing two mterestmg characteriza-
tions of nuclear spaces to be f und respectively in [7], Chap. 4 and [8], p. 15.

THEOREM 2.1 An l.c. TVS (X, 7) is nuclear if and only if for each p € 9 there
exisisq € D and a sequence [g.| C X* with [sup{g.(x) | :q(x) < 1}} ¢ I' such thal

@< Y (g | ..y @ in X.

o>
THEOREM 2.2. An'Le. TVS (X, 7) is nuclear if and only if for each p € D und
eaclh a>> 0 there exists ¢ € D such thal .
g&‘ .
L on(Ug Up)* < oo,
n=10

3. THE MAIN REsiJLTs

The first main result which finds a different proof hereafter is the following
theorem to be found in {2].

“THEOREM 3.1: Let (X, 7y bean lec TVS possesé’ing an equicontinuous Schauder
base [z, : fa}. Then (X, F) is nuclear if and only if fore ach p & D there exists q
< D such that

RO Y P < o, (_ - 0),
nz=0 0
Proof: Let (X, 7) be nuclear and choose p ¢ arbitrarily. Now (%, #) is.a
Schwartz space, therefore there exists q; € @ such that
3.2) P(xn)/qi(Xn) ~> 0 a8 n — oo.
In fact, from (2) of [12], p. 237, for each ¢ > 0, there exist q; e 2 and a finite
dimensional subspace L of % such that
q: Ce Up* 4+ L,
and so .
sup | fa(xx/q: (xx)) — £a(ye) | p(xn) e, Y kz 0

Il
where yy ¢ L. One can find an integlfrr N such that
By =0,V n>Nandk >0
= D)%) <t, ¥ 1> N
and the preceding inequality results in (3.2); for an aIternativel argument of

the existence of (3.2), see Theorem 2.1, of [13], p. 7. Putting « = 3 in Theorem
3 2, onc can find q, € <D such thqt (or, allcrnatively, onc may use Lemma 1.5

£ 9D

v (3_3) E (n+1) 61‘1 (U-t-‘n, Up*) < oo,
’ n>>0 _ ‘
Let us also_ note that there exists some €< with o -
{3.4) , p*(x) < q3(X), Y xin%.
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If q = max (qs, qe qa), then (3.2), (3.3) ‘and (3.4) are true with q; s replaced
by gq. Define . .

' P(n)/q(xn), if q(xy) + 0;

0 , if q(x) = 0.

Let us observe that if the set of integers where ((x,) == 0 is finite, then (%)
readily follows. Hence assume that the set N; = {n & N:g(xy) + 0‘ is infinite,
where N = {0, 1,2, ..] and let Ny = {n,, ng...., 0, ..}
Now

th =

lm 5D
i eNj (I(X])

and so we can find a permutation x of N, such that
%o )<aﬁ( D, for Ny > D,

where n,, n, eNy. Denote by L., the subspace of % gennerated hy Xgt(n,)

x and iet

F(n;s
X € Cﬁﬂ(ns) (Up a Ls+1)-

Then

S
X = Y Lty O Xty
i=0
and consequently
_I 8
q(x)._<._a51(ns) 2 ' fﬂ'l?(ni) (%) 1 Pﬂ(n;) (%)
Yoi=p-
<(s+1)ag \PUR<s + L.
Therefore from a theorem of Tikhomirov (e.g., {10], p. 58)

PP,
& U "
q(xﬂ(n )) < (S 'i“ 1) 88( qs Up*‘)
= 5 pl, )/q(m )<oo
s =0

and hence (ae) follows.
Conversely Iet (+) hold good for a given choice of p ‘and a Correspen-
ding q in D. Let g, = p(xy) fa n>0 Then
sup || gofa) |5 q%@) < 1} = p(@y) sup || (@) | : q%@) < 1]
' pEn) |
1(@a)
further, {or x in X,

P S | fulm) | plaw
n_>>0

L= g -

n =0
The nucledmty of (X, &) now follows by applying Theorem 2.1.
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The Gr othendieck—Pielsch Criterioit: Let P'be a a power set (Stufensystem)
and A(P) the corresponding K&the sequence spaée (see for instance [7], p. 97
and [10], p. 77), then the following resull ([7], p. 98) is usually known as the
tirothendieck — Pietsch criterion for the nuclearity of A(P). We deduce this
result as a simple corollary of Theorem 3.1,

THEOREM 3.2. The space MP) is nuclear if and ouly if for each o« in P
there corresponds p in P with

' = ai P < e
i>0

‘Proof : Let us recall that the natural locally convex topology & on A(P)

is generaled by the lamily {p.:a &p} of semi-norms on A(P) where
P@) = = (@) a, € AP).
n=0

It is clear that (A(P) ) is an AK-space and so the mappings = — x; can be
identified with the sequences e' (cf. Exercise 3.8. Chap 2 of [1]) where

) i, J]=1
egz{ oL j=0, 1.
0, j+ i

It is now simple to ¥erify thal (e, ¢’y is a Schauder base for (A(P), &). If
e < P then *
sup |ei(@)| p,(e) = sup |mi| 2 < pa(a), vz A(P)

i

and so fs'; e} is an equicontinuous Schauder base for (A(P), G). Since

S A s p.(eh)
izzo B i>0 Pae?)

~ the resull follows from Theorem 3.1,

Finally 1 place on record my grateful thanks to Dr. Manjul Gupta for
having stimulaling discussion with her on lhe subjecl matter of this paper.
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