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CARTAN-NOCHKA THEOREM WITH TRUNCATED
COUNTING FUNCTIONS FOR MOVING TARGETS

DO DUC THAI AND SI DUC QUANG

ABSTRACT. The purpose of this article is twofold. The first is to show the
explicit truncations in the Cartan-Nochka theorem for nonconstant meromor-
phic mappings of C™ into P"(C) and moving targets. The second is to show
the above type theorem over function fields.
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1. INTRODUCTION

Let {Hj}?zl be hyperplanes of P"(C). Set the index set Q = {1,2,--- ,q}.
Let N > n and ¢ > N + 1. We say that the family {Hj}gzl are in N-subgeneral
position if for every subset R C ) with the cardinality fR = N + 1

() H =0

JER

If they are in n-subgeneral position, we simply say that they are in general posi-
tion.
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Let f: C™ — P"(C) be a linearly nondegenerate meromorphic mapping and
{H; }‘;—:1 be hyperplanes in N-subgeneral position in P"(C). Then the Cartan-
Nochka theorem (see [4, 5, 6, 9]) stated that

| (q—2N +n— DT f) < S NO (@ div(f, H)) + o(T(r, f))-
i=1

The above Cartan-Nochka theorem plays an extremely important role in Nevan-
linna theory, with many applications to Algebraic or Analytic geometry. Thus,
much attention has been given to generalizing this theorem to abstract objects.
For instance, motivated by the accomplishment of the second main theorem of
meromorphic function for moving targets, Ru and Stoll [11], [12] gave a remark-
able generalization of the Cartan-Nochka theorem to a finite set of moving hy-
perplanes (i.e, moving targets) in P™(C).

Theorem A Let f : C™ — P"(C) be a non-constant meromorphic map-
ping. Let {a;}!_, be meromorphic mappings of C™ into P™(C)* in N-subgeneral
position such that a; are small with respect to f and f is linearly nondegenerate
over F({a;}!_,). Then for an arbitrary 0 < e < 1,

| (¢—=2N+n—-1-¢T ZNlevfa,)) o(T'(r, f))-
1=1

We see immediately a natural question from the Ru-Stoll theorem: Does there
exist a truncated counting function which does not depend on €? Precisely, we
consider the following problem.

Problem Let f : C™ — P"™(C) be a nonconstant meromorphic mapping. Let
{a;}]_, be meromorphic mappings of C™ into P"(C)* in N-subgeneral position.
Assume that a; are small with respect to f and f is linearly nondegenerate over
F({ai}_). Is there a positive integer Ny such that for an arbitrary 0 < e < 1,

MQ

| (g—2N+n—-1—¢)T NN (r,div(f,a;)) +o(T(r, f))?

i=1

Unfortunately, this problem is extremely difficult. We would like to explain
the reason. It is well-known to the experts that the Ru-Stoll method which is
the best available at present will lead truncations. However, the truncation level
depends on the given € and is big enough and, when € goes to zero, the truncation
level goes to infinite (so the truncation is totally lost).

Motivated by the establishment of the unicity theorems for moving targets, we
would like to show the explicit truncations even though they still depend on the
given e. As far as we know, there has been no literature of such results. In the
first part of this paper, the explicit truncations which depend on the given € are
given in Theorems 3.5 and 3.8. However, these are still weak and are far from
sharp ones.
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Nevanlinna theory is an approximation theory of complex numbers by mero-
morphic functions, as the Diophantine approximation is the approximation of
algebraic numbers by rational or algebraic numbers of a fixed number field (the
inverse of Vojta’s observation). Over algebraic function fields, one may think the
approximation of rational functions by rational functions. From this viewpoint,
some Cartan-Nochka theorem with truncated counting function over function
fields are showed in [15, 16, 7]. The second aim in this paper is to show two
Cartan-Nochka theorems with truncated counting function for moving targets
over function fields (see Theorems 4.3 and 4.5 below). In the proof we use the
method of M. Shirosaki [13].

2. BASIC NOTIONS AND AUXILIARY RESULTS
(a) We set ||z|| = (Ja1|* +--- + |Zm|2)1/2 for 2 = (21,...,2n) € C™ and

B(r) :={ze€ C™:||z|]| <r},
S(r):={ze€C™:|lz]|=r} (0<r<o0).

Define
c.o " 5_
d° = —(0-0),
c m—1
Um—1(2) == (dd ||z||2)
om(2) = dlog||2][* A (dd°log]|2][)™ " (= #0).

(b) Let F' be a nonzero holomorphic function on a domain € in C™. For a
multi-index o = (a1,...,0m,) € ZT7', we set |a] = a3 + ... + ay, and DF =
8‘0"}7/80‘121 <o 0%z, . We define a map divE : Q — Z by

divF(z) := max {t : D*F(z) = 0 for all a with |a| < t} (z € Q).

A divisor on a domain € in C™ is a map v : Q — Z such that, for every a € Q,
there are nonzero holomorphic functions F' and G on a connected neighbourhood
U C Q of a such that v(z) = divF(z) — divG(z) for z € U outside an analytic
subset of dimension < m — 2. Two divisors are equal to each other if they have
the same value outside an analytic subset of dimension < m — 2. For a divisor v
on 2 we denote by |v| the sum of (m — 1)-dimensional irreducible components of
{z :v(z) # 0}.

Take a nonzero meromorphic function ¢ on a domain 2 in C™. For every
a € ), we choose nonzero holomorphic functions F' and G in a neighbourhood
U C Q such that ¢ = F/G on U and dim(F~1(0) N G~1(0)) < m — 2. We define
the divisors

divgp :=divF, divey = divG,
which are independent of choices of F' and G and so globally well-defined on €.
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(c) For a divisor v on C™ and for positive integers k, M or M = oo, we define
the counting function of v by

,/(M)(z) =min {M,v(2)},

f\umB(t) V(M)(Z)Um—l if m > 2,

nM(t,v) = S v () if m=1,
2| <t

n(t,v) = n'®(t,v).

Define

e
N(M)(r,y) :/ntT_(lt)dt (1 <r<o0),

1
N(r,v) = N(‘X’)(r, V).

(d) Let f : C™ — P"(C) be a meromorphic mapping. For arbitrarily fixed

homogeneous coordinates (wy : ... : wy) on P"(C), we take a reduced represen-
tation f = (fo:...: fn), which means that each f; is a holomorphic function on
C™ and f(z) = (fo(z) : ... : fa(z)) outside the analytic set {fo = ... = f, = 0}

of codimension > 2. Set [|f|| = (|fo]* +--- + ]fn\2)1/2.

The characteristic function of f is defined by

T(r, f) = / log|| £ lom — / log|| £ [om.
S(r) S(1)

Let a be a meromorphic mapping of C™ into the dual projective space P™(C)*

with reduced representation a = (ag : ... : a,). The duality is given by (f,a) =
n

> aifi. We call a a moving target to deal with the intersection divisor div(f,a).
i=0
Assume that (f,a) #Z 0. We define the proximity function of f for a by

Ll Al
m{r, fia) = /1°g (Fra) o™ /IOg (Fra) O™
S(r) S(1)

1/2
where [laf| = (lag|? + -+ + [an|?) /.

The first main theorem for moving targets in value distribution theory (see
[11]) states that

T(r,f) +T(r,a) = m(r, f;a) + N(r,div(f,a)), (r>1).

(e) As usual, by the notation ”|| P” we mean the assertion P holds for all r €
[0,00) excluding a Borel subset E of the interval [0,00) with [ dr < co.

Let f, a be as above. We say that a is ”small” with respect to f if
T(ra) = o(T(r, ), 7 — o
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(f) Let ¢ be a nonzero meromorphic function on C™, which are occasionally
regarded as a meromorphic map into P'(C). The proximity function of ¢ is
defined by

mr,p) = /S  Jommax{lel, 1o,

(g) Let M(C™) be the field of all meromorphic functions on C™. Let ay,...,qq
(¢ > n+1) be ¢ meromorphic mappings of C™ into P"(C)* with reduced repre-

sentations a; = (ajo : ... : ajn) (1 < j < ¢). Denote by f({aj}3:1> c M(C™)
the smallest subfield which contains C and all aj;/aj with aj; # 0, where
1<j<q,0<kI<n.

We say that that the family {a; }3:1 is in N-subgeneral position if and only if
for every subset R C @ with |R| = N+1 and for an arbitrary (N+1,n+1)-matrix
(@jk)jer 0<k<n

rank v cmy (@jk)jer0<k<n = 1+ 1.

We also denote the rank of the index subset R by
(1) rank R = rankM(Cm) (ajk)jeR@gkgn

Let f be a meromorphic mapping of C™ into P"(C) with reduced representa-
tion f = (fo:...: fn). Then f:= (fo:...: fn) : C™ — P"(C) is said to be

k-nondegenerate over F ({aj };1.:1) if there exist exactly k41 linearly independent

elements in {fo,..., fn} over the field f({aj }3:1>.

3. CARTAN-NOCHKA THEOREMS OVER COMPLEX PROJECTIVE SPACES

Put @ = {1,...,¢} (¢ > 1). For a finite set R, §R denotes the cardinality of
R. By Nochka (see [6, 1, 3]) we have the following.

*

Lemma 3.1. Let {a;}icq be g moving targets in P"(C)* in N-subgeneral posi-
tion, and assume that ¢ > 2N —n+ 1. Then there are positive rational constants
wj,j € Q satisfying the following:

i) 0<w; <1, Vjeaq,
(ii) Setting © = maxjeqw;, one gets

q
wi=w(@-2N+n-1)+n+1.
j=1

1
(iv) For RC Q with0 <f{R< N +1, > cpw; < rankr(q,){ai}icr-

The above w; are called Nochka weights, and @ the Nochka constant.
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Lemma 3.2. Let the notation be as above. Let E; > 0,j € Q) be arbitrarily given
numbers. Then for every subset R C @ with 0 < R < N + 1, there is a subset
R° C R such that §R° = rank R° = rank R and

1ER 1ER°

For a subset ® C M(C™) we denote by £(®) the C-vector space spanned by
®. Assume that ¢ := §® < oo, and 1 € . Then for a positive integer p, we set
O(p) ={p1p2--prlpj € 235 =1,...,p}. Then

ptaqg—1 ptaqg—1
teo). oG cap+n, - ("I < (TP,

Let 0 < € < 1 be arbitrarily given. Then we denote by p(e, q) the smallest
positive integer p such that (pj]f;l) < (1 +€)P. Set

Plea) = #(ea) + 1) = (MOD I (< g opten)

Lemma 3.3. Let the notations be as above. Then there exists an integer p/ (e, q) <
p(€,q) such that

dimL(®(p'(e,q) + 1))
dimL(®(p' (e, q)))

Proof. Suppose that dimL(®(p + 1))/dimL(P(p)) > (1+€) for all 1 < p < p(e, q).
Then

<(1+e¢), dimL(®(p'(e,q) +1)) < Ple,q).

im (B (i + 1))
dimL(D(1))

p(e,q)
Ple,q) > dimL(@(ple,q) + 1)) > [] > (14 e,
i=1

Hence
P(e,q) > (1459,
This is a contradiction. Thus, there exists a positive integer p'(¢, q) < p(e, q) such
that
dimL(®(p'(e,q) +1))

dml@W(eq) S'T¢

Moreover, we have
dimL(®(p'(e,q) + 1)) < dimL(®(p(e, ¢) + 1)) < Ple, q) < (1 + )9,
O

Remark 3.4. We give an evaluation of p(e, ¢) for 0 < e < y/e — 1. For such an e,

we will show that (p+q_1) < (14 €)P for every integer p > 10g2q

1 o (179 which implies
that

_4qa
ple,q) < [(1+ )09 ]+1 (0 <e<Ve—1),
where [e] stands for Gauss’ symbol.
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Since 0 < € < /e — 1, p/q > 16. Note that for z > 16
Vo —1—1log(l+x)>0.

plog(l+¢) > q\/g

plog(l+¢€) > ¢ <1 +log(1 + §)> =q+qlog(p+q) —qlogqg

By assumption

and hence

> plog(1 + ]%) + qlog(p+q) — qlogq

=(p+qloglp+q)— (p+q) —plogp+p—qlogg+gq
p+q

p+q

= / (log z — log(x — p))dx > Z(log(p +1i) — logi)

p i=1

pt+q—1 .

> Z (log(p + 1) — logi) = log(pJ;q_1 ).

i=1

Thus, we have
+q-1
(p qq—l )< (1 + E)p'
By the definition of p(e, q), we have p(e, q) < [m] + 1, and hence

Ple.q) = (p(e’?f L 1) < [+ o).

Theorem 3.5. Let f : C"™ — P"(C) be a non-constant meromorphic mapping.
Let {a;}!_, be meromorphic mappings of C™ into P"(C)* in N -subgeneral posi-
tion such that a; are small with respect to f and f is linearly nondegenerate over
F({ai}_,). Then for an arbitrary 0 < e <1

q
| (g=2N+n-1-eT(r,f) <Y NOTVPEIN (G div(f,a;)) + o(T(r, £)).
=1

Proof. Without loss of generality we may assume that a;p Z 0 (1 < i < ¢). Set
aij = aij/aip, @l =35 ¢ laijl, Fi=37_g fiai;. We put @ = {a;;}. Then
f® = gN + 1, and §P(p) = (p;']‘{,N). Take arbitrarily 0 < ¢ < 1. By Lemma 3.3
there exists a positive integer p'(e,qN + 1) < p(e,¢N + 1) such that
dimL(®(p'(e,gN +1) + 1))
dimL(®(p'(e,gN + 1)))
dimL(®(p'(e,gN + 1) + 1)) < P(e,gN +1).

< (1+e),

Put
s = dimL(®(p (e, qN + 1))), t = dimL(®(p'(e,qN + 1) + 1)).



180 DO DUC THAI AND SI DUC QUANG

Let {b1,...,bs} be a base of L(®(p'(e,qN + 1))) and {by,...,b:} be a base of
L(®(p'(e,qN + 1) +1)). The followings are satisfied:
t
(1) -<1+e t<(14e)PleaN+D),
(ii) {b fe(1 <i<t,0<k<n)} are linearly independent over C.

Claim 3.6. If{a;,,...,a; } are linearly independent over M(C™), then {b;F;, (1 <
Jj<s,1<k<1)} are linearly independent over C.

Indeed, assume that 21<j<s,1<k<l cjkb; Fy, =0, where c;p € C. Then

n

l s
Z Z ZCjkbj dikv fUEO.

v=0 \k=1 \j=1

Since f is linearly nondegenerate over R{a;}, it implies that

l s
Z chkb )ai,o =0 (0 < v < n).
k=1 j=

Hence

D eirbj=0 (1<k<I).

This yields
cik=0 (1< k<[L1<)<s).
Claim 3.6 is proved.

Set @ :={1,...,q}. Let R C @ be such that fR = N + 1. Choose R° C
R such that {a;};cre are linearly independent over M(C™) and R° satisfies
Lemma 3.2. Then {F;};cgo are linearly independent over R{a;}. Assume that

R:={ri,...,rny1} and R° :={r{,...,rp 1 }.
Since bjFe (1 < j < < k < n+1) are linearly independent over C, we can
choose ﬁkl € C such that there is Cro € GL((n + 1)t; C) satisfying

det(bjFrZ( <J<s,1<k<n+1),hu(s+1<I<t,0<m<n))

= Cprodet(b;fr(1 <j<t0<k<n)),
where hmj = 31 << o<i<n ﬁﬂjbkfl(s +1<j<t,0<m<n),and Cro is a
matrix of constants.

Let o :== (a1,...,qpmy1)) € (ZT)("H)t be a minimal multi-index in the lexi-
cographical order such that

W = det (Db, fi(1 <j <0<k <n))ycpenin)? O

By [2], Proposition 4.5, we have |a;| < (n+ 1)t —1,V1 < i < (n+ 1)t. Set
Wge = det (Daw bjFr;, D hvl)y
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where 1 <j<t,1<k<n+1,s+1<I<t,0<v<n,and 1 <w < (n+ 1)t

It is easy to see that Wgo = W - det Cpo.

Let z be a fixed point. Then there exists R C @ with fR = N + 1 such that
|Fi(z)] < |Fj(2)], Vi € R,j ¢ R. On the other hand, we have

n
FT’Z = E arzjfj.
J=0

This implies that

n+1
Ji = ZAkjFr;?,
j=1
where Ay; € F({a;}). We put Ag := Z;Lill > ko |Ak;|. Then

IF ()l < Ar(2)|Fj(2)l, Vi & R.
Set A:=3 p-oAr. Then

O+ Z2)0yp = O T .
H/S(T)lg A(2)on = o(T(r, f))

We also have
|| (2) ]| s @ 2N =D W (2))|

2
@ |Fy(2)[15 - - [Fy(2) [ - || f(2)]|(nHD(E=5)
_ 1£(2)|[* i @imn=D ()]
[Fy(2)[@rs - [Fy ()20 - || f(z)| (4D =)
AT Tign i ()] f(2)||P Eier i | W (2))|
S TLer BR8] f(2)]|(m D
_ <H <||f<z>|| : ||ai<z>||>“’i>s A Zign i ()| W (2)]
i€R |Fi(2)] [Licr llai(2)][5: - |1 £ (2)||(nt D)t
_ <H 1f(2)]] - ||az-<z>||>sAszwwanRo(z) det Cpo|
N\ RO e a2 - (I ()]0
_ liere llai(z)[| - [det Cpo| AP Zigh i ()| W (2)]
[Lier llai(z)[|> e 1E(2)]° - || (2)]| (4D =)
Put

[licro llaal| - det Cro A" Xier“ (2)|We|

Bp = R .
[Lenll@l™ There IR - I70FD6)

It follows easily that

+ = 0 T .
I /S 8" Br(z)ow = o(T )
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By (2), we have

|| (2)]|sa=2Ntn=D | ()| > n
log( log™ Br
[F1(z)]«rs - [Fy(2) |9 - || f(2 )II("+1 )(t=s) }%

for z € C™. Integrating both sides of the above inequality over S(r), we have

3) I a2 = D70 f) € 3 N ()}
1=1

+ iN(r, divec W) + o(T'(r, f)).
Claim 3.7. || N(r,diveeW) = o(T(r, f)).

First of all we see that if f and g are non-zero meromorphic functions on C™,
then the followings are satisfied for o € Z’ and z € C™ outside an analytic
subset of dimension < n — 2:

(i) div(fg)(z) =divf(z) + divg(z).
(il) divDY(fg)(z) > divD f(z) — diveeDg(2).

(ili) diveeD*f(2) < (laf + 1)diveo f(2).

(iv) divof(z) < divoDf(2) + |-

Put Z = !, I(a;) UI(f), and

A= > (n+1)divee(D™b;) + > diveo (D™ hEY).
1<t s+1<7<t,0<v<n
1<w<(n+1)t BR=N+1,1<w<(n+1)t

By the above properties (i)—(iii) we have that || N(r,\) = o(T'(r, f)). Since
N(r,diveeW) < N(r, A), Claim 3.7 follows.

We are going to show

q
1
> wiN(r,div(f, a;)) - ~N(r,divolV)
=1

q
(4) <> NN div(f, ;) + o(T(r, £).
=1

Assume that z is a zero of some (f,a;). We consider two cases.

Case 1. z is a common zero of at least N + 1 functions in the family {(f,a;)}.

Suppose that (f,a;)(z) =0for 1 <i < pwithp > N+1, and that (f,a;)(z) #0
for i > p. Without loss of generality one may assume that

div(f,a1)(z) > div(f,a2)(z) > --- > div(f, ap)(2).

Put R := {1,2,...,N + 1}, Choose R° := {r{,...,r;, .1} C R such that
{a;}iepre are linearly independent over M(C™) and R° satisfies Lemma 3.2. Then
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z either is a zero with multiplicity at least div(f, arZH) of det(are j)1<i<n+1,0<<ns
or z is in I(f).

In fact, suppose that z ¢ I(f). Without loss of generality we may assume that
fo(z) # 0. Then, there exists a neighbourhood U of z such that fj is non-vanishing
on U. We have

det(are j)1<i<n+1,0<<n

f1 f
arg,0 + gy @rp1 Tt are are1 "t Gpop
= det :
Q.0 0—’-&@0 1+...+f_”ao Q..o 1 Q-0
Tn+1> fo Tnt1s fo 1M Tn+1> Tnt1:™
(fa arf) arg 1 T ar9.n
= g det
0 .
(f’ arflJrl) arfLJrl,l arg+1,n

on U. Hence
divo(det(arg,j)1gz<n+1,ogj<n)(Z) > div(f, arg+1)(2)~

This implies that

> div(f,a:)(2) < (p— N = Ddiv(f, are,)(2)

i=N+2
< (¢ — N — Ddivodet(are j)1<i<n+1,0<j<n(2)-

Moreover, we have
N+1
Z wi(div(f, a;)(z) — min{div(f, a;)(2), (n + 1)t — 1})
T
< Z(div(f, are)(2) — min{div(f,a,e)(2), (n + 1)t — 1})
i=1
and

divoW (z) = divoWge (2)

>  min div( I | D (=DM b; Fo X
T o€eS '
IR (n+1)t 1<j<s
1<k<n+1

X H D%uj1)(n+1>+u+1)hfj)(z)

s+H1I<E
ovn

> min ST divDe Dk Fro(2)
TES(nt1)t ISie

NS

1<k<n+1
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- j{: divooz)aauj—1Nn+a>+k)bj(z)

1<j<s
1<k<n+1

_ Z diVOOfDaa((j1)(n+1)+v+1)hfj(2)>
s+1<j<t,0<v<n

>  min ( Z <diVDa<7((j1)(n+1)+k)(f7arg)(2«')

o€eS
RN PP
1<k<n+1

— ndive DY G-V (n+1)+k) argo(2)> —A(z))

> min ( > <diV(f7ar,3)(z)—min{diV(f,ar;)(Z%|Oéo((j_1)(n+1)+k)|}

ceS
(n+1)t 1< <s
1<k<n+1

_ n(‘ag((j_l)(n_,_l)_,_k)‘ + 1)diVooarzo(Z)) - )\(Z)>

> s< > div(f, ane)(2) — min{div(f, arp)(2), (n + 1)t — 1}>

1<k<n+1
- Z n(n + 1)tsdiveoareo(z) — A(2),
1<k<n+1

where S(,, 1), is the (n + 1)t-th symmetric group.
This implies that

N+1

Z wj <div( f,a:)(2) — min{div(f, a;)(z), (n + 1)t — 1}>

T

< Z <div(f, are)(2) — min{div(f, a,e)(2), (n + 1)t — 1}>
i=1

< divoW(z) + Z n(n + L)tsdiveoareo(z) + A2).

1<k<n+1
Thus, we have either
Zwi (div(f, a;)(z) — min{div(f, a;)(2), (n + 1)t — 1}>
i=1

1
< =divgW (z) + E n(n + )tdiveareo(z)
5 1<h<n+1
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1 1 .
+ 2 AR) + 2l = N = D)divodet(argj)i<i<n+108i<n ()

or z € I(f).
Case 2. z is a common zero of at most N functions in the family {(f,a;)}.
Suppose that (f,a;)(z) =0 for 1 <i < p with p < N, and that (f,a;)(z) # 0

for i > p. Consider the set R = {1, ... 7N + 1}. Repeating the argument of Case
1, we have

divoW (z) + E n(n + tdivecareo(z) + 1)\(z).
s
1<k<n+1

From the consequence of the above two cases we infer that for z € C™ outside
an analytic subset of dimension < n — 2

q

Zwi <div(f, a;)(z) — min{div(f,a;)(2), (n + 1)t — 1}>

i=1

1 1
< gdiVOW(z) + Z n(n + 1)tdivecage(z) + g)\(z)
1<k<q

1 .
+o(g-N-1) > divodet(are;)1<icnt1.0i<n(2)-
R=N+1

Integrating both sides, we have

sz (N, div(f,a) = N0 div(f, a)) )
< %N(r, divoW) + Z n(n + 1)tN(r,divecaro) + %N(r, A)
1<k<g

1 .
+ g(q — N — 1) Z N(T, divg det(aTg’j)1<i<n+170<j<n)
$R=N-+1

N(r,divoW) + o(T(r, f)).

Hence (4) is proved. Thus, we have

| (g—2N+n—1-T( f) < 3 NOPOD (1 div(f, a)) + o(T(r, £)).
=1

The following is a reformulation of Theorem 3.5:
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Theorem 3.8. Let f: C™ — P™(C) be a nonconstant meromorphic mapping,
and let {a;}{_, be small (with respect to f) meromorphic mappings of C™ into
P"(C) in general position such that f is k-nondegenerate over F({a;}!_,). Let
0 < e <1 be arbitrary. Then the following holds

q
I (g=2n+k=1=T(r, f) < Y NI div(f, a1) + o(T(r £).

i=1

4. CARTAN-NOCHKA THEOREM OVER FUNCTION FIELDS

(a) (First Main Theorem over function fields (see [7])) Let k be an algebraically
closed field of characteristic 0 (for simplicity we assume that k = C), let R be
a smooth projective algebraic variety of dimension N over k, and let K denote
the rational function field of R.

We fix a Hodge metric form w on R. For a divisor D on R, we define the
counting function of D with respect to w by

N(D;w) = /DwN_l.

Let aj € K,j = 0,...,m, be not all zero; so say, ag # 0. We define a divisor
on R by

((aj))o0 = —min{div% ;0<j < m}.
0

Then the (projective) height ht((a;);w) of (ao,...,an) with respect to w is
defined by
ht((a;);w) = N((a)))oc; w)-
By [7], Section 2.1, we have

ht((aj);w):/Rddclog(2|aj|2)/\w]v_l.
5=0

There is another interpretation of ht((a;);w). Let L — R be a line bundle
determined by the divisor ((a;))e0, and o¢ € I'(R, L) be a global holomorphic
section determining the divisor diveg = ((¢;))sc. Then N (divog;w) is considered
as a counting function.

Setting o; = (a;/ag)op € I'(R,L),0 < j < m, one gets the following reduced
representation of a rational mapping f from R into P"(C):

f=(0:...:0m): R—P"(C).

Let Q denote the Fubini-Study form on P™(C). We define the characteristic
or order function of f by

T(f;w) = /Rf*Q AwlN L
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Then we have the following First Main Theorem over function fields:
T(f;w) =ht((aj);w) = N(divej;w).
Thus we write ht(f;w) = T(f;w).

(b) (Wronskian) We use the same notations as in Subsection (a). Let z1,..., 2N
be a transcendental base of K. Then there exists a Zariski open subset U of R
such that the holomorphic vector fields 9/0;,1 < j < N are defined on U and

0 0
AN A——£0
(92’1 821\[ 7&
at every point of U. Without loss of generality we may assume that the bundle
L — R is trivial on U. Then the restriction to U of every holomorphic section in
I'(R, L) can be considered as a holomorphic function on U.

Let {ai,...,a;} be a subset of I'(R, L) such that the family {ai,...,a;} is
linearly independent over C. We set g = (aj : ... :a;) : R — P*"(C). Then g is
a linearly non-degenerate rational mapping. Let r be the rank of the differential
dg at a general point. Then, by [2] and the construction of the Wronskian in [7],
Section 2, we have a generalized Wronskian W ((a;)) = W (au,. .., a) as described
below.

For x € U we consider the vectors

(D% (x),. .., D%y (x)) € C,

where a = (a1, ...,an) € ZY are non-negative multi-indices and D = ool jozr ..

with |a| = a1 + -+ + an. We write ord D = |a.
We denote V;(z) by the linear subspace of C* spanned by
(Day(2), ..., Day(x)

with |a| <[, and set
A = max dimVj(z).

zeU
Starting from (a1(x),...,at(x)), we can take (Df'a;(z),...,Dfai(x)), 1 <i <
A1 — 1, with |a;| = I such that for all z € U outside a thin analytic subset of U,
the vectors (a1(z),...,a(z)) and (Dfai(x),...,Dffai(x)), 1 <i< A\ —1 form a

maximal linearly independent subset of
{(Da1(2), ..., D%u(z)),|a| < 1}.

Here one notes that Ay — 1 > r. Similarly, we take (D{a;(z),...,Dfat(x)), A\ <
i < A2 — 1 with |a;| = 2. Thus, we inductively find the family {a;},1 <i<t—1,
and obtain the generalized Wronskian
ar(z) - (@)
D*aq(x) -+ DYay(x)
W(((IJ))(:E) :W(alw-'aat)(x) = : : : Z0

D lay(x) --- D tay(z)

N
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such that
‘047/’:1, 1<Z<T7
lo| <i—r+1, r+1<i<t—1.
By the contruction we have W ((Ca;)) = ¢('W((a;)) for all ¢ € K.

There exists an effective divisor J on R given by the family of local trivializa-
tions {(R,,&,)} such that R = UR,, is a Zariski open covering and &, are holomor-
phic functions on R, with (§,) = J|R,, L|R, = R, X C, and £,0/0z;,1 <i < N,
are holomophic on R,. By [7] §2 we have

W((a) € TR, [pJ] @ L),
A((a) = )

ar---a S Frat(Ra [pJ])a

1
where T'yat () denotes the space of rational sections and p = S>4_ | |a;| < %

(c) (Definition) Being given a family B = {bp,...,b,—1} C (K*)™*!, where
K*=K\ {0} and b; = (bjp : -+- : bim) (0 < i < g — 1), we say that the family
B is nondegenerate over K if dim(B); = m + 1 and for every nonempty proper
subset B of B

(Bu)k N (B\Bi)x NA#0,

where (B)f is the linear span of a subset B of K™*! over the field K.

The set £ C K™ is said to be minimal (over K ) if it is linearly dependent
over K and every proper subset of £ is linearly independent over K.

Lemma 4.1. Assume that the family B = {bo,...,bg—1} C (K*)™ ! is nonde-
generate over K. Then there exist subsets I1,..., I, of B such that

(i) Iy is minimal and I; is linearly independent over K (2 <i < k),
(ii) for each 2 < i < k, there exist a meromorphic function ¢, € (K*)

satisfying
i1 k
> caba € <U [j> and <U Ij> = (B)k.
acl; j=1 7 K j=1 7/ K

Proof. Since by € (B\ {bo})x, we can choose a set I; such that I is the minimal
subset of B containing {bo}. Assume that I; = {bg,...,by }. Then there exist
meromorphic functions ¢;, 1 < < 1, and ¢g = 1 such that Zflzo cb; = 0.

If I; = B, then the proof is finished.

Otherwise, one of the following two cases holds:

i) There exists b € B\ {I1}. We may assume that b = by, 41 and b € (I1)x. Put
Iy = {by, 41} and ¢;; 41 = 1. Then there exist caj,b; € I and ca,+1 = ¢4, 41 such
that Z;S&l c25b; = 0. Moreover, we also may assume that {b; | b; € I1, cg; # 0}
is independent over K.

ii) There exists b € {I;}. We may assume that b = b;, and b € (B\ I1)x. Then
there exists a subset of B\ I; which is independent over K. We may assume that
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this subset is {bs,+1,...,bs, }. On the other hand, there are ¢; (i < t; + 1 < ta)
such that by, + Z?:tl-i-l cjbj = 0. Set Iy = {bs41,...,bs, }.

If Iy U I, = B, then the proof is finished; otherwise, by repeating the above
argument, we have the subset I3.

Continuiting this process, there exist the subsets Iy, ..., [ satisfying the as-
sertions of Lemma 4.1. O

Remark 4.2. Set

v1 = max{div det (aijfj)1<j,h<m+1 | det (aijtj)lgj,h<m+1§é 0},

v9 = min{div det (aijtj)lgj,hgm—l—l | det (aijtj)1<j,h<m+1¢ 0}.

By solving linear equations, for ¢; and ¢;; as in the above we see that dive; <
V1 — vy and Vey; S V1 — Vo

(d) (Second Main Theorem over function fields) Denote by R(B) the smallest
subfield of K containing C and all {l%i} with b, #0, 0<i<q—1, 0 <k, Il <m.

By solving linear equations Z?IOI C(i+1);05 = 0 or by, + E?:*tlz 41 ¢bj = 0 over the

field R(B), it is easy to see that all elements ¢; and ¢;; belong to R(B).

Theorem 4.3. Let f = (00 : ... : o) : R — P™(C) be a rational mapping
with o; € T(R, L). Let B = {bo,...,by—1} C (K*)™*L be a finite family which is
nondegenerate. Assume that f is linearly nondegenerate over R(B), i.e. (f,c) =
S cioi 0 for all ¢ = (co,...,cm) € (R(B))™ 1\ {0}. Then
q—1
. +1)
h(fiw) < 37 N (iv(f, b)) + D
6(f;w) ; (div(f,bi)iw) + ——
+qN(v;0) +2(q = DN (v2;0).

N(J;w)

Proof. By Lemma 4.1, we may assume that there exist the subsets I; =
{bt; y+1,---,01,} (1 < i < k), where tx = —1, which satisfy the assertions of
Lemma 4.1. Since I is minimal, there exists a linear relation among /;. That is,
there exist ¢1; € R(B) such that

t1
Z Clj . bj =0.
7=0

Define ¢;; = 0 for all j > t;. Then ZE.’;O c1j - bj = 0. Since f is linearly
nondegenerate over R(B), it implies that {ci;(f, bj)}zlzl is linearly independent

over C. Hence there exists {a11,...,a14,} C Zf“ (Jarj| < t1 —1 < N) such
that
D (enn(f,b1)) - DU (ew (f5 bry)
A = D12 (Cl‘l(f, bl)) . D12 (Clt} (fa btl)) £ 0.

D1t (Cl‘l(fa b1)) - D1t (Clt.l (f,1,))
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Now consider ¢ > 2. By the choice of the set I; there exist meromorphic
mappings ¢;; # 0, ¢; € R(B) (ti—1 +1 < j < t;) such that Z;'i:ti,1+1 cij - bj €
<U;_:11 Ij>K. Then, there exist meromorphic mappings ¢;; € K (0 < j < ti—1)
such that Z;":O ¢ij-bj = 0. Define ¢;; = 0 for all j > t;. Then ZE.’;O cij-(f,b5) =0.
Since {cij(f, bj)};i:ti,l-i-l is C-linearly independent, there exists {aij}?:ti,l—i-l C
7% (Joyj| <tj —tio1 —1 < N) such that

t;
Ai = det <Daij <Ci5(f, d8)>> 5_’3 0.

j7s:ti71+1

Consider an t; x (tx + 1) minor matrixes 7 given by

Don (010(f7 bO)) e Den (Cltk (f7 btk)) |

D2 (¢10(f, b)) . D*12(cyy, (f, b, )

Dty (Cl'O(f7 bO)) . : . D1ty (Clt'k (f, btk))

Dttt (co(f b))  -+- D0t (ea, (f,by,))
DY2ui+2(ego(f, b)) -+ D+ (cop, (f, b))
T = : : :

D22 (eo0(f, bo)) e D2ty (Cth (f, btk))
Dtk ('cko(f, bp)) - Dt ('thk (f,01,))
D142 (cpo(f, b)) - DHFR=1E (e, (b))

Do (cgolfibo) e D (e (/b))

Denote by D; the minor of the matrix obtained by deleting the i-th column of
the minor matrix 7. Since the sum of each row of 7 is zero, we actually have

k
Di=(-1)'Dy = (-1)'[[ 4 #0.
i=1

Without loss of generality, we may assume that ¢, = ¢ — 1. It is easy to see
that A; € Trae(R, [(30,, | 41 lovj|)J] ® Lt~t=1). Hence

J

D; € Dyat(R, [(Z lag;)J] @ LY.

This yields

(5) s € TR o)), 0<Vi<q-1



CARTAN-NOCHKA THEOREM WITH TRUNCATED COUNTING FUNCTIONS 191

On the other hand, we have

q—1 q—1

2
|(f,bi)l ; Hj;,gi(fabj)

By transmiting current equations, it implies that

q—1
dd° llog (Z (/) bi>|2>]
=0
[T (£, 0P
‘o ( (|)D0|2 )] '

q—1 D,
> aisl | N(J50).
,J

[T (£, b))
Dol

1=0

2
4 dd°

=dd° |1 . S—
o ; L0

By (5) we also have

q-1 2

D
dd® |1 _
/R o8 ; Hj;éi(fv bj)

Since (f,b;) € T'yat(R, L), it implies that

1

/ dd® [log <q |(f )] AwN ™l = N(divog;w) = T(f;w).

=0
T2 (f:b)
Do . Then

e [T 1(f. 602 N1 _ Ny
/Rdd [log (TD—OP)] A w = N(r;w).

T(fiw) = Nviw) + | 3 le| | N(Jiw),

Denote by v the divisor given by the section

This yields

We also see that

k
ti —ti—1)(t; —ti—1+ 1 m(m+1
Z|aij|<z(z zl)(; i—1 )< (2 )

i i=1

Now we compute v. Let z be a fixed point of M. Then there exists a neighbour-
hood U of z in M such that the restriction to U of the section oy can be viewed as a
holomorphic function on U. We also assume that there is a meromorphic function
h on U such that v, = —min; ]{I/Cl } on U and there is a unique analytic sub-
set S of pure codimension 1 such that S = U, supp div(f,b;) U U supp dive; ;.
Without loss of generality we may assume that z is a regular pomt of S.
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)(2) (0 <1< qg—1). Without loss of generality we may

Put m; = div(f,b;
<mg — 1. Then

assume that mg <mq < -+

) . h U 7bv
divD%ti-1+3 <%> (2) > max{0,m, —mg — |Oéi,ti71+j|}

> max{0, m, — mg — m}.

On the other hand, we have

TS0 e TS (U B/ (b))

Do ()" Do
Hence
H L (f, i)
S
q—1

g (m —mg — max{0,m; —mg —m}) + (¢ — 1)div h(2)

1M

Z min{m; — mg,m} + (¢ — 1)div h(z)
1=1

SI70 min{m;,m} + (¢ — 1)div h(z) it mg >0,

zlzll min{m;,m} — (¢ — 1)mo + (¢ — 1)divh(z) if mg < 0.

Since (f,b;) does have a multiplicity greater than mo at z, it implies that
mo < vi(z )— vo(z) if mg > 0 and mgy > wa(z) if mg < 0. Moreover, since
Veyj 2 Vo — V1, We have v, < 1 — 5. This implies that

q—1
arell A) §:Omm{m“m}w() (q— Dwa(2)

+ (¢ = D(wi(2) — ra2(2)).

Hence
-1

me{dlv (f,0i),m}+v1—(qg—Dra+ (¢ —1)(v1 — o).
=0
Integrating both sides of the above inequality, we have

ZN (div(f, b;);w) + ¢N (v1;w) + 2(q — 1N (v2; w).

Combining the above assertions, we deduce that

Kk m(m + 1)
fwggN (div(f,b;);w) + fN(J;w)
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+ gN(vi;w) +2(q¢ — 1)N(vo;w). [ |
(e) (Curve case) The following definition is based on J.-T. Wang [16] §3.

Definition 4.4. Let V; (1 < ¢ < 3) be C-vector spaces. Assume that a C-bilinear
homomorphism

(u,v) € Vi x Vo —uv € V3
is given. An element 3 = (vy,...,v;) € V{ is said to be nondegenerate for Vi if
Zézl w;v; = 0 with u; € Vi implies u; = 0 (1 < @ < 1); otherwise, it is said to be
degenerate for V.

The nondegeneracy of 3 for V; is equivalent to that w;v; (1 <i<k,1<j <)
are C-linearly independent for all C-linearly independent u; € Vi (1 < i < k).
Let R be a complex algebraic curve of genus g, and let L;,¢ = 1,2, be line
bundles on R. The tensor product implies the natural C-bilinear homomorphism
(u,v) € H*(R, L) x H°(R, Ly) — uwv € H'(R, L ® Ly).

Let f = (09 : ... : o) : R — P"(C) be a rational mapping with o; €
HY(R, Ls). We say that f is nondegenerate for H(R, L) if (o) is nondegenerate
for H°(R, Ly); this is clearly independent of the choice of the representation of

f.
Let L be a line bundle on R with degree deg L. For an arbitrarily given ¢ > 0

we set oN ) )
k = 29 — 2 1.
@ =max { [ZEEEL 820 g2}y

We prove the following.

Theorem 4.5. Let Hj, 1 <
P"(C) with coefficients in H
for an arbitrary integer k(e) >
that is nondegenerate for H(R,

i < q, be linear forms in N -subgeneral position on
(R,L). Let € > 0 be an arbitrary number. Then
ki(e) and a holomorphic mapping x : R — P"(C)
LFEOY) we have

o

N®=(divHj(x)) + C(k(e), g, deg L, N, n),

M=

(g—2N +n—1—-¢)ht(x) <
j=1

where ka(e) = (n+ 1)((k(e) + 1)deg L — g+ 1) — 1 and C(k(€),g,deg L, N,n) is
a constant depending on k(e), g,deg L, N and n.

Proof. Let s = dimH®(R, L¥)) and t = dimH (R, L*9*1) as in the proof of
Theorem 3.5. Then the Riemann-Roch theorem implies

s=k(e)degL —g+1,
t=s+deglL.
We fix a global section o9 € HO(R,L) \ {0}. Let (by,...,bs) be bases of
HO(R, LF(©)) over C. We take bases

Cc1 = (O‘obl, e ,Cs) = (O‘obs,cs+1, e ,Ct)
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of HO(R, L*¥)+1) over C.

Let x = (zo : ... : z,) be a reduced representation with z; € H(R, H), where
H is a line bundle over R. Set the Wronskian
C1Z0 ce C1Tn C2X0 ce CtTn
d(c1z0) ~od(eizn)  d(cawg) - d(cixp)
W= : : : :
d(n""l)t_l(clxo) PRPaS . . PR d(n+1)t_1(ctxn)

Then the nondegeneracy condition for z gives

(6) W e HO(R,L(k‘(E)-Fl)(TH-l)t ® H(n+1)t ® Kgl+1)t((n+1)t_1)/2) \ {0}

For Hj,, ..., H;,,, in general position, b;H}, (v) € HO(R, L)t @ H), 1 <i <

s,1 <k <n+1, are C-linearly independent. Adding (n + 1)(t — s) elements

ho= Y Biew, B eC,

1<k<t
0<I<n

we get bases (b;Hj, (), hm) of HO(R, LF9+) ®c (3, C - x;) considered as a sub-
space of H*(R, L*)+!1 @ H). Let W be the Wronskian formed by those b; H;, ()
and h,,. Then there is a constant C' € C* such that

W = CW.

Therefore, if Hj, (x) vanishes at a point a € R with order v, > (n+ 1)t —1 for
some k, then

(7) divW(a) > s Z (v — (n+ 1)t +1).

those k

Since Hj, are in general position, the determinant A of the coefficients gives
rise to a non-zero holomorphic section of L"*!. Thus

(8) degA = (n+1)degL.

We claim the following estimate:
q
(9) s Y wi(divH(x)(a) — (n+ 1)t + )T <diviV(a), a€R,
i=1

where (-)* denotes the positive part. Set
Q=A{1,...,q}.
Take a point a € R and set
S(a) ={i € Q;divH;(x)(a) > (n+ 1)t — 1}.
Suppose that §S(a) > N + 1. Then there is a subset S(a)° C S(a) such that

£S(a)° = n+1 and H;, i € S(a)°, are in general position. Then the order of
zero of the determinant formed by the coefficients of H;, i € S(a)® is at most



CARTAN-NOCHKA THEOREM WITH TRUNCATED COUNTING FUNCTIONS 195

(n+1)deg L by (8). Since (n+1)t—1> (n+1)deg L, all z;(a) must be zero by
Cramer’s formula. This is a contradiction. Therefore we deduce §S(a) < N.

By making use of Lemma 3.2 and (7) we have a subset S(a)° of S(a) such that
#5(a)° = rank S(a)® = rank S(a), and deduce that

s> wj(divH;(z)(a) — (n+ 1)t +1)*

JjEQ
=s Z wj(divH;(z)(a) — (n+ 1)t + 1)
j€S(a)
<s Y (divHj(z)(a) — (n+ 1)t +1)
je€S(a)°
(10) < div W (a).

Thus we proved (9). Note that
min{div H;(z)(a), (n + 1)t — 1} + (div H;(x)(a) — (n + 1)t + 1)t = div H;(z)(a).
It follows from this and (9) that

s Z w;divH(x)(a) — divi¥V(a)

JjeQ
(11) < s wymin{divH,(z)(a), (n + 1)t — 1}.
JEQ
We write [|z(a)| = v/>_; |zi(a)]?, which defines a hermitian metric in H. Using

the notation in Lemma 3.2, we set
@(g—2N+n—1)s—(n+1)(t—s)
x(a Wia
o) = L@ W (@)l
[Hy(a)[1s - - [Hg(a)|~a

which defines a singular hermitian metric in Lk(g)("+1)t®K§%n+1)t((n+1)t_1)/2. Tak-
ing the differential as current, one gets

/Rddc[log 16[2] = k(e)(n + Dtdeg L + (n + Dt((n + 1)t — 1)(g — 1).

It follows from this and (11) that
(W(@—2N+n—1)s— (n+1)(t — s))ht(x)

= Z {s Z widivH;(z)(a) — diVW(CL)}

a€ER JjeQ
+k(e)(n+1)tdeg L+ (n+ 1)t((n+ 1)t —1)(g — 1)
<s YY) wymin{divH;(z)(a), (n + 1)t — 1}
a€R jEQ
+k(e)(n+1)tdeg L+ (n+ Dt((n+ 1)t —1)(g — 1)
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< sy NV (divH; ()
JjeQ
+k(e)(n+1)tdeg L+ (n+ 1)t((n+ 1)t —1)(g — 1).

Thus we have

{q—2N+n—1— (2N—n:1)degL}ht(x)

< 37 NN (div () + <1 n defL ) k(€)(2N —n+ 1) deg L
JEQ

+ <1 + de§L> 2N —n+1)((n+1)(s + deg L) — 1)(g — 1).

With the choices of s and ¢ we have

ON —n+1)deg L
€>( n+)eg,
S

ka(e) = (n+ 1)t — 1.

Set
C(k(e), g,deg L, N, n)
deg L

=1+ k(e)(2N —n+1)deg L
S
deg L

+ <1 + ef > (2N —n+1)((n +1)(s + deg L) — 1)(g — 1).
We have

(g—2N +n—1—eht(z) <Y N®E(divH,(z)) + C(k(e), g, deg L, N, n).

JeQ

This finishes the proof of our theorem.

Remark 4.6. A reformulation of Theorem 4.5 with a weaker estimate was an-
nounced in [8], Theorem 4.1, where the nondegeneracy condition for z as in

Theorem 4.5 must be added.
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