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GENERALIZED PROJECTION METHOD FOR
NON-LIPSCHITZ MULTIVALUED MONOTONE VARIATIONAL
INEQUALITIES
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ABSTRACT. We generalize the projection method for solving strongly mono-
tone multivalued variational inequalities when the cost operator is not neces-
sarily Lipschitz. At each iteration at most one projection onto the constrained
set is needed. When the convex constrained set is not polyhedral, we embed
the proposed method in a polyhedral outer approximation procedure. This
allows us to obtain the projections by solving strongly convex quadratic pro-
grams with linear constraints. We also discuss how to use the proposed method
to implement inexact proximal point methods.

1. INTRODUCTION

Let K be a nonempty closed convex subset in R” and F : K — 2R be a
multivalued mapping such that K C domF = {z : F(z) # (0}. We consider the
multivalued variational inequality problem given as

findz* e K: 3w € F(z*): (wyz—2") >0 Vze K. VIP(K, F)

As usual, we will refer to K as the constrained (or feasible) set and to F' as
the cost operator (or mapping) of VIP(K, F'). This problem has important ap-
plications in different fields (see e.g. [8, 16]). In the case F is singlevalued,
there exist many algorithms for solving VIP(K, F'). The interested readers are
referred to the comprehensive monographs [8, 16, 26] as well as to the papers
[2, 6, 7, 10, 12, 17, 18, 21, 23, 25, 29] and the references quoted therein. Rather
few algorithms have been developed for solving multivalued variational inequal-
ities (see e.g. [3, 5, 13, 23, 28]). Most of these algorithms require that the cost
mapping F is Lipschitz with respect to the Hausdorff distance. However, in
general, the Lipschitz constant associated with F' is not easy to compute.
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In a recent paper [3], we have proposed a fixed point method for solving multi-
valued variational inequalities involving monotone cost operators. The assump-
tions were that the cost operator F' is Lipschitz with respect to the Hausdorff
distance. So, at each iteration k, we can find z**! and t**! € F(2*) such that
the inequality ||t — t*+1|| < L||z¥ — 2F+1|| is satisfied.

In this paper, we consider a multivalued variational inequality VIP(K, F')
whose cost operator F' is not assumed to be Lipschitz. First, we generalize the
projection method to the case of strongly monotone (not necessarily Lipschitz)
variational inequalities. The main features of this new method are that

(i) the cost operator is not required to be Lipschitz.
(ii) at each iteration, at most one projection onto the feasible domain is needed.

(iii) the search direction can be determined from any point in the image of the
current iterate.

Next, we embed the proposed algorithm in a polyhedral approximation proce-
dure. This allows us to obtain the projections by solving strongly convex qua-
dratic programs with linear constraints. From a computational view point, this
is helpful, since the projection onto a closed convex set may be difficult to deter-
mine when the convex set is not simple. Finally, we discuss an application of the
proposed method in the framework of the proximal point method. Namely, we
give an approximation rule and show how to use it in the proposed algorithm to
implement inexact proximal point methods for (not necessarily strongly) mono-
tone multivalued variational inequalities whose cost operator is not assumed to
be Lipschitz.

The paper is organized as follows. In the next section, we consider the varia-
tional inequality problem VIP(K, F) with F' a strongly monotone operator. Then
we describe a generalized projection method for solving this problem. Section 3
is devoted to show how to embed the new method in a polyhedral outer approx-
imation procedure. In Section 4, we discuss how to apply our method to obtain
an implementation of the inexact proximal point method with the aim of solving
a variational inequality problem involving a monotone operator.

2. A GENERALIZED PROJECTION METHOD

First, let us recall the well known concepts of monotonicity that will be used
in the sequel.

Definition 2.1. The operator F : K — 28" is said to be:
a) strongly monotone on K with modulus § > 0 if

(wy —wy,x —y) > Bl|x —y||2 Va,y € K,w, € F(x),wy € F(y).
b) monotone on K if

(W —wy,z—y) >0 Vo,y € K,w, € F(z),w, € F(y).
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Note that if F' is strongly monotone on K, then there exists a compact set D
such that

Vee K\D,Jye KND: (v,y—x)<0VYve F(x). (CO)

Indeed, assume that this coercivity property does not hold, then for every closed
ball B, centered at zero with radius r, there exists " € K \ B, such that

Vye KNB,, 3u" € F(z"): (u",2" —y) <0.

In particular, let g > 0 and 3 € K N B,,. Then
Vr > g, Ju" € F(z") : (u", 2" —3°) <0.

On the other hand, by the strong monotonicity of F', we have

(' a” =) = (02" =) + Blla” — oI,
where vV € F(3°). Since ||2"|| > r, this inequality implies that (u", 2" —4°) — +o0
as r — 00, which contradicts (u”, 2" —y°) < 0.

It is well known (see e.g. [8, 16]) that if F' is upper semicontinuous with

compact, convex values on K and the coercive condition (CO) is satisfied, then

the variational inequality VIP(K, F') admits a solution, and if in addition, F is
strongly monotone, then the solution is unique.

For each x € K and v € F(z), we define the following strongly convex pro-
gramming problem
1
gg;{(v,y—x>+5\\y—$”2}7 Pz, w)
where p > 0 is a regularization parameter. Since K is a nonempty closed con-
vex subset and the objective function is a strongly convex quadratic function,
this problem admits a unique solution denoted by s(x,v). Then we define a
multivalued mapping S : K — 25, by

S(z) ={s(z,v) € K:v e F(x)} with domS C K C domF.

It is well known (see e.g. [2, 16]) that z is a solution of VIP(K, F) if and only if
x € S(x). This fact suggests solving VIP(K, F') by the iterative procedure 27! €
S(z7). Tt has been shown in [3] that if F is strongly monotone and Lipschitz
continuous with respect to the Hausdorff distance on K, then the regularization
parameters can be chosen depending on the strongly monotone modulus and the
Lipschitz constant in such a way that the sequence {z*} linearly converges to
the unique solution to VIP(K, F'). However, from the numerical point of view,
computing the Lipschitz constant can be costly and even sometimes impossible.
Our aim now is to construct iteratively a sequence converging to a solution to
VIP(K, F) without assuming the Lipschitz continuity of F. Given an iterate
2/ € K, we attempt to find a direction w/ on which the next iterate z7*! is
lying. By using an optimality condition for convex programming, we can see that
It € S(27) if and only if

1 ; ;
(W + (@t — ),y — 2Tt >0 Wye K
p
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holds true for some v/ € F(z7). With y = 2/ € K, the last inequality becomes

(09 xd — Ity — 1( Il It gy > 0.
p

By taking w/ = —(2/*! — 27), we obtain /! = 27 + pw’. It may happen that
p

27 4+ pw? does not belong to K for any p > 0. In this case, it is natural to take
27T = Py (27 + pw’), where Pg stands for the Euclidean projection onto K.
Of course, we can also take p = p; depending on each iteration. In that case,
the regularization parameter p; plays the role of a stepsize at iteration j. The
method can now be described in detail as follows:

ALGORITHM 2.1
Step 0. Choose a sequence {p;} such that

o0 o0
0<p; <1 Vy, ij:—i—oo, Zp]2<+oo.
§=0 §=0

Let 2 € K and set j := 0.

Step 1. Take v/ € F(x27) .

If vJ = 0, then terminate: x7 solves VIP(K, F).
If vJ # 0, then find w?, such that

(2.1) W,y —a2?)+ (wl,y—27) >0 Vy € K.

If w/ = 0, terminate: x/ is a solution.
Otherwise, go to Step 2.

Step 2. Set
2T =20 4 pjw? ) 2Tt = P (2.

Let j «— j + 1 and go back to Step 1.

Remark 2.1. (i) The main subproblem in this algorithm is to find w’/ # 0
satisfying (2.1). Clearly (2.1) holds if w/ = —v’. In fact the inequality (2.1)
means that v/ +w’/ € —Ng(27), where Nk (27) denotes the (outward) normal
cone of K at z7. In the case K is given by K = {x : g(z) < 0} with g a
subdifferentiable convex function, one can take w’/ = —v7 when g(27) < 0 and w’
such that —(v/ +w’) € dg(27) when g(z7) = 0. In both cases v/ +w’ € —Ng(27).
In the particular case where F' is the subdifferential of a convex function f,
it is suggested in [22] to determine —w’ as the vector of the smallest norm in
F(27)+ Ng(27). This vector is a descent direction for the objective function f at
the current iterate. In [22], it is also shown how to compute this descent direction
when K is a polyhedral convex set given by a finite number of affine inequalities.

(ii) The direction w’ defined by v/ +w’/ € — N (27) with v/ € F(27) takes into
account not only the cost operator F', but also the constrained set K. This is
helpful in certain cases, for example for avoiding the projection onto K. Indeed
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it may happen that (—F(27)) N K = 0, but that (—F(27)) N (Ng (27) +w’) # 0
for some w’ # 0 such that 27 + pw’ € K for some p > 0 (see the figure below).

j
w: feasible direction

If at each iteration j, we take w’/ = —v7, then Algorithm 2.1 becomes the
following usual projection method

Step 0. Choose a sequence {p;} such that
o0 o0
0<p; <1 Vj, ijz—i-oo, Zp]z<+oo.
j=0 J=0

Let 2° € K and set j := 0.

Step 1. Take v/ € F(27) .

If v/ = 0, then terminate: x7 solves VIP(K, F).

If v/ # 0, take 2/ = Py (27 — p;jo?). Let j < j + 1 and go back to Step 1.

Convergence of Algorithm 2.1 is ensured by the following theorem.

Theorem 2.1. Suppose that the mapping F' is strongly monotone on K with
modulus 3 > 0. Then the sequence {7} constructed by Algorithm 2.1 satisfies

a7+t — 2|2 < (1= 26p))l]a? — ™| + pf|lw?]|* V5,

1
where x* is the unique solution of VIP(K,F). Moreover, if 0 < p; < 23 for
every j, and the sequence {w’} is bounded, then ¥ — z*.

We need the following lemma for the proof of the theorem.

Lemma 2.1. Let {a;} be a sequence of nonnegative numbers such that

a1 < (1- )\j)Oéj + €5 V7,
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where
(e.) o
A €(0,1) Vi, Y Aj=+00, >0 Vi, Y € <+oo.
§=0 5=0
Then lim «a; = 0.
J]—00
Proof. Applying iteratively the inequality aj41 < (1—Xj)aj+e¢j for j, j—1, ..., 0,
we obtain

J J J
(2.2) Q1 < ag H(l — )\k) + Zﬁi_l H(l — )\k) + €5 Vj

k=1 i=1 k=i
Since Y22 €j < 400, 35224 Aj = +00 and
J J
H(l_)‘i) Sexp(—Z)\,;) — 0 as j — oo,
i=k i=

k
for all k, letting j — oo, we see from (2.2) that lim «; = 0. O

J—00

Proof of the theorem. Let z* be the solution of VIP(K, F). Since 277! = Py (291)
and z* = Pg(z*), we have, by the nonexpansivity of the Euclidean projection
mapping, that

(2.3) |27 = 2||? = ||Pg (27 71) = Pre(a”)|]” < []7 — 2|2

Replacing 271 by 27 + p;jw, we obtain

12741 = 27 = [Ja? + py? — 7|2 = [Ja? = a|*+ 2pyut, 29 —2%) + 2
Then, by (2.3), we have
(2.4) la? ™t — 2] < fla? = 2|2 + 205w’ 7 — 2%) + pf || ||,

On the other hand, applying inequality (2.1) with y = *, we obtain
(v x* — 20 + (w! x* —27) >0,

which implies
(2.5) (W, " —a?) > (w1l — x*).
Since F is strongly monotone on K with modulus 3 > 0, and 2* € K, v/ € F(27),
we have

(W —w, 2 —x*) > Bzl — ¥ Yw e F(z*).
Hence
(2.6) (W x* —a?) < =p||l2f — 2*|? = (w, 27 —2*)  Vw € F(z*).
Since z* € K is the solution of VIP(K, F'), there exists w* € F(z*) satisfying
(2.7) (w*, 7 — %) > 0.



GENERALIZED PROJECTION METHOD 73

Substituting (2.7) into (2.6) with w = w*, we obtain

(W, z* — 27y < —B||lz7 — z*|]%.
Thus, by (2.5),
(2.8) (w27 — 2*) < —p|z? — z*| %
Combining (2.4) and (2.8), we can deduce successively that

= (1=2p;B)ll2? — %> + p} I |

27+t =22 <l — 2|2 — 20,8117 — 2*|* + pf ] |2

To prove that lim 27 = z*, we apply Lemma 2.1 with A; := 2p;3, a; = ||27 —
j—0o0
z*||%, and ¢; = p?ijHQ. Since 0 < p;j < % for all j and 3772 p; = 00, We have
0 <A;j < 1forall jand 322, A; = co. Furthermore, the sequence {||w’||} being
bounded, apd Z;’io p? < 00, we have Z?iolej < oo. Consequently, by Lemma
2.1, lim ||z? — 2*|| = 0, which means that 2/ — z* as j — oo. O
j—00

Remark 2.2. In order to ensure the convergence of Algorithm 2.1, we have
assumed that the sequence {w’} is bounded. By using an additional parameter
7j, we can guarantee that the sequence {w’} is automatically bounded. It is the
case if we take 7; such that

1 1 s
(2.9) 0<1 < min{ } for all j and ijTj = +o00,

26p;" [1v7]] =

and if in Algorithm 2.1 we require, instead of (2.1), that
(rjvl,y — 7Y + (wl,y —27) > 0 Vy € K.
Indeed, if we take v/ € Ng(27) = {v : (v,x —27) < 0 Vo € K} such that
||u/|| < cand —7v! — w? = v/, then
/|| = | = 707 =[] < 7l]?|| + [l ]] <1+,

where the second inequality follows from (2.9). By using the same arguments as
in the proof of Theorem 2.1, we obtain

27 — 212 < a7 —a*||* + 2p575 {07 2 — 27) + pfJw |2
< lla? — a*[* = 2p;B75 |27 — 2*|* + pj [0 |?
= (1= 2p;8m)) |07 — 2*| + pF ||’ |,
Again by (2.9), 2p;87; < 1 for all j. Then we can apply Lemma 2.1 with \; =

20;071; < 1, aj = ||27 — 2*||?, and ¢; = p?||wj\|2 to show that ||z — z*|| — 0 as
J — o0.
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3. POLYHEDRAL APPROXIMATION

In the algorithm described in the previous section, at each iteration j, the
iterate 277! is defined as the projection on K of the preference point z/+!. This
task leads to the problem of minimizing the quadratic function ||z — z/*1||? over
the closed convex set K. In the case K is a polyhedron, this problem can be solved
efficiently by using available softwares. When K is not polyhedral, we suggest
approximating K by polyhedral convex sets. Polyhedral outer approximations of
a convex set are based upon the fact that any nonempty closed convex set can be
approximated by polyhedral convex sets. This technique has been widely used
in convex programming and variational inequality problems (see e.g. [10, 15]).
In this section, we embed Algorithm 2.1 in a polyhedral outer approximation
procedure in order to solve problem VIP(K, F'). We also suppose that the closed
convex set K is given as

K:={zeR": gj(z)<0,j € J},

where J is a finite index set and the functions g; (j € J) are convex and sub-
differentiable on R". By taking g(z) := maxjc s gj(x), we can write K = {x €
R™| g(x) < 0}. Suppose now that Slater’s condition is satisfied, i.e., that there
exists v¥ such that g(v%) < 0.

For getting the convergence of the polyhedral approximation algorithm de-
scribed below, we need the following result.

Theorem 3.1. ([21], [30, Theorem 6.1, p.180]) Let {z*} C R"\ K be a bounded
sequence, let v° € int K, y/ € 00, 2F] \ int K, p* € dg(y*) and 0 < ap, < g(y*)
such that oy, — g(y*) — 0 as k — +oo. If, for every k, the affine functions
l(z) = (p*, 2z — y*) + ay, satisfy

(%) >0, L") <0, Lz)<0 Vzek,

then every accumulation point of the sequence {x*} belongs to K.

Now we are in a position to describe the polyhedral approximation algorithm.

ALGORITHM 3.1

Initialization. Choose a sequence {dx} of positive numbers such that d; \, 0,
and take a polyhedral convex set Tj containing K. For example

Ty :={z : g(2°) + (°, 2 — u°) <0},

where u° € R and v € dg(z?).
Iteration k (k= 0,1,...). Find 2* € T}, such that
(3.1) FoP e F(z¥): (WP —2F) > -6, Vz e T, D K.

a) If 2F € K, take Tjy1 = Tg.
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b) If 2* ¢ K, then construct a hyperplane [, such that
ln(z) <0Vz e K, Ip(z*) >0,
and take
Tit1 = {x € T, : l(x) < 0}.
Increase k£ by 1 and go to iteration k.

Theorem 3.2. Assume that

(i) F is upper semicontinuous, with compact values, and strongly monotone on
Tp.

(ii) The cutting hyperplane Iy, used in the algorithm is constructed as in Theo-
rem 3.1.

Then the sequence {x*} generated by the algorithm converges to the solution

to VIP(F, K).

Proof. Let x* be the exact solution to VIP(F, K). Applying (3.1) with z = z*,
we obtain

(3.2) Wk, a* — 2k > -8, V.
If F' is strongly monotone with modulus 3, then
Wk —v* 2k —2*) > B||lz* — 2*||2 W € F(zb),v* € F(z*),
which implies
(k2P — %) > (*, 2 — 2*) + B2k — 2|
Then by (3.2), it follows that
Blla* — o2 + (v*, 2 — &%) < 6.
Thus
Blla* —a*|* < & + |[o*|[[]a* — 2*[| V.
Since {dx} is bounded, it follows directly from this inequality that {z*} is also
bounded. Then there is a cluster point Z of the sequence {z*} with 7 € K.
Indeed, if z* ¢ K for every k large enough, then this is guaranteed by Theorem
3.1. On the other hand, if 2% € K for infinitely many k, then it is a consequence
of the closedness of K. Now, we show that Z solves VIP(F, K). Let = be any

point in K and let {z%} be a subsequence of {x*} such that =¥/ — Z as j — oo.
Since K C Ty, for all k, again by (3.1), we have

(3.3) (ki x — zhi)y > —O; -

Since {z*/} is bounded, by upper semicontinuity of F, we see that the sequence
{v*i} is bounded too (see e.g. [4, Proposition 11, p.112]), and therefore we may
assume, taking a subsequence if necessary, that v¥i — @ as j — +o0o. Since F is
closed at Z, we have v € F'(¥). Now letting j in (3.3) tend to +o0, as d; — 0,
we obtain

(v, —T) >0,
which implies that Z solves VIP(F, K). O
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4. APPLICATION TO INEXACT PROXIMAL POINT METHODS

The proximal point method is a fundamental tool for solving the inclusion
0 € T'(x) with T" a maximal monotone operator. For the variational inequality
VIP(K, F), the mapping 7" is defined as

| F(z)+ Nk(z) if z€ K,
T(x).—{ 0 " if x¢ K,

where Ng(x) is the normal cone to K at z. It is well known (see e.g. [11,
p.381]) that, if F' is upper semicontinuous and monotone with compact values on
K, then T is maximal monotone. Then, for any ¢; > 0, the proximal mapping

P, := (I +¢;T)! is single valued and nonexpansive on the whole space. The
proximal point method constructs a sequence {z*} by taking x**! = Py (z*) for
all k. In the case of a variational inequality, where T' := F 4+ Nk, computing

k1 = Py(a%) is reduced to the problem of finding the unique solution of the
following strongly monotone variational inequality

find 2" € K and w*™! € F(2) - (Wt —2M) >0 Ve e K,

where Fy(z) := cx F(x) + x — xF.

It is well known [27] that starting from any z° € K, the sequence of iterates
{z*} defined by 2**! = Py (2*) converges to a solution of the initial variational
inequality VIP(K, F') provided that the regularization parameters ¢ are bounded
away from 0, i.e., ¢g > ¢ > 0 for all k. Since F} is strongly monotone on K,
Algorithm 2.1 proposed in Section 2 can be applied. In practice, we can solve
the subproblem only approximately. In [27], criteria for approximation are given
that ensure that the global convergence remains true. Following this idea, starting
from an arbitrary point Z° € K, we construct a sequence {.ick} of approximate
solutions to subvariational inequalities by taking, for each k,

(4.1) e K and " € Fp(zMY) (ot o - 2 > -6, Vz e K,

where 6 > 0 and > ;2 d; < oo. We call a point #F1 satisfying (4.1) a 6-
solution to the variational inequality

find 51 € K and w* ™! € F (") : (Wt z -2 > 0ve € K. VIP(K, F},)
Convergence of the sequence defined by (4.1) is ensured by the following theorem.

Theorem 4.1. Suppose that F' is monotone and upper semicontinuous with com-
pact, convex values on K, and that Fy,(.) = cxF(.) 4+ Vh(.) — Vh(Z*) with h being
a Lipschitz differentiable, strongly convex function and ¢ > ¢ > 0 for all k. Then
the sequence {i*} generated by (4.1) with 6 > 0 and >.32, 6 < 0o converges to
a solution of the variational inequality problem VIP(K, F).

Proof. Let x = x* be a solution of VIP(K, F'). Applying (4.1) with x = z*, and
substituting @WF ! = cx ! 4+ Vh(z4+1) — Vh(2F) with ##+! € F(#5+1), we have

(4‘2) <Ck£k+1,x* _ i‘k+1> + <Vh(i‘k+1) _ Vh(ik),x* _ jk+1> > _6k-
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Since t*+1 € F(#¥*1), we obtain, by monotonicity of F, that
(- MY <0 Wt e Fat).

Furthermore, since z* is a solution of VIP(K, F), there exists t* € F(z*) such
that
({t*, M — 2y > 0.

Thus, again by monotonicity, we obtain
(L g FHY <,
Then, by (4.2)
(4.3) (Vh(E*HY) — Vh(zF), 2" — 21 > —6;.
On the other hand, since h is strongly convex with modulus «, we have

(4.4) L(z) := h(z*) — h(z) — (Vh(z),z* —x) > %H:p —z*||? VreK.

Using (4.4) with #* and #¥*!, we obtain that

(4.5)

L(z%) — L(@"t)

= h(~k+1) _ h(jk) + (Vh(fck“),x* _ jk+1> _ <Vh(53k),x* B jk>

= h(Z*FY) — h(E®) + (VR(EFY), 2% — 251 — (VR(EP), o — &8 4+ 2P — gh L
= h(z"H1) = h(z*) + (VA@E"T) = VR(Z"), 2" — 351) — (VA(3"), 35 - 2)

> S = P+ (TREH) - TR, 2 - 5,

where the last inequality follows from the fact that h is strongly convex with
modulus «. Then from (4.3) and (4.5), we deduce that

L@ - L(#) < - 5117 — 217 + 8 < b

Since Y72 6 < 00, it follows from the last inequality that the sequence {L(Z%)}
is convergent, and therefore

ML _zE12 -0 as k — oo.

k

|z

Since {L(#*)} is convergent, using (4.4) with x = #*, we can see that the sequence
{#*} is bounded. Let # be any cluster point of {#¥}. For simplicity of notation,
we write Z¥ — Z. Let = be any point in K. From (4.1), it follows that

(ept® 1z — 8Ly 4 (VR(ZFTY) — VR(EF), 2 — 2511 > =6y,
which, by Lipschitz continuity of Vh, implies that
<Ck£k+l’5:k‘+1 o .’L'> < <Vh(fi'k+1) _ Vh(i“k),x o i‘k+1> + 6k

(4.6) < L||#*+ — &F)||| 25 — 2] + 0%

Note that, since F' is upper semicontinuous with compact values, {Z*} is bounded
and t**t1 € F(z**1), we can conclude that {#*} is bounded ([4, Proposition 11,
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p. 112]). Thus, taking a subsequence if necessary, we may assume that th — t.
Letting & — 0o in (4.6) and observing that the sequence {Z*} is asymptotic

regular, i.e., [|Z**1 — Z¥|| — 0, and ¢; > ¢ > 0 for all k, we obtain

(t,x — ) > 0.
Since z is arbitrary in K and t € F(Z), the last inequality shows that 7 is a
solution to VIP(K, F)). O

In virtue of Theorem 4.1, we can use Algorithm 2.1 to implement the approx-
imate proximal point algorithm with approximation criterion defined by (4.1).

Remark 4.1. The approximation defined by (4.1) allows us to verify whether
the point Z**! is a §g-solution or not. Indeed, 1 is a dj-solution to VIP(K, F},)
if and only if the optimal value of the convex program

min (1 z) subject to z € K

is greater or equal to <t~k+1, :ftk+1> — 0.
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