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INTERSECTION NUMBERS ON THE COMPACT VARIETY
OF RATIONAL RULED SURFACES

CRISTINA MARTINEZ RAMIREZ

ABSTRACT. We describe a natural action on the Quot scheme, R; compacti-
fying the space of degree d maps from P' to the Grassmannian of lines. We
identify the fixed points components for this action and the weights of the nor-
mal bundle of these components. We compute the degree of this Quot scheme
under the generalized Pliicker embedding by applying Atiyah-Bott localization
formula.

1. INTRODUCTION

The Quot scheme is a fine moduli space equipped with an universal element. It
has been used many times as a smooth compactification of the space of morphisms
of a fixed degree from a curve C' to a Grassmannian [2]. It is known that when C'
is of genus 0, the Quot scheme is irreducible and smooth. Recalling the notation
of [4], we denote by R, the Quot scheme parametrizing quotients of rank 2 and
degree d of a trivial vector bundle (’)]%,1, and by R?l the open set of morphisms.
S. A. Strgmme in [6] computes the Betti numbers of R; and gives a description
with generators and relations of its cohomology ring. In particular, he gives a
basis for the Picard group A'(Ry).

Here we compute the degree of the generalized Pliicker embedding of the Quot
scheme Ry. It is called generalized Pliicker embedding because in some sense
can be considered a generalization of the Pliicker embedding given by the hyper-
plane class of the corresponding Grassmannian. In our case, we are considering
the Grassmannian of lines in P3, which we will denote as G(2,4), but similar
computations can be obtained for a general Grassmannian G(k,n) of k—planes
in C". In particular for n — k = 1, the Quot scheme is a projective space and
therefore intersection theory here is well understood. The method that we use
here, involves the geometry of the Quot scheme and the Bott residue formula.

The Bott residue formula expresses the degree of certain zero-cycles classes on
a smooth complete variety with an action of an algebraic torus in terms of local
contributions supported on the components of the fixed point set. We describe a
natural action on the Quot scheme. We identify the fixed points components for
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this action and the weights of the normal bundle of these components. We study
the equivariant codimension one cohomology group of Ry for this action.

Notation. We work over the field of complex numbers C. Let X be a projective
homogeneous variety, then A3 X and A?X can be taken to be the Chow homology
and cohomology groups of X. We identify A?X with A,_4X by the Poincaré
duality isomorphism. We use cup product U for the product in A*X. The moduli
space Mo,n(X , 3) parametrizes marked stable maps from genus 0 curves to X in
the cohomology class 3 € H?(X,Z). Let ~; be cycles on X, if > codim(y;) =
dim(Mo (X, d)), the Gromov-Witten invariant I, a(71, - .. ,Vn) is defined as the
top degree class:

(1) Iond(vi,- i) = / (1) U... U (Yn),

[Mo,n (X,d)]r
where [Mg (X, d)]"" denotes the virtual fundamental class of Mg, (X, d).

2. THE DEGREE OF THE GENERALIZED PLUCKER EMBEDDING AND THE
VAFA-INTRILIGATOR FORMULA.

When we fix the degree, d, and the rank, 2, of a locally free sheaf E on P!, we
are fixing its Hilbert polynomial,

2) P(t) = x(E(t)) = d + 2t + 2.

The moduli, Quot,(P!, P(t)), of quotients with fixed Hilbert polynomial P(t),
is a fine moduli space which we will denote as R;. We observe the quotient
O]‘fn — E — 0, determines a point ¢ € Quot(P!, P(t)) and a morphism f, : P! —
(G(2,4), by the universal property of the Grassmannian. By definition, there is
an universal quotient

(3) Oéuot x P - 5Quot xP1.

S. A. Strgmme in [6] gives a basis for the Picard group A'(Ry), formed by the
divisors:

a = c1(T1:(€ ® my0p1(d)) — c1(m14(€ @ T Op1(d — 1)),

ﬁ = 61(71'1*(5 & Wzo]pl(d - 1)),
where £ is the universal quotient over Ry x P!, and m, 7y are the projection
maps over the first and second factors respectively. Let e : R?l x Pt — G(2,4) be
the evaluation map and 11 € Hg(G(2,4),Z), Ty, € H4(G(2,4),Z) be the classes
of an hyperplane and a—plane respectively. The hyperplane class determines
the Pliicker embedding of the Grassmannian G(2,4) as a quadric in P° which
corresponds to a variety of lines in P3. The a—plane T}, corresponds to lines in P>
contained in a given plane. The following set of morphisms define Weil divisors
on RS:
D= {p € Y elt,p)NT,, #0},

Y :={pc R3| e(ti,p) € Th for a fixed t; € Pl}.
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These divisors extend to divisors on R.

Let P; be the degree of Ry by the morphism induced by the polarization given
by the divisor «, by Lemma 3.2 of [5], Py is the degree of the top codimensional
cohomology class given by the autointersection

_ 4d+4 _ a4d 4 )
(4) j /{Rd]m A [Ry] = /[Rd] 0 (Ry)

This intersection number is computed in [7] via Quantum Cohomology. Note
that in this case, the intersection is transversal in the Quot scheme compact-
ification, and therefore the intersection number is the same than the given by
integrating over the space of stable maps, that is the Gromov-Witten invariant
Io.4d+4,4(T1, %44, Ty ). It can be obtained too by means of the formulas of Vafa
and Intriligator, [2]. This does not happen when considering intersection numbers
containing D;.

Vafa and Intriligator’s Formula. Let ¢ be a primitive nth root of (—=1)* and
assume that 0 < a; S k and a1 + ... + ay = dim (M 4444(G(k,n),d)). Then

Io,4d+4,d(7a1,4.dfﬁ4,%N):(—1)(§)n—k Z Ual(CI)---JaN(CI)M’

k —1)i.
i1>. >k [T5—, ¢ 1

where ¢! = (Cil"“’cik) and o, are the elementary symmetric polynomials in k
variables.

In [4] it is proved that the top-codimensional classes involving the divisors
D; have not enumerative meaning on the Quot scheme because there is an ex-
cess component of intersection contained in the boundary. Then the intersection
is carried out in the Kontsevich compactification of stable maps, M 3(G(2,4),d).

The tool we are going to use for computing these degrees, is the Bott residue
formula. For this purpose, we consider the equivariant action of a one dimensional
torus T' = C* on the variety Ry. First we study the varieties of fixed points under
this action and we compute the equivariant Chern classes in the Chow equivariant
rings of the normal bundles restricted to the varieties of fixed points and the line
bundles corresponding to the divisors we intersect.

Bott’s residues formula, (see [1]).
Let X be a smooth, complete variety of dimension n and let E be a T'—equivariant
vector bundle over X. Then we have

(PN
Q JCCLEEDS F< ( )).

Here dr denotes the codimension of the component F' of fixed points in X and
p?(E) is the polynomial of degree n in the line bundles corresponding to the
cycles expressing the product in the equivariant Chow ring of F'. The numerator
will be a product of polynomials of degree 1 corresponding to the line bundles
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restricted to F. The denominator will be a polynomial with the dimension of the
normal bundle as degree.
In our case, we will apply the formula to compute the intersection

/ Oé4d+4 N [Rd] ]
[Rd]

3. VARIETIES OF FIXED POINTS UNDER THE C*— ACTION

We consider the diagonal action of the one-dimensional torus acting on the
variety Rg.
A point in Ry is given by a quotient: 0 - N — 0% — E — 0in P', where
X(E(t)) =2t +2+d. Let w = (wo, w1, w2, ws) be a quadruple of integral weights
with wg < wp < wy < wg. C* acts on each point:

* 4 4
veer, O X T ey ey,

t-(xo,xl,xg,xg) = (t Oxo,t 1331,t 2332,t 3333).

Let 0 - N — O;l%dxpl — & — 0 be the universal exact sequence in Ry x P'. This

action induces an isomorphism O* — O%, such that the weight corresponding
to the trivial sheaf Og, is wo + w1 + wa + w3, since 7, At O}lzd = Og,, where
7: Ry x P! — Ry.

Let E be of rank 2 with a nonzero torsion of degree d. We suppose,
(6) E=0z, 003 Op1 @ Op:.

The scheme H ilbﬁil will denote the Hilbert scheme of d points in P! which is
isomorphic to P% and Z; C P% x P! will denote the incidence variety. The scheme
Hz'lb%1 parametrizes points (9{;1 — E — 0, with E as in (6).

Definition 3.1. Let P = (P;)i<i<r be a family of polynomials with rational
coefficients. P is said to be a good partition of the polynomial P, if Hz’lbﬂfi # 0
and P = Zlgigr B
Ezamples of good partitions of the Hilbert polynomial of E..
(1) Pi(t) =d, Pa(t) =0, Ps(t) =t+ 1, Py(t) =t + 1, is said to be a good
partition of the polynomial P(t) = 2t + 2+ d.
(2) Another good partition for d odd would be:

d+1 d-1
(7) Pavan()="T2 4+ vt
22 2 2 ~— =
~——— N——
and for d even:
d d
(8) Piat)=t+1+t+1+ - + -
22 S~ = 2 2
~—

(’)]%,1 — Ozd/2 & Ozd/2 @ Op1 & Op1 — 0, is a boundary point corresponding to the
partition (8).
Hilbstt x Hilbbh x Hilbl? x Hilb®’
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is the subscheme of the scheme Quot(Og,, P(t)) that we will denote by (t+1,t+

1, g, %l) in order to simplify notation. The fixed point set of Ry under the action

of the torus T is the union of the possible subschemes H ilbgl [3].
3.1. Fixed points in R; under the C*-action.

Proposition 3.2. The varieties of fived points in Ry under the C*—action are
parametrized by,
]Pyd
]P’d_l % ]I’Dl
]P)d—2 % ]PQ,

PT x P5 ifd odd,
P5 x P% if d even.
There are 12 components of each type.

Proof. Following the work of Bifet [3], we see that to study the components of
fixed points under the C*—action, is equivalent to study good partitions for the
Hilbert polynomial P(t) = 2t + 2+ d.

(1) Corresponding to the partition,

Piot)=d+0+t+1+t+1,
N~ =

we have,
Hilbfl, x Hilb), x Hilbg" x Hilbh! = P2,
There are 12 of this kind.
(2) Corresponding to the partition,
Pyot)=bt+a+t+1+t+1, b=2a>0, b+a=d,
’ N =~

Hilbh, x Hilbg, x HilbLt! x Hilblt' = PP x P°
There are %l — 1 different components if d even, and di21 — 1 if d odd.
These are parametrized by:
]P)d—l % ]P)l
pd—2 » p2

Pt x P2 if d odd,
IP)% X P% if d even.

For each one there are also (;1) components.

There are 12 - %l = 6d fixed point components if d even, and 12 - % =6-(d+1)
if d odd. O
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The Euler characteristic of R, is given by the formula (see Corollary 1.4 of

[6]),
X(Ry) =1kz, A(Ry) = <;1> <d+zli— 1>.

Since the Chow ring of P? is Z[h]/(h?) the contribution to the Euler characteristic
of the component of fixed points of the first kind is d+ 1 cycles. The contribution

of the components of the second kind to the Euler characteristic is a - b, since
A*(PP x P%) = Z(H, h)/(H", h?).

Example 1. (Fixed points in R3 under the C*-action) The Quot scheme Rj
parametrizes quotients with Hilbert polynomial,

Psy(t) =2t +2+ 3.

There are two kinds of fixed points varieties in R3 corresponding to the two
partitions of the polynomial Ps(t).

(1)
P3o(t) =3+0+t+14+t+1,
N~ =

Hilb3y x Hilbg: x Hilb x Hilbg = P,

There are (;‘) x 2 = 12 of this kind, each one contributes 4 cycles, since the
Chow ring of P? is A*(P3) 22 Z(h)/(h*), here h is the class of a hyperplane
in P3.
(2)
Poy(t)y=2+1+t+1+¢t+1
~——

Hilbg, x Hilbp, x Hilbhi" x Hilbh' = P? x P

There are (g) x 2 = 12 of this kind, and each one contributes 6 cycles in
A*(P? x PY) = Z(H,h)/(H?, h?), where H is the class of a hyperplane in
P? and h in P!,

This number coincides with the Euler characteristic, since

190 = x (Re) = (;1) <3+2(43_2)_1>‘

There are 24 components of fixed points.

We have seen that the position of the trivial sheaves and the torsion sheaves
is important. It determines different components up to isomorphism. It also
determines the weights that act.

3.2. The C*-equivariant Chern classes. We shall associate to the component
Hilbd, x Hilby, x Hilb x Hilb5 = P4 the quadruple (d, 0,41, ¢+1) to simplify
notation, and C{(a‘(d,o,t+1,t+1))a c{(ﬂ](d@tﬂ,tﬂ)) will be the corresponding first
C*-equivariant Chern classes in the equivariant Chow ring AT (P?).
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Theorem 3.3. The first equivariant Chern classes of the fized points components

are

c 04|(t+1 t+1,d,0
c 04|(t+1 d,t+1,0
c a|(d,0,t+1,t+1
c a|(t+1,t+1,0 d)
c a’(d,t+1,o,t+1
¢ a’(d t+1,t+1,0)
¢ O4(1t+1 t+1,0,d)
¢ O"(t—l—lOt—l—ld)
c 04|(0,d,t+1,t+1

)
)

c 04|(t+1,0,d,t+1
c a|(0,t+1,d,t+1
c a|(0,t+1,t+1 d
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1 (Blts1,041,00

)
)
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(
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(
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(

(

(

(

(

(

(

(

(
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1 (Blst,ae41,0
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1 (Ble41,ab,41
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h+wo+wi, cf (Blastit1,d0) =
h+wo+wa, cf (Blasta10) =
h+wy+ws, cf (Blgoer1,41)) =
h+wo+wi, cf (Blutii1,0a) =
h+w+ws, ] (Blg41,041)) =
h 4wy + wo, C1T(5’(d,t+1,t+1,o))
h+wo+wi,  cf (Blus1,e1,0a) =
h+wo 4w,  f (Blus1,0,441,0) =
h+wa+ws, cf (Blodr1,41)) =
h+wo +ws,  cf (Blus10d+1) =
h+wi+ws, ¢f Blomrdisr) =
h+wi+ws,  cf (Blos1+1,0) =

H + h+ wy + wy,
aH + bh + dwy + dwy + aws + bws,
H + h+ wo + wo,
aH + bh + dwy + dwy + aw; + bws,
=H + h + wo + ws,

= aH + bh + dwgy + aw; + dwy + bws,
= H + h + wy + ws,
= aH + bh + dwgy + aw; + bw; + dws,
= H + h + wy + ws,
= aH + bh + awgy + dw; + bwa + dws,
=H + h + wy + wo,
= aH + bh + awg + dw; + dwy + bws.
=H+ h+ wy + wi,
= aH + bh + dwg + dw; + bwy + aws.
=H+ h + wy + wi,
= aH + bh + dwgy + aw; + dwa + bws.
=H+ h+ wy + ws,
= aH + bh + awy + bw; + dws + dws.
= H + h + wy + ws,
= aH + bh + dwg + aw; + bws + dws.
=H+ h + w; + ws,
= aH + bh + awg + dw; + bws + dws.

H + h+ wy + wo,
= aH + bh + awg + dw; + dwy + bws.

dwi + dwse + dws,

Proof. We consider the universal quotient in Ry x P! restricted to the fixed point

component (d,0,¢t + 1,¢ + 1).

It is enough to consider one component of fixed
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points by the symmetry of the computations.

0 — O]pdx]pl(—l, —d) @ O]pdx]pl — O]%’dx]P’l — Ozd @ 0 @ O]pdx]pl @ O]pdx]pl — 0

P3 x P! D 2y
\ {7‘(’1
]P)d

Let h denote the positive generator of the projective space P¢.
Since Z; is m —flat, the restriction of the coherent sheaf B;_ to the fixed point
component (d,0,t + 1,¢ + 1) is well defined by,
Bi-1l(d,0,41,t41) = T1:[(Oz, ® 0@ Opaypr ® Opaypr) @ m50p1(d — 1)]
=m0z, @ m50p1(d — 1) ® m17150p1(d — 1) & m1,m50p1(d — 1),
where 71, 750p1(d — 1) = Oﬁfd.
We consider the exact sequence defining the sheaf Oz,:
(9) 0— O]pdx]pl(—l, —d) — O]pdxpl — Ozd — 0,

and we tensorize with the line bundle 75O0p1(d — 1) and take the long exact
sequence associated to the pushforward 7q,:

(10) 0 — m4(Opaypr(—1,—d) @ m50p1(d — 1)) — 11.(O @ 50p1(d — 1)) —
— m1:(0z, @ T30p1(d — 1)) — 0,

The vanishing of R'71,(Opayp1(—1,—1)) implies that m.(Oz, @ 750p1 (d— 1)) =

Oﬂ‘f,d. Therefore the rank of By _1](q4,0,t41,¢+1) is 2d+d = 3d and the restriction of 34

to the component (d,0,t+1,t+1) is Opa. Since /\d (’)ﬁid = Opa the corresponding
weight is dwgy + dws + dws.
The first equivariant Chern class ag(q,0,¢4+1,6+1) is defined by

dl(d,0,t+1,641) = c1(Bal(@,0t41,641)) — c1(Ba—1l(d,0,t41,¢+1))
with
Bil(d,0,t41,t41) = T+[(Oz, ® 0@ Opaypr © Opaypr) @ m50p1(d)]
=110z, @ 150p1(d) @ 11,75 0p1 (d) & m1,750p1(d).
We have the following exact sequence
(11)
0 = T14(Opaypi(—1,0)) — m1.(O @ 750p1(d)) — 7T1*(Ozd ® 750p1(d)) — 0.

We have that 71,75 Op1 (d) = O]‘;jl and R'71.(Opayp1(—1,0)) = 0. We also have
that 71, (Opayp1(—1,0)) = Opa(—1), therefore,

T1.(0z, ® T50p1(d)) = Opa(1) ® 0L
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The rank of By (q,0,t+1,+1) 18 2(d + 1) +d = 3d + 2 and the weight dwo + (d +
1)wsg + (d + 1)ws, therefore the restriction of oy to (d,0,¢t + 1,¢ 4+ 1) is

We now compute the restrictions of the divisors ag and (4 to the components
of fixed points of the second kind. Consider the following incidence variety

Pt x P? x P! > 2, x Z,

=T

P! PP x P?

b1 /\pz

Pt pe
and the restriction of the coherent sheaf B; 1 to the fixed point component
(bya,t+1,t+ 1),
Bd—l|(b,a,t+l,t+1) = ng*[(Ozb @ OZa @ OPbX]P’aX]P’l @ Opbxpaxpl) ® W;Opl (d - 1)]
where
b+a=d, b>a>0,

and

124 (Op e payp1 (0, —1, —a) @ m30p1(d — 1)) = 712+ Opb ypaxpr (0, —1,b — 1).
Since RMr194Opbypayp1 (0, —1,b — 1) = 0, the following exact sequence stands:

0—00,-1)® ot - 0t m12+(Oz, @ m50p1(d — 1)) — 0 over Pt x PO,

Let h, H denote the positive generators of the projective spaces P* and P, re-
spectively. The first Chern class of the bundle 712,(Oz, ® 75Op1(d — 1)) is bh.
For computing the first Chern class of the subbundle 712,(Oz, ® 750p1(d — 1)),
we see that

T124(Oppxpaxpt (0, =1, =) @ m50p1 (d — 1)) = M12:Opv g paypr (—1,0,a — 1),
and
RY12.Opb s paypi (—1,0,a — 1) = 0,
therefore
0— O(—1,0) ® 0% — O — 719,(Oz, @ T5Op1(d — 1)) — 0 on P? x P,

By symmetry with the previous case, the first Chern class of the bundle m2,(Oz,®
m30p1(d — 1)) is aH. It follows that c1(Bg—1|pa41,441)) = el + bh, and its
weight is bwg + aw; + dws + dws. Finally, the restriction of 5, to the component
(b,a,t+1,t + 1), isomorphic to P? x P?, is

‘aH+bh+bwo+aw1+dw2+dw3‘

The restriction of By to (b,a,t+ 1,t 4+ 1) is given by
Bilp,a,t+1,041) = T2+[(Oz, ® Oz, ® O & O) @ 730p1(d)].
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We see that
7124 (Opb ypaxpt (0, =1, —a) @ m30p1(d)) = 7124 Opb yparpr (0, —1,)
and
R'19,Opbypayp1 (0, —1,b) = 0.
Therefore we have the exact sequence:
0—00,-1)® obtl _ odtl m12+(Oz, ® m50p1(d)) — 0 over P x P°.
Again from the fact that
124 (Opoxparpr (—1,0, =) @ m30p1(d)) = T12:Opb yparcpr (—1, 0, a),
and that
R'19.O0pb g pasp1 (—1,0,a) = 0,
it follows that there is an exact sequence,
0— O(—1,0) ® 04" — O — 7115, (0z, @ T50p (d)) — 0 over P? x P,

The first Chern class of Balpa¢+1,41) 18 (@ + 1)H + (b + 1)h and its weight
bwo+awq + (d+1)ws 4 (d+ 1)ws, therefore the restriction of oy to (b,a,t+1,t+1)
is,

| H + h +wsy + ws]

4. THE NORMAL BUNDLE.

Theorem 4.1. The Equivariant Chern classes of the Normal bundle in the equi-
variant Chow ring of the fized points component are, for the first kind of compo-
nents:

ChayaNpayg,) = (ht(wy — wo)) - (b + (w3 — wo)) ™ - (wo — wr)
(b = (wo — w1))™H(wz — wr) - (w3 —wr),
and for the second kind of components:
Chapa(Npoxpa/Ra) = (H + wy — wo)"™ - (H + w3 — wo)™ - (h+ wy — wp)* ™
(=H +h+wy — w1’ (h 4+ wy —wy)*?
(H 4wy —wo)"™ - (H = h+wy — wp)* 71,
forb—a > 0.

Proof. We consider the normal bundle of the fixed points component in Rg.

We need to compute the weight of the normal bundle for each component of fixed
points, and its equivariant Chern class. We first study the normal bundle for the
components of the first kind.

We consider again the universal exact sequence

O—>N—>O;§dxp1—>5—>0.
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The tangent space to the variety Ry is Tr, = mHom (N, E) (see §7.7.1 of [6]),
where 7 : Ry x P! — Ry. If we restrict it to a component of fixed points of the
first kind:

0= V1DV ® V3 ® Vs — Opaypr — Epaspr — 0,
where @?:1 Y; is the kernel of the quotient map Of}l»dxpl — Epaypr — 0. The
restriction of the normal bundle to the component of fixed points yields

0— Tpa — Tp — Npa — 0,

di/}zd = Ty Bt Hom(Yi, Op1/Y;).

Let us suppose that £ = Oz, 00O @ O, it is enough to consider one component
of fixed points by the symmetry of the computations, therefore,

wo w1 w2 w3

0-0(-1,-d)a 0 a0 a0 -—0'-0z,000000 — 0,

and

Tr, = mHom(O(—1,—d)® 0,0z, 04 0 & O).
Definitely, what we have is
(12)  Npajg, =m0z, © Opaypi(1,d) & (1. Opaypi (1,d))* & (meOpaypr ).
Since 1,0z, is a bundle of rank d, the rank of the normal bundle is 3d + 4.

Therefore we need to compute, cl, +4(Npa /R,) in the equivariant Chow ring of
P9, (see §1.8 of [1]),

d
AL P = z(h,t)) [ (h + wit).
=0

It will be a polynomial of degree 3d+ 4 in the variable h. The fiber of the normal
bundle is isomorphic to
Hom(Op1,0z,) ® Hom(Op:1, Op1) @ Hom(Op1, Op1)®
Hom (Op1(—d), Op1 ) ® Hom(Op1 (—d), Op1).
and the weights are by [3]:
Hom(Op1,Oz,) ® Hom(Op1, Op1) @ Hom(Op1, Op1 ) &
wo—w1 w2 —w1 w3 —wi
Hom(Op1 (—d), Op1 ) & Hom(Op1 (—d), Op1) .
w2 —wo w3 —wo
Given a T'—equivariant vector bundle £ — X we get a canonical decomposition

E= @XET EX where EX denotes the eigensubbundle consisting of vectors in F

on which T acts with the character .
The i—esima equivariant Chern class of a T'—equivariant bundle of rank r over
P? is such that the action of T over each fiber is given by the character. It is by

§2.2.1, [1]: |
o = Z <T - ]>CJ(EXij)Xi—j'

o
j=o N
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This formula relates the equivariant Chern classes of a bundle with the usual
Chern classes. Thus, the problem is reduced to compute the usual Chern classes
of the normal bundle and by using the Whitney formula,

C§d+4 (Npa /Ry )
= c1 (mO0z,) - i (mO(1,d)) - iy (mO(1,d)) - ¢f (m.0) - ¢f (. 0).

For computing the Chern classes of the equivariant subbundle 7,0z, is required
a little more work. For this purpose, we consider the exact sequence

0 — Opaypr(—1,-d) - O — Oz, -0 onP!x P
0 — TuOpaypi (—1, —d) — T Opaypr — 0z, — R'1.Opaypr(—1,—d) — 0.

It follows 7, Opaypi(—1,—d) = 0, since the fibers of this bundle are isomorphic
to H%(Op1(—d)) which are 0-dimensional vectorial spaces.

R'7,0(-1,—d)
= R, (75 0p1 (—d) @ 7* Opa(—1))
= R'mm3(Op1 (—d)) © Ops(—1)
and R'm,m3(Op1(—d)) =2 09! by Serre duality. Definitely, we have
0— 0 — m0z, — 07 @a*Ops(—1) — 0 on P4

and therefore, by applying the Whitney formula, the total Chern class of the
bundle is

ci(m0z,) =TIy (1 - 1)

Now we can compute the Chern equivariant class of each equivariant subbundle
of (12). Let Ey, ., denote the eigensubbundle consisting of vectors in Npa /Ry
on which C* acts with weight w; — w;.

(13) cq (m0z,) = (wo — wn) (b = (wo — w1))*,
CdT+1(Ew2 wo) = (b 4wz — )d+1
C§+1(Ew3 wo) = (h+ws — wo)d—H,
C{(sz w) = (w2 —wr),
C{(Em w) = (w3 — wr).

We have,
CharaNpayg,) =(h+ (w2 — wo)) ™ - (b + (ws — w)) ™ - (wo — wy)
(b= (wo — wy))* - (wy — wy) - (w3 — wy).

We now study cq,. (N, F/Ry), for the components of fixed points of the second
kind.

We consider the varieties of fixed points isomorphic to P? x P*, with b+a = d,
b>a>0.
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Let be the component of fixed points defined by the universal quotient in P x
Pe x P

0— O(=1,0,-b) @ 0(0,~1,—a) 080 — O0* - Oz, 8O0z, OB O — 0

Npbpa /g, =T12:Hom(O(~1,0,-b), Oz, ) & T2, Hom(0O(0, -1, —a), Oz,)
@ Mo Hom(O(—1,0, —b), 0)? @ w12, Hom(O(0, —1, —a), O)%.

We denote Ey,—w, the subbundle w13, (Opbypaypi(1,0,b)) of Npbypa/p, on
which C* acts with weight ws — wg. We compute its equivariant Chern classes:

i1 (T124(Opoyparepr (1,0,0))) = (H + (wg — wp))**,

Ew2 —wo

i1 (T124(Opoyparepr (1,0,0))) = (H + (w3 — wp))**,

Euws—wq
T _ a+1
Ca+1(7712*(OPbeaxP1 (0,1,a))) = (h + (w2 —wp))*"",
By —wg
e (7124 (O (0,1,a))) = (h+ (w3 —w ))“Jrl
a+1\7"12x PbxPaxpPl\Y, 1, 3 1 )
Euwg—wy

C* acts on m24(0z, ® O(0,1,a)) with weight wy — w;. For computing its equi-
variant Chern class ¢ (Ey,—w, ) we consider the exact sequence,

0— Opbxpaxpl(—l,o, —b) & O(O, 1, a) — Opbxpaxpl(o, 1,@) —
— 0z, ®0(0,1,a) = 0

(14) 0 = T124(Opppaxpt (—1,1, =b + a)) — m12(Opbypayp1 (0,1,a)) —
— m12:(0z, © Opvyparp1(0,1,a)) = R'm12.Opvyparpr (—1,1, b+ a)) — 0
T124(Oppaxpr (0, 1,0)) = O(0,1)7+!
We suppose b > a, thus we have
T124Opbyparpr (—1,1, b+ a) = 0,
R'712.O0pbpaspr (—1,1, =b + a) # 0,
and

leg*Opranpl(—l, 1,—-b+ a)
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In the case a = b, we have that
(15)
0 = Opbypa(0,1) = m12:O0pbyparep1 (0,1, a) — T2 (O, @0ps payp1 (0,1, a)) — 0.

In either case, by applying Whitney formula to (4), we see that,
T (Bug-w;) = ¢ (112:(02,00(0,1,a))) = (= H+h+wo—w)"~ "' (htwo—wr) "+,
O

C* acts on m124(Oz, @ Opb  paxp1 (1,0,b)) with weight w; —wy. We now compute
el (7124(0z, ® O(1,0,b))). We consider also the case in which a = b. Consider
the exact sequence

0 — Opbypaypr(0,—1,—a) ® O(1,0,b) — O(1,0,b) — Oz, ® O(1,0,b) — 0,

(16) 0 — m124(Opbpaxpr (1, —1,b — a)) — m12.(O0(1,0,b)) —

- 7712*(Oza & O(l, 0, b)) — Rlﬂ'lg*(’)pbxpaxﬂn(l, —1,b— CL)) — 0.
We observe in this case
RY19:Opb ypapi (1, —=1,b — a) = O(1, —1) @ w24 (150p1(a — b — 2)) = 0,

(17) 12 (Opoyporcpr (1, 1,0 — a)) = O(1, —1) @ OV =+,

(18) 124 (O paxp1 (1,0,0)) = O(1,0) ® O™,
7124 (Opb ypayp1 (1, —1,b — a)) is a bundle with total Chern class:
ct(m12:Opvpaypr (1, —1,0 — a)) = ((H — h)t + 1)’
cf (112:0ppasepr (1, =1, — a)) = (H — h)t + w1 —wo)*~**,
ct(T124(Opbpaxepr (1,0,0))) = (HE + 1),
¢f (M124(Opbpaxepr (1,0,0))) = (Ht + wy — wo)*,
By applying Whitney formula to (16), we get that

(H + wy — 'l,U(])b+1
(H — h+wy —wp)b—atl’

Ca(Ew1—wo) =

therefore,
ng+4(NIPb><]P>a/Rd) = Cg+1(Ew2—wo) ) Cg—f-l(Ewg—wo) ) Cz:—i-l(sz—wo)'
’ C£+1(Ew3—w1) ’ Cg(Ewo—m) ’ Cg(Ewrwo)a
that is, for b —a > 1,
ng+4(NPbXPa/Rd) :(H + wo — wo)b+1 . (H + w3 — ’wo)b+1-
. (h + wo — ’wo)a+l . (—H +h+ wo — wl)b—a—l'
. (h + wo — ’LU1)a+1 . (H + wq — ZUQ)b+1'

. (H —h+w — wo)a_b_l,
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and for a = b,
A yia(Npaxpa/Ra) =(H + wg — wo)*™ - (H 4+ w3 — wp)*
. (h + wy — wo)a+1 . (h + wy — wl)a+1'

(H 4wy —wo)*™ - (H — h 4wy —wp) ™.

5. APPENDIX A: CALCULATION OF PLUCKER DEGREE OF Rj.

We want to compute the degree of R3 by the morphism induced by the divisor
a, that is, the generalized Pliicker embbeding [7]. The intersection we compute,
is

Py = /R (%6 N [Ry]).

We apply Bott residue formula. We have 24 summands, one for each compo-
nent of fixed points. We know what the denominator is (4), and the restrictions
of a to each subvariety of fixed points. The 24 summands corresponding to the
24 components of fixed points are:

(1)
Hilb}, x Hilbp, x HilbGt" x HilbGt!
(h 4 wo + w3)'6
(h +wy — w1)4(h + wg — w1)4(w1 —wp)(h —wy + w0)2(w2 — wo)(’wg — wp)

(2)

Hilbll x Hilby, x Hilb x Hilb,
(h 4wy + wg)'6
(h+wo — w1)*(h 4+ wy — wy) (w1 — ws)(h —w; + wsz)?(we — ws)(wy — w3)

(3)

Hilblt x Hilb}, x Hilb), x Hilbit!
(h +wo + w3)'°

(h + wog — w1)*(h + w3 — wy)*(wy — wa)(h — wy + ws)2(wy — wa) (w3 — wo)

(4)

Hilb), x Halbli' x Hilby, x HilbLt!
(h +w +ws3)'"
(h + w1 — w2)*(h + w3 — w2)*(we — wo)(h — wa + wp)? (w1 — wo)(ws — wo)

()

Hilbl" x Hilbl' x Hilbd, x Hilb,
(h 4+ wo + w1)'0
(h + wo — w2)4(h + wyp — w2)4(w2 — wg)(h — w2 + wg)z(wo — wg)(wl — wg)

(6)

Hilbll" x Hilb), x Hilbg, x HilbLt!
(h 4+ wo + w3)'0
(h + wo — w2)4(h + w3 — w2)4(w2 — wl)(h — w2 + w1)2(w0 — wl)(wg — wl)
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(7)
Hilb}, x Hilb" x Hilb, x HilbLt!
(h + w1 + wy)'®
(h + w1 —wo)*(h + w2 — wo)*(wo — w3)(h — wo + w3)? (w1 — w3)(wg — w3)

(8)

Hilb}, x Hilbd, x HilbLt" x HilbLt!
(h 4 wa + w3)'6
(h 4wy — wo)*(h + w3 — wo)*(wo — wy)(h — wo + wi)? (w2 — wr)(wz — wy)

9)

Hilby, x Hilbj x Hilb, x HilbLt!
(h +wy + ws3)'6
(h 4+ w1 —wo)*(h + w3 — wo)*(wo — wa)(h — wo + w2)?(w1 — w2) (w3 — w2)
(10)

Hilbg, x HilbG x HilbG x Hilbd,
(h +wy + wg)'6
(h —+ wq — w3)4(h —+ wo — ZU3)4(’LU3 — ’wo)(h — w3 + wo)z(wl — ’LU())(ZUQ — ZU(])
(11)

Hilb x Hilbg, x HilbLt" x Hilb,
(h 4w + ws)'0
(h +wp — w3)4(h + wo — w3)4(w3 —wi)(h —ws + wl)z(wo — wl)(wg —wy)
(12)

Hilb x Hilblt x Hilb, x Hilb,

(h+ wp + wy)*0
(h + wg — w3)4(h —+ wq — ZU3)4(’LU3 — ’LUQ)(h — w3 + w2)2(’w0 — ’LUQ)(wl — ZUQ)
(13)

Hilby, x Hilbg, x Hilb x HilbLt!
(H + h + w2 + w3)'o
(h 4+ w1 —w0)2(H + 2h + wo — w1)(h + w2 — wp)2(h + wg — wo)2(H + ws — w1)3(H + w2 — w1)3
(14

Hilby, x Hilb" x Hilbg, x HilbLt!
(H +h+wi + ws)'o
(h 4+ w2 —w0)2(H + 2h + wo — w2)(h + w1 — wp)2(h + wg — wo)2(H + w1 — w2)3(H + ws — we)3
(15)

Hilby, x Hilb" x Hilbg, x HilbLt!
(H + h + w1 +w2)'6
(h 4+ w3 —w0)2(H + 2h + wo — w3)(h + w2 — wp)2(h + w1 — wo)2(H + w2 — w3)3(H + w1 — wp)3
(16)

Hilbll" x Hilbp, x Hilbg, x HilbLt!
(H + h +wo + ws)*®
(h+ w2 — w1)2(H + 2h + w1 — w2)(h + wo — wl)z(h + w3 — w1)2(H + wo — w2)3(H + ws — w2)3
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(17)
Hilb' x Hilbg, x Hilblt" x Hilbg,

(H + h +wo + wa2)'0

(h + w3 — w1)2(H + 2h + w1 — wg)(h + wop — w1)2(h —+ wo — w1)2(H =+ wo — U)3)3(H —+ wg — U)3)3
(18)
Hilb3, x Hilby, x Hilbl x HilbLt!

(H + h + w2 + w3)'o

(h + ws — w1)2(H +2h +wq1 — w3)(h + wo — wl)z(h + w3 — w1)2(H + wo — wo)B(H + ws — ’wo)3
(19)
Hilbll" x Hilbg, x Hilbp, x HilbLt!

(H + h +wo +ws)'o

(h 4+ wo — w2)2(H + 2h + wa — wo)(h + wo — w2)2(h + wg — w2)2(H + wo — w1)3(H + ws — w1)3
(20)
Hilbli" x Hilbl' x Hilby, x Hilb3,

(H + h +wo + ws)*®

(h 4+ wo — w2)2(H + 2h + wa — wo)(h + wo — w2)2(h + wg — w2)2(H + wo — w1)3(H + ws — w1)3
(21)
Hilbg, x Hilbt" x Hilbp, x HilbLt!

(H + h +wo +w1)'6

(h 4+ wo — w2)2(H + 2h + wa — wo)(h + w1 — w2)2(h + wg — w2)2(H + w1 — we)3(H + ws — wp)3
(22)
Hilb x Hilblt" x Hilbg, x Hilbp,

(H + h+wo + w1)!0

(h + wg — w1)2(H +2h + w1 — wz)(h + wop — w3)2(h —+ wy — w3)2(H =+ wo — U)Q)S(H —+ wi — U)2)3
(23)
Hilb x Hilbg, x HilbLt" x Hilbp,

(H + h +wo + w2)'0

(h + wy — w3)2(H + 2h + w3 — wl)(h + wop — w3)2(h —+ wg — w3)2(H =+ wo — w1)3(H —+ wg — U)3)3
(24)
Hilb3, x Hilbl' x Hilbht" x Hilbg,

(H + h + w1 +w2)'6

(h + wo — w3)2(H + 2h + w3 — w())(h + wo — w3)2(h+ w1 — w3)2(H+ w1 — wo)B(H + wo — ’wo)3
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Once we have all the summands, we take the direct image by the morphism
71 PPx Pl — P3 and 79 : P2x P! x P! — P2 x P! for the first kind of components
and for the second kind of components respectively. The only terms surviving
in the first case are those in h3, and in the second case the terms in H2h. We
have used Maple program to make the computations. This degree is 128. This
result coincides with the one obtained by means of the Vafa-Intriligator formula,
[2] and indeed it follows easily from Vafa-Intriligator formula that the degree Py
coincides with 224+1,
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