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ON COFINITELY -SEMIPERFECT MODULES

L. V. THUYET, M. T. KOSAN AND T. C. QUYNH

ABSTRACT. Supplemented modules and @-supplemented modules are use-
ful in characterizing semiperfect modules and rings. Recently, the notion
of cofinitely supplemented modules and é-supplemented modules were intro-
duced as generalizations of supplemented modules. In this paper, & — cofs-
supplemented and cofinitely §-semiperfect modules are defined as generaliza-
tions of @-cofinitely supplemented modules and cofinitely semiperfect mod-
ules. Several properties of these modules are obtained.

1. INTRODUCTION

Throughout this paper, we assume that R is an associative ring with unity, M
is a unital right R-module. The symbols, “<” will denote a submodule, “<®”
a module direct summand, “<.” an essential submodule and “Rad ” the radical
of a module. The texts by Anderson and Fuller [2] and Wisbauer [15] are the
general references for notion of rings and modules not defined in this work.

A submodule N of M is called small in M, denoted by N <« M, if for every
submodule K of M the equality N+ K = M implies K = M. Let M be a module
and N, P be submodules of M. We call P a supplementof N in M if M = P+ N
and PN N is small in P. A submodule N of M has an ample supplement in M
if every submodule L such that M = N + L contains a supplement of NV in M.
A module M is called (amply, resp.) supplemented if every submodule of M has
a (an ample, resp.) supplement. Supplemented modules have been discussed by
several authors (see [5], [8], [15]).

If P and M are modules, we call an epimorphism p : P — M a small cover
in case Ker(p) < P. If P is projective, then it is called projective cover. An
R-module M is called semiperfect if every factor module of M has a projective
cover. If Ry is semiperfect, then R is called a semiperfect ring.

Following Zhou [16], a submodule N of a module M is said to be a §-small sub-
module (denoted by N <5 M ) if, whenever M = N + X with M /X singular, we
have M = X. In [11], §-supplemented modules are introduced as generalization
of supplemented modules. Let M be a module and N, P be submodules of M.
According to [11, Lemma 2.9], P is called a §-supplement of N in M if M = P+ N
and PN N is d-small in P. A module M is said to be a §-supplemented module
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if every submodule of M has a d-supplement in M. A submodule N of M has
d-ample supplement in M if every submodule L such that M = N + L contains a
d-supplement of N in M. A module M is called (amply, resp.) d-supplemented if
every submodule of M has a (an ample, resp.) d-supplement. This type modules
is used to characterize d-semiperfect and d-perfect rings introduced and discussed
in [16]. In [16], a projective module P is called a projective d-cover of a module
M if there exists an epimorphism f : P — M with Ker(f) <5 M, and an
R-module M is called §- semiperfect if, for every submodule N of M, there exists
a decomposition M = A ® B such that A is a projective module with A < N
and BN N <5 M (see [11]). A ring is called §-perfect (or §-semiperfect, resp.)
if every R-module (or every simple R-module, resp.) has a projective J-cover.
For more discussion on é-small submodules, §-perfect and d-semiperfect rings, we
refer to [11] and [16].

A submodule N of M is called cofinite (in M) if M/N is a finitely generated
module. A module M is called cofinite §-supplemented module if every cofinite
submodule of M has a d-supplement in M.

By [3], an R-module M is called cofinitely semiperfect if every finitely gener-
ated factor module of M has a projective cover. Caligici and Pancar gave some
properties of semiperfect ring via cofinitely semiperfect modules. In this paper,
we will use their techniques to obtain some properties of & — cofs-supplemented
modules.

2. & — COf(;-SUPPLEMENTED MODULES.

Definition 2.1. An R-module M is called ®—cofs5-supplemented if every cofinite
submodule of M has a §-supplement that is a direct summand of M.

Clearly, every @-supplemented module is & — co fs-supplemented module. But
in general the converse is not true.

Lemma 2.1. Let N and L be submodules of a module M such that N + L has a
d-supplement H in M and NN (H + L) has a §-supplement G in N. Then H+G
is a 0-supplement of L in M.

Proof. Let H be a dé-supplement of N + L in M and G be a J-supplement of
NN(H+L)in N. Then M = (N + L) + H such that (N 4+ L) N H <5 H and
N =[Nn(H+ L)]+ G such that (H+ L)NG <5 G. Since (H+G)NL <
HN(L+G)+GnN(L+ H), H+ K is a -supplement of L in M. O

Corollary 2.1. Let My, My be submodules of M such that M = M; & M.
If My, M> are & — cofs-supplemented modules, then M is also a & — cofs-
supplemented module.

Proof. Let L < M such that M/L is finitely generated. Then M = M; + My + L
has a d-supplement 0 in M. We have

My/[My (My + L)] = (My+ My + L)/(My + L) = M/(M; + L),



ON COFINITELY 46-SEMIPERFECT MODULES 199

so that My N (My + L) is a cofinite submodule of Mj. Since My is & — cofs-
supplemented, there exists H <% My such that H is a J-supplement of My N
(My+ L) in My. By Lemma 2.1, H is a d-supplement of M; + L in M. Similarly,
since My is @ — cofs-supplemented, there exists K <% M;j such that K is a
d-supplement of My N (H + L) in M;. Again applying Lemma 2.1, H + K is a
d-supplement of L in M. Since K <® M; and H <® My, K+ H=K ® H is a
direct summand of M. O

Theorem 2.1. A direct sum @ N; of & — cofs-supplemented modules N; is a
el
@ — cofs-supplemented module.

Proof. Let N = @ N; and L < N such that N/L is finitely generated. Then
i€l

there exists a finitely generated submodule H of N such that N = L + H. There

exists a finite subset I’ of I such that H < @ N; andso N = L+ @ N;. By

jer jer
Corollary 2.1, € Nj is a & — cofs-supplemented module. Let L' = @ N; and
Jer jer
soN=L+1L.
Note that

N/L=(L+L)/L=L/LNL

so that L N L’ is a cofinite submodule of L’. Since L' is ® — cofs-supplemented,
there exists H <% L’ such that I’ = H+ LNL and HNL <5 H. Now
N=L+L =L+ Hand HNL <5 H. Hence H is a J-supplement of L in N
and H <% N because L' <® N. O

From this theorem we have the following example:

Example 1. Let R = Z, M; = Z(p™>) be the Priifer p-group for all i € N.

Then M; are supplemented modules. Let M = @ M;. By Theorem 2.1, M is
€N

a @ — cofs-supplemented module, but M is not ®-supplemented by [11, Example

2.14].

Proposition 2.1. Assume that M is a @& — cofs-supplemented module. Then
every cofinite submodule of the module M /(M) is a direct summand of M /§(M).

Proof. Let N/§(M) be any cofinite submodule of M /§(M). Since (M/6(M))/(N/
d(M)) = M/N, we have M/N is finitely generated. Then N is a cofinite sub-
module of M. Since M is a & — cofs-supplemented module, there exist submod-
ules K and K’ of M such that M = N+ K = K® K, and NN K <5 K.
Since N N K is also d-small in M, NN K < §(M). Thus M = N + K and
M/§(M)=(N+K)/6(M)=N/6(M) @ [(K+06(M))/6(M)]. Hence N/§(M) is
a direct summand of M/§(M). O

Corollary 2.2. Assume that M is a & — cofs-supplemented module. If §(M) is
a cofinite submodule of M, then M/d(M) is a semisimple module.
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Let M be a module. A submodule X of M is called fully invariant if for every
h € Endgr(M), h(X) C X. The module M is called duo, if every submodule of
M is fully invariant.

It is well known that if M = M; @ M> is a duo module, then A = (AN M;) &
(AN Ms) for any submodule A of M.

Proposition 2.2. Assume that M is a & — cofs-supplemented duo module and
N < M. Then M/N is a ® — cofs-supplemented module.

Proof. Let N < K < M with K/N cofinite submodule of M/N. Then M/K =
(M/N)/(K/N) is finitely generated. Since M is a &—co fs-supplemented module,
there exist submodules L and L' of M such that M = K + L = L& L', and
K NLis é-small in L. Note that M/N = K/N + (L + N)/N, by modularity,
KN(L+N)=(KNL)+ N. Since KNL <5 L, we have (K/N)N(L+ N)/N =
((KNL)+ N)/N <5 (L+ N)/N by [16, Lemma 1.3 (2)]. This implies that
(L + N)/N is a é-supplement of K/N in M/N. Now N = (NNL)& (NNL)
implies that

(L+N)N(L' + NS N+(L+NnNL+NnL)NnL.

It follows that (L + N)N (L' 4+ N) < N and M/N = [(L+ N)/N]&[(L' + N)/N].
Then (L+ N)/N is a direct summand of M/N. Consequently, M/N is & — cofs-
supplemented. O

A module M is called distributive if its lattice of submodules is a distributive
lattice, equivalently for submodules K, L, N of M, N+(KNL) = (N+K)N(N+L)
or NN(K+L)=(NNK)+(NNL). Amodule M is said to have the summand
sum property (SSP, for short) if the sum of any two direct summands of M is
a direct summand of M. A module M has the summand intersection property
(SIP, for short) if the intersection of two direct summands of M is again a direct
summand of M.

Theorem 2.2. Let M be a & — cofs-supplemented module and N a submodule
of M.

1. If for every direct summand K of M, (N + K)/N is a direct summand of
M/N, then M/N is a & — cofs-supplemented module.

2. If M has the SSP, then every direct summand of M is &—co fs-supplemented.

3. If M is a distributive module, then M/N is a & — cofs - supplemented
module.

Proof. (1). Any cofinite submodule of M/N has the form T'/N where T is a
cofinite submodule of M and N < T. Since M is a @ — cofs-supplemented
module, there exists a direct summand D of M such that M = D® D' =T + D
and DNT < D for some submodule D’ of M. Now M/N =T/N+(D+ N)/N.
By hypothesis, (D + N)/N is a direct summand of M/N. Note that (T'/N) N
[(D+ N)/N] =(T'Nn(D+ N))/N =(N+(DnNT))/N. Since DNT <s D,
(N+(DNT))/N <s (D+N)/N. This implies that (D+ N)/N is a §-supplement
of T/N in M /N, which is a direct summand.
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(2). Let Ny be a direct summand of M. Then M = N; & N’ for some N’ < M.
We want to show that M /N’ is @ — cofs-supplemented. In fact, assume that L is
a direct summand of M. Since M has the SSP, L+ N is a direct summand of M.
Let M = (L+N")®K for some K < M. Then M/N' = (L+N')/N'&(K+N')/N'.
Therefore M /N’ is a & — cofs-supplemented module by (1).

(3). Let D be a direct summand of M. Then M = D & D' for some submodule
D' of M. Now M/N = [(D+ N)/N|+[(D'+ N)/N]Jand N =N+ (DND') =
(N + D) N (N 4 D') by distributivity of M. This implies that M/N = [(D +
N)/N]@ [(D'+ N)/N]. By (1), M/N is a @ — cofs-supplemented module. O
Lemma 2.2 ([12], Corollary 18). Let M be a duo module. Then M has the SIP
and the SSP.

As a result of Theorems 2.2 and Lemma 2.2, we obtain the following result:

Corollary 2.3. Let M be a & — cofs-supplemented duo module. Then every
direct summand of M is & — cofs-supplemented.

A module M is called d—small if it can be embedded as a §-small submodule
of some module. It is clear that:

1. Every small module is a §-small module.
2. Any nonzero nonsingular injective semisimple module is a d-small module,
but not a small module.

Proposition 2.3. M is a §—small module if and only if M is —small in E(M).

Proof. Suppose M is a §-small submodule of a module N. Then M is d-small in
E(N) by [16, Lemma 2.1]. Since E(M) is a direct summand of E(N), M is a
d-small in E(M) by [16, Lemma 1.5]. The converse is clear. O

Let M, N be R-modules. We denote
6(M) = [{Ker(g) : g € Hom(M, N), N <5 E(N)}.
Clearly, in case m = M, the class
ﬂ{Ker(g) : g € Hom(M,N),N <5 E(N)}
is closed under homomorphic images.

Lemma 2.3.

1. Let M be a module with 6(M) = M. If N is a 6-small module with N < M,
then N <5 M.

2. Let B A< M. If Ais a direct summand of M and A/B <5 M/B then
A=B.

Proof. (1). Let M = N + K with M/K singular. Since N/(N N K) is a homo-
morphic image of N, it is a d-small module. Since N/(N N K) is a homomorphic
image of M, we have 6(N/(NNK)) = N/(NNK). Hence NN K = N and so
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K=M.

(2). Let B< A< Mand M = A® A’ for some submodule A" of M. Then
M/B = A/B+ (A'+ B)/B and (M/B)/((A"+ B)/B) =2 M/(A" + B). Since
A/B <5 M/B, we have two cases:

Case (i): Assume that A'4+ B <, M. Then M = A’ + B. By modularity, we have
A=ANM=An(A+B)=B+(AnA')=B.

Case (ii): Assume that A’ + B is not essential in M. Then there exits a submod-
ule X of M such that (A’'+ B) ® X <. M. This implies that M = (A’ + B) ® X,
A=ANB+A +X)=Bn(A+A +X)=BnNM =B. O

M is said to satisfy (D3) if M; and My are direct summands of M with M =
Mi + My, then M7 N My is also a direct summand of M.

Theorem 2.3. Let M be a module.

1. Assume that M is a @& — cofs-supplemented module satisfying (D3). Then
every cofinite direct summand of M is & — cofs-supplemented.

2. Assume that M satisfies (D3). Let K and N be cofinite direct summands
of M such that (M/(NNK)) = M/(NNK). If M/N is a & — cofs-
supplemented module then (N + K)/N is a direct summand of M/N.

3. Assume that M satisfies (D3) with 6(M) = M. If M is a & — cofs-
supplemented module then M has the SSP on cofinite direct summands.

Proof. (1). Let N be a cofinite direct summand of M. Then M = NG N’ for some
submodule N of M. Let K be a cofinite submodule of N. Then K is a cofinite
submodule of M. Since M is @& — cofs-supplemented, there exist submodules
L,L' of M such that M = K+ L =L&® L' and K N L <5 L. This implies that
N=K+(NnNL). By (D3), NNLis a direct summand of M and so is a direct
summand of N. By [16, Lemma 1.3], we have KN(NNL)=KNL <s NN L.

(2). Since (K + N)/N is a cofinite submodule of M/N and M/N is a @& —
cofs-supplemented module, there exist submodules N7, No such that M/N =
Ni/N @ Ny/N = (K + N)/N + Ny /N and [(K + N)/N]N(N2/N) = (N+ (KN
N3))/N <5 No/N. This implies that N = Ny NNy and M = Ny + Ny = K + No.
Note that (N 4+ (K N N3))/N is a d-small module by definition. We consider
the monomorphism f : ((K N Nz) + N1)/N1 — ((K N N2) + N)/N defined by
f(x+ Ni) =2+ N for all x € K N Ny. Thus ((K N N2) + N1)/N; is a d-small
module. Then ((K N Na) + N1)/N1 = (K N N2)/(K N N) is a §-small module.
Hence (KN Ny)/(KNN) <s M/(NNK) by Lemma 2.3(1). Since Ny is a direct
summand of M and M satisfies (D3), (K N N3) is a direct summand of M. We
have K N Ny = K N N. Hence (N + K)/N is a direct summand of M/N.

(3). Let N and K be cofinite direct summands of M. Then
S(M/(NNK))=M/(NNK).

By (1), M/N is a @ — cofs-supplemented module, then (N + K)/N is a cofinite
direct summand of M/N by (2). Clearly N + K is a direct summand of M. O
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Clearly, SIP = (D3). On the other hand, by [10, Lemma 2.6], every module
satisfying (D3) with the SSP has the SIP.

Lemma 2.4. Assume that M satisfies (D3). If M has the SSP on cofinite direct
summands then M has the SIP on cofinite direct summands.

Proof. Assume that M satisfies (D3) and M has the SSP on cofinite direct
summands of M. Let N and K be cofinite direct summands of M. Then M/N
and M/K are finitely generated and so M/(N + K) is also finitely generated.
Since M has the SSP on cofinite direct summands of M, then N + K is also
a direct summand of M. Let M = (N + K) & L for some submodule L of M.
Note that M/(N + L) and M/(K + L) are finitely generated. Hence N + L
and K + L are cofinite direct summands of M because M has the SSP. Since
M = (N+ L)+ (K + L) and M satisfies (D3), then (N + L) N (K + L) is a
direct summand of M. Let M = [(N + L) N (K + L)] @ X for some submodule
X of M. Since M/(N N K) is finitely generated and NN (K + L) < NN K, then
M=(NNnK)sLoX. O

Proposition 2.4. (1) Assume that M satisfies (D3) with (M) = M. If M is a
@ — cofs-supplemented module then M has the SIP on cofinite direct summands.

(2) Assume that M is a & — cofs-supplemented module with §(M) = M. Then
M satisfies (D3) if and only if M has the SIP on cofinite direct summands.

Proof. (1). It follows from Lemma 2.4 and Theorem 2.3.
(2). It is clear from definition of (D3) and (1). O

3. COFINITELY §-SEMIPERFECT MODULES

Definition 3.1. An R-module M is called cofinitely d-semiperfect if every finitely
generated factor module of M has a projective §-cover.

Clearly, -semiperfect modules and cofinitely semiperfect modules are cofinitely
d-semiperfect. It is well-known that the §-semiperfect module is not semiperfect.
Thus a cofinitely J-semiperfect module is not cofinitely semiperfect in general,
see [16, Example 4.1].

Proposition 3.1. Let M be a module and U a fully invariant submodule of M.
If M is a cofinitely §-semiperfect module, then M /U is a cofinitely §-semiperfect
module. If, moreover, U is a cofinite direct summand of M, then U is also a
cofinitely §-semiperfect module.

Proof. Suppose that M is cofinitely §-semiperfect and L /U is a cofinite submodule
of M/U. Thus M/L = (M/U)/(L/U) is a finitely generated module and hence
L is a cofinite submodule of M. Since M is a cofinitely d-semiperfect module,
there exist submodules N and N’ of M such that M = N@® N', M = N + L
and NNL <5 N. It is easy to see that (N 4+ U)/U is a d-supplement of L/U in
M/U and U = (UNN) @& (NN N'). Thus we have (N +U)N(N'+U) = U and
(N+U)/U)®((N'+U)/U)) = M/U and hence (N +U)/U is a direct summand
of M/U. So M/U is a cofinitely d-semiperfect module.
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Now suppose that U is a cofinite direct summand of M. Then there exists a
finitely generated submodule U’ of M such that M = U & U’. Let V be a cofinite
submodule of U. Note that M/V = (UaU’)/V = U/V@U’ is finitely generated so
that V is a cofinite submodule of M. Since M is a cofinitely J-semiperfect module,
there exist submodules K and K’ of M such that M = K® K', M =V + K and
VNK<s; K. ThusU=V+ (UNK). Bt U=(UNK)® (UnNK') and hence
UNK is a direct summand of U. Moreover, VN (UNK) =V NK <5 K. Then
VN(UNK)<s;UNK by [16, Lemma 1.3]. Therefore U N K is a d-supplement
of V in U and it is a direct summand of U. Thus U is a cofinitely d-semiperfect
module. O

Theorem 3.1. Let M be a projective module. Then M is cofinitely §-semiperfect
if and only if M is & — cofs-supplemented.

Proof. (=) Let N be a cofinite submodule of M. Then M/N is finitely generated
and so, by assumption, M/N has a projective d-cover. Then by [16, Lemma 2.4],
there are My, My < M such that M = M, ® M, with My < N and MoNN <5 M.
Hence by [16, Lemma 1.3], My N N <5 Ms or M, is a é-supplement of N in M.

(<) Let M/N be a finitely generated factor module of M. Then N is cofinite.
Since M is @ — cofs-supplemented, there exist submodules K and K’ of M such
that M = N+ K, NNK <5 K, and M = K @ K'. Clearly, K is projective.
For the inclusion homomorphism 7 : K — M and the canonical epimorphism
oc:M — M/N,Keroi = NNK <5 K. O

Corollary 3.1. Let M be a projective module. Then the following conditions are
equivalent:

(1) M is cofinitely 0-semiperfect.

(2) M is @ — cofs-supplemented.

(3) For each cofinite submodule N of M, there is a decomposition M = K & K’
such that K < N and K' "N <5 K'.

Proof. (1) < (2). By Theorem 3.1.

(2) = (3). Let N be a cofinite submodule of M. By hypothesis, there exist
submodules K and K’ of M such that M = N+ K', KK "N <5 K' and M =
K @ K'. Since M is projective, there exists a submodule K” < N such that
M =K’ & K' by [15, 4.14)].

(3) = (2) is clear. O

Theorem 3.2. Let M be a projective module with §(M) <5 M. Then the fol-
lowing conditions are equivalent:

1. M is a cofinitely §-semiperfect module.

2. For every cofinite submodule N of M, M/N has a projective §— cover.

3. Every cofinite submodule N of M can be written as N = A®S with A <, M
and S <s M.

4. M is a & — cofs-supplemented module.
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5. Every cofinite submodule of the module M/§(M) is a direct summand of
M/6(M) and each cofinite direct summand of M/§(M) lifts to a direct
summand of M.

Proof. By Corollary 3.1. O

Proposition 3.2. Every homomorphic image of a cofinitely §-semiperfect mod-
ule is cofinitely d-semiperfect.

Proof. Let f: M — N be a homomorphism and M be a cofinitely J-semiperfect
module. Let f(M)/U be a finitely generated factor module of f(M). Consider
the epimorphism ¢ : M — f(M)/U, defined by m — f(m) + U. Since M is
cofinitely d-semiperfect, by the natural isomorphism M/f~1(U) = f(M)/U, we
have f(M)/U has a projective d-cover. Hence f(M) is cofinitely §-semiperfect.

O

Corollary 3.2. FEvery factor module of a cofinitely d-semiperfect module is cofi-
nitely d-semiperfect.

A module N is called a §-small cover of a module M if there exists an epimorphism
f: N — M with Kerf <45 N.

Proposition 3.3. Every d-small cover of a cofinitely d-semiperfect module is
cofinitely §-semiperfect.

Proof. Let N be a é-small cover of a module M and f : N — M be an epi-
morphism with Kerf <5 N. For a finitely generated factor module N/U of N,
the homomorphism ¢ : N/U — M/f(U), defined by n + U — f(n) + f(U)
is epic. We have Kerp = (U + Kerf)/U. Let L/U < N/U such that (U +
Kerf)/U+ L/U = N/U and (N/U)/(L/U) is singular. Then L + Kerf = N and
N/L = (N/U)/(L/U) is singular. This implies L = N since Kerf <5 N. Hence
Kerp <5 N/U. Note that

M/f(U) = ¢(N/U) = (N/U)/((U + Kerf)/U)

so that M/f(U) is finitely generated. Because M is cofinitely d-semiperfect,
M/ f(U) has a projective d-cover m : P — M/ f(U). Since P is projective, there
is a homomorphism h : P — N/U such that the diagram

P

.

N/U —— M/f(U)

0

is commutative; i.e., we have m = ph. Then N/U = h(P) + Kerp.

Since Kerp <5 N/U, there exists a semi-simple projective submodule Y of
Kery such that N/U = h(P) @Y. Let ¢ : P®Y — N/U, defined by ¢(p,y) =
h(p) +y. Then ¢ is an epimorphism and Ker¢ = Kerh @ 0. Because Kerh <
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Kernr <5 P, Kerh <5 P. This implies Kerh ®0 <5 P® Y. Thus P® Y is a
projective d-cover of N/U. O

Corollary 3.3. If N <5 M and M/N is cofinitely &-semiperfect, then M is
cofinitely §-semiperfect.

Corollary 3.4. Letm: P — M be a projective §-cover of M. Then the following
conditions are equivalent:

(1) M is cofinitely §-semiperfect.
(2) P is cofinitely 6-semiperfect
(3) P is cofinitely -supplemented.

Proof. (1) < (2) By Proposition 3.3 and Proposition 3.2.
(2) < (3) By Theorem 3.1. O

Theorem 3.3. A direct sum @ P; of projective modules P; is a cofinitely -
el
semiperfect module if and only if every summand P; is cofinitely d-semiperfect.

Proof. (=). Let P;(i € I) be a collection of projective R-modules and P = @ P,
i€l
be a cofinitely d-semiperfect module. Since P; = P/( € F;) for all j € I, by
i€l\{j}

Corollary 3.2, every P; is cofinitely d-semiperfect.

(«<). Since every P; is projective and cofinitely §-semiperfect, by Theorem 3.1,
every P; is & — cofs-supplemented and so P is @ — co fs-supplemented by Theorem
2.1. Thus P is cofinitely d-semiperfect by Theorem 3.1. O

Let M and N be R-modules. N is said to be (finitely) M -generated if there is
an epimorphism f : MY — N for some (finite) index set A.

Lemma 3.1. Let M be a projective module. If M is §-semiperfect then every M -
generated module is cofinitely §-semiperfect. The converse holds if M is finitely
generated.

Proof. If M is §-semiperfect, then M is cofinitely J-semiperfect by [16, Lemma
2.4]. By Theorems 3.1 and 3.3, for every index set A, M™ is cofinitely o-
semiperfect. If M is a finitely generated and cofinitely J-semiperfect module,
then it is d-semiperfect. O

Theorem 3.4. For a ring R, the following conditions are equivalent:

(1) R is -semiperfect.
(2) Every free R-module is cofinitely 6-semiperfect.
(3) Every finitely generated free R-module is §-semiperfect.

Proof. (1) = (2). Assume that R is d-semiperfect, R is cofinitely J-semiperfect
by Lemma 3.1. Thus every free R-module is cofinitely §-semiperfect by Theorem
3.3.

(2) = (3) is clear.
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(3) = (1). By hypothesis, R is cofinitely d-semiperfect. Thus we have (1) by
Lemma 3.1. O
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