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A VANISHING CONJECTURE ON DIFFERENTIAL
OPERATORS WITH CONSTANT COEFFICIENTS

WENHUA ZHAO

Abstract. In the recent progress [4], [17] and [25], the well-known JC (Ja-
cobian conjecture) ([2], [10]) has been reduced to a VC (vanishing conjecture)
on the Laplace operators and HN (Hessian nilpotent) polynomials (the poly-
nomials whose Hessian matrix are nilpotent). In this paper, we first show
that the vanishing conjecture above, hence also the JC, is equivalent to a van-
ishing conjecture for all 2nd order homogeneous differential operators Λ and
Λ-nilpotent polynomials P (the polynomials P (z) satisfying ΛmPm = 0 for all
m > 1). We then transform some results in the literature on the JC, HN poly-
nomials and the VC of the Laplace operators to certain results on Λ-nilpotent
polynomials and the associated VC for 2nd order homogeneous differential
operators Λ. This part of the paper can also be read as a short survey on HN
polynomials and the associated VC in the more general setting. Finally, we
discuss a still-to-be-understood connection of Λ-nilpotent polynomials in gen-
eral with the classical orthogonal polynomials in one or more variables. This
connection provides a conceptual understanding for the isotropic properties
of homogeneous Λ-nilpotent polynomials for 2nd order homogeneous full rank
differential operators Λ with constant coefficients.

1. Introduction

Let z = (z1, z2, . . . , zn, . . .) be a sequence of free commutative variables and
D = (D1, D2, . . . , Dn, . . .) with Di := ∂

∂zi
(i > 1). For any n > 1, denote

by An (resp. Ān) the algebra of polynomials (resp. formal power series) in zi

(1 6 i 6 n). Furthermore, we denote by D[An] or D[n] (resp.D[An] or D[n]) the
algebra of differential operators of the polynomial algebra An (resp.with constant
coefficients). Note that, for any k > n, elements of D[n] are also differential
operators of Ak and Āk. For any d > 0, denote by Dd[n] the set of homogeneous
differential operators of order d with constants coefficients. We let A (resp. Ā)
be the union of An (resp. Ān) (n > 1), D (resp.D) the union of D[n] (resp.D[n])
(n > 1), and, for any d > 1, Dd the union of Dd[n] (n > 1).

Recall that JC (the Jacobian conjecture) which was first proposed by Keller
[14] in 1939, claims that, for any polynomial map F of Cn with Jacobian j(F ) = 1,
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its formal inverse map G must also be a polynomial map. Despite intense study
from mathematicians in more than sixty years, the conjecture is still open even
for the case n = 2. For more history and known results before 2000 on JC, see
[2], [10] and references there.

Based on the remarkable symmetric reduction achieved in [4], [17] and the
classical celebrated homogeneous reduction [2] and [23] on JC, the author in [25]
reduced JC further to the following vanishing conjecture on the Laplace operators
∆n :=

∑n
i=1 D2

i of the polynomial algebra An and HN (Hessian nilpotent) poly-
nomials P (z) ∈ An, where we say a polynomial or formal power series P (z) ∈ Ān

is HN if its Hessian matrix Hes (P ) := ( ∂2P
∂zi∂zj

)n×n is nilpotent.

Conjecture 1.1. For any HN (homogeneous) polynomial P (z) ∈ An (of degree
d = 4), we have ∆m

n Pm+1(z) = 0 when m >> 0.

Note that, the following criteria of Hessian nilpotency were also proved in
Theorem 4.3, [25].

Theorem 1.1. For any P (z) ∈ Ān with o(P (z)) > 2, the following statements
are equivalent.

(1) P (z) is HN.
(2) ∆mPm = 0 for any m > 1.
(3) ∆mPm = 0 for any 1 6 m 6 n.

Through the criteria in the proposition above, Conjecture 1.1 can be general-
ized to other differential operators as follows (see Conjecture 1.2 below).

First let us fix the following notion that will be used throughout the paper.

Definition 1.1. Let Λ ∈ D[An] and P (z) ∈ Ān. We say P (z) is Λ-nilpotent if
ΛmPm = 0 for any m > 1.

Note that, when Λ is the Laplace operator ∆n, by Theorem 1.1, a polynomial
or formal power series P (z) ∈ An is Λ-nilpotent iff it is HN.

With the notion above, Conjecture 1.1 has the following natural generalization
to differential operators with constant coefficients.

Conjecture 1.2. For any n > 1 and Λ ∈ D[n], if P (z) ∈ An is Λ-nilpotent, then
ΛmPm+1 = 0 when m >> 0.

We call the conjecture above the vanishing conjecture for differential operators
with constant coefficients and denote it by VC. The special case of VC with
P (z) homogeneous is called the homogeneous vanishing conjecture and denoted
by HVC. When the number n of variables is fixed, VC (resp.HVC) is called
(resp. homogeneous) vanishing conjecture in n variables and denoted by VC[n]
(resp.HVC[n]).

Two remarks on VC are as follows. First, due to a counter-example given
by M. de Bondt (see example 2.1), VC does not hold in general for differential
operators with non-constant coefficients. Secondly, one may also allow P (z) in



A VANISHING CONJECTURE ON DIFFERENTIAL OPERATORS 261

VC to be any Λ-nilpotent formal power series. No counter-example to this more
general VC is known yet.

In this paper, we first apply certain linear automorphisms and Lefschetz’s
principle to show Conjecture 1.1, hence also JC, is equivalent to VC or HVC for
all 2nd order homogeneous differential operators Λ ∈ D2 (see Theorem 2.1). We
then in Section 3 transform some results on JC, HN polynomials and Conjecture
1.1 obtained in [22], [5], [6], [25], [26] and [11] to certain results on Λ-nilpotent
(Λ ∈ D2) polynomials and VC for Λ. Another purpose of this section is to give
a survey on recent study on Conjecture 1.1 and HN polynomials in the more
general setting of Λ ∈ D2 and Λ-nilpotent polynomials. This is also why some
results in the general setting, even though their proofs are straightforward, are
also included here.

Even though, due to M. de Bondt’s counter-example (see Example 2.1), VC
does not hold for all differential operators with non-constant coefficients, it is
still interesting to consider whether or not VC holds for higher order differential
operators with constant coefficients; and if it also holds even for certain families of
differential operators with non-constant coefficients. For example, when Λ = Da

with a ∈ Nn and |a| > 2, VC[n] for Λ is equivalent to a conjecture on Laurent
polynomials (see Conjecture 3.1). This conjecture is very similar to a non-trivial
theorem (see Theorem 3.11) on Laurent polynomials, which was first conjectured
by O. Mathieu [16] and later proved by J. Duistermaat and W. van der Kallen
[8].

In general, to consider the questions above, one certainly needs to get better
understandings on the Λ-nilpotency condition, i.e. ΛmPm = 0 for any m > 1.
One natural way to look at this condition is to consider the sequences of the form
{ΛmPm |m > 1} for general differential operators Λ and polynomials P (z) ∈ A.
What special properties do these sequences have so that VC wants them all
vanish? Do they play any important roles in other areas of mathematics?

The answer to the first question above is still not clear. The answer to the later
seems to be ”No”. It seems that the sequences of the form {ΛmPm |m > 1} do not
appear very often in mathematics. But the answer turns out to be “Yes” if one
considers the question in the setting of some localizations B of An. Actually, as we
will discuss in some detail in subsection 4.1, all classical orthogonal polynomials
in one variable have the form {ΛmPm |m > 1} except there one often chooses
P (z) from some localizations B of An and Λ a differential operators of B. Some
classical polynomials in several variables can also be obtained from sequences of
the form {ΛmPm |m > 1} by a slightly modified procedure.

Note that, due to their applications in many different areas of mathematics,
especially in ODE, PDE, the eigenfunction problems and representation theory,
orthogonal polynomials have been under intense study by mathematicians in the
last two centuries. For example, in [18] published in 1940, about 2000 published
articles mostly on one-variable orthogonal polynomials have been included. The
classical reference for one-variable orthogonal polynomials is [20] (see also [1],
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[7], [19]). For multi-variable orthogonal polynomials, see [9], [15] and references
there.

It is hard to believe that the connection discussed above between Λ-nilpotent
polynomials or formal power series and classical orthogonal polynomials is just
a coincidence. But a precise understanding of this connection still remains mys-
terious. What is clear is that, Λ-nilpotent polynomials or formal power series
and the polynomials or formal power series P (z) ∈ Ān such that the sequence
{ΛmPm |m > 1} for some differential operator Λ provides a sequence of orthogo-
nal polynomials lie in two opposite extreme sides, since, from the same sequence
{ΛmPm |m > 1}, the former provides nothing but zero; while the later provides
an orthogonal basis for An.

Therefore, one naturally expects that Λ-nilpotent polynomials P (z)∈ An should
be isotropic with respect to a certain C-bilinear form of An. It turns out that, as
we will show in Theorem 4.1 and Corollary 4.1, it is indeed the case when P (z)
is homogeneous and Λ ∈ D2[n] is of full rank. Actually, in this case ΛmPm+1

(m > 0) are all isotropic with respect to same properly defined C-bilinear form.
Note that, Theorem 4.1 and Corollary 4.1 are just transformations of the isotropic
properties of HN nilpotent polynomials, which were first proved in [25]. But the
proof in [25] is very technical and lacks any convincing interpretations. From the
“formal” connection of Λ-nilpotent polynomials and orthogonal polynomials dis-
cussed above, the isotropic properties of homogeneous Λ-nilpotent polynomials
with Λ ∈ D2[n] of full rank become much more natural.

The arrangement of the paper is as follows. In Section 2, we mainly show that
Conjecture 1.1, hence also JC, is equivalent to VC or HVC for all Λ ∈ D2 (see
Theorem 2.1). One consequence of this equivalence is that, to prove or disprove
VC or JC, the Laplace operators are not the only choices, even though they are
the best in many situations. Instead, one can choose any sequence Λnk

∈ D2 with
strictly increasing ranks (see Proposition 2.3). For example, one can choose the
“Laplace operators” with respect to the Minkowski metric or symplectic metric, or
simply choose Λ to be the complex ∂̄-Laplace operator ∆∂̄,k (k > 1) in Eq. (2.11).

In Section 3, we transform some results on JC, HN polynomials and Conjecture
1.1 in the literature to certain results on Λ-nilpotent (Λ ∈ D2) polynomials P (z)
and VC for Λ. In subsection 3.1, we discuss some results on the polynomial maps
and PDEs associated with Λ-nilpotent polynomials for Λ ∈ D2[n] of full rank (see
Theorems 3.1–3.3). The results in this subsection are transformations of those
in [24] and [25] on HN polynomials and their associated symmetric polynomial
maps.

In subsection 3.2, we give four criteria of Λ-nilpotency (Λ ∈ D2) (see Propo-
sitions 3.1, 3.2, 3.3 and 3.4). The criteria in this subsection are transformations
of the criteria of Hessian nilpotency derived in [25] and [26]. In subsection 3.3,
we transform some results in [2], [22] and [23] on JC; [5] and [6] on symmetric
polynomial maps; [25], [26] and [11] on HN polynomials to certain results on VC
for Λ ∈ D2. Finally, we recall a result in [26] which says, VC over fields k of char-
acteristic p > 0, even under some conditions weaker than Λ-nilpotency, actually
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holds for any differential operators Λ of k[z] (see Proposition 3.6 and Corollary
3.5).

In subsection 3.4, we consider VC for high order differential operators with
constant coefficients. In particular, we show in Proposition 3.5 VC holds for
Λ = δk (k > 1), where δ is a derivation of A. In particular, VC holds for any
Λ ∈ D1 (see Corollary 3.4). We also show that, when Λ = Da with a ∈ Nn and
|a| > 2, VC is equivalent to a conjecture, Conjecture 3.1, on Laurent polynomials.
This conjecture is very similar to a non-trivial theorem (see Theorem 3.11) first
conjectured by O. Mathieu [16] and later proved by J. Duistermaat and W. van
der Kallen [8].

In subsection 4.1, by using Rodrigues’ formulas Eq. (4.1), we show that all
classical orthogonal polynomials in one variable have the form {ΛmPm |m > 1}
for some P (z) in certain localizations B of An and Λ a differential operators of
B. We also show that some classical polynomials in several variables can also be
obtained from sequences of the form {ΛmPm |m > 1} with a slight modification.
Some of the most classical orthogonal polynomials in one or more variables are
briefly discussed in Examples 4.1–4.4, 4.5 and 4.6. In subsection 4.2, we transform
the isotropic properties of homogeneous HN homogeneous polynomials derived
in [25] to homogeneous Λ-nilpotent polynomials for Λ ∈ D2[n] of full rank (see
Theorem 4.1 and Corollary 4.1).

Acknowledgment: The author is very grateful to Michiel de Bondt for shar-
ing his counterexample (see Example 2.1) with the author, and to Arno van den
Essen for inspiring personal communications. The author would also like to thank
the referee very much for many valuable suggestions to improve the first version
of the paper.

2. The vanishing conjecture for the 2nd order homogeneous
differential operators with constant coefficients

In this section, we apply certain linear automorphisms and Lefschetz’s principle
to show Conjecture 1.1, hence also JC, is equivalent to VC or HVC for all
Λ ∈ D2 (see Theorem 2.1). In subsection 2.1, we fix some notation and recall
some lemmas that will be needed throughout this paper. In subsection 2.2, we
prove the main results of this section, Theorem 2.1 and Proposition 2.3.

2.1. Notation and Preliminaries. Throughout this paper, unless stated other-
wise, we will keep using the notations and terminology introduced in the previous
section and also the ones fixed as below.

1. For any P (z) ∈ An, we denote by ∇P the gradient of P (z), i.e. we set

∇P (z) := (D1P, D2P, . . . , DnP ).(2.1)

2. For any n > 1, we let SM(n, C) (resp.SGL(n, C)) denote the symmetric
complex n × n (resp. invertible) matrices.
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3. For any A = (aij) ∈ SM(n, C), we set

∆A :=
n∑

i,j=1

aijDiDj ∈ D2[n].(2.2)

Note that, for any Λ ∈ D2[n], there exists a unique A ∈ SM(n, C) such
that Λ = ∆A. We define the rank of Λ = ∆A simply to be the rank of the
matrix A.

4. For any n > 1, Λ ∈ D2[n] is said to be full rank if Λ has rank n. The set of
full rank elements of D2[n] will be denoted by D◦

2[n].
5. For any r > 1, we set

∆r :=
r∑

i=1

D2
i .(2.3)

Note that ∆r is a full rank element in D2[r] but not in D2[n] for any n > r.

For U ∈ GL(n, C), we define

ΦU : Ān → Ān(2.4)

P (z) → P (U−1z)

and

ΨU : D[n] → D[n](2.5)

Λ → ΦU ◦ Λ ◦Φ−1
U .

It is easy to see that, ΦU (resp.ΨU ) is an algebra automorphism of An (resp.D[n]).
Moreover, the following standard facts are also easy to check directly.

Lemma 2.1. (a) For any U = (uij) ∈ GL(n, C), P (z) ∈ Ān and Λ ∈ D[n], we
have

ΦU(ΛP ) = ΨU (Λ)ΦU(P ).(2.6)

(b) For any 1 6 i 6 n and f(z) ∈ An we have

ΨU(Di) =
n∑

j=1

ujiDj,

ΨU (f(D)) = f(U τD).

In particular, for any A ∈ SM(n, C), we have

ΨU (∆A) = ∆UAUτ .(2.7)

The following lemma will play a crucial role in our later arguments. Actually
the lemma can be stated in a stronger form (see [13], for example) which we do
not need here.
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Lemma 2.2. For any A ∈ SM(n, C) of rank r > 0, there exists U ∈ GL(n, C)
such that

A = U

(
Ir×r 0

0 0

)
U τ .(2.8)

Combining Lemmas 2.1 and 2.2, it is easy to see we have the following corollary.

Corollary 2.1. For any n > 1 and Λ, Ξ ∈ D2[n] of same rank, there exists
U ∈ GL(n, C) such that ΨU (Λ) = Ξ.

2.2. The vanishing conjecture for the 2nd order homogeneous differen-
tial operators with constant coefficients. In this subsection, we show that
Conjecture 1.1, hence also JC, is actually equivalent to VC or HVC for all 2nd
order homogeneous differential operators Λ ∈ D2 (see Theorem 2.1). We also
show that the Laplace operators are not the only choices in the study of VC or
JC (see Proposition 2.3 and Example 2.2).

First, let us point out that VC fails badly for differential operators with non-
constant coefficients. The following counter-example was given by M. de Bondt
[3].

Example 2.1. Let x be a free variable and Λ = x d2

dx2 . Let P (x) = x. Then one
can check inductively that P (x) is Λ-nilpotent, but ΛmPm+1 6= 0 for any m > 1.

Lemma 2.3. For any Λ ∈ D[n], U ∈ GL(n, C), A ∈ SM(n, C) and P (z) ∈ Ān,
we have

(a) P (z) is Λ-nilpotent iff ΦU(P ) is ΨU(Λ)-nilpotent. In particular, P (z) is
∆A-nilpotent iff ΦU(P ) = P (U−1z) is ∆UAUτ -nilpotent.

(b) VC[n] (resp.HVC[n]) holds for Λ iff it holds for ΨU(Λ). In particular,
VC[n] (resp.HVC[n]) holds for ∆A iff it holds for ∆UAUτ .

Proof. Note first that, for any m, k > 1, we have

ΦU

(
ΛmP k

)
= (ΦUΛmΦ−1

U ) ΦUP k

= (ΦUΛΦ−1
U )m(ΦUP )k

= [ΨU(Λ)]m(ΦUP )k .

When Λ = ∆A, by Eq. (2.7), we further have

ΦU

(
∆m

A P k
)

= Λm
UAUτ (ΦUP )k.

Since ΦU (resp.ΨU ) is an automorphism of Ān (resp.D[n]), it is easy to check
directly that both (a) and (b) follow from the equations above.

Combining the lemma above with Corollary 2.1, we immediately have the
following corollary.
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Corollary 2.2. Suppose HVC[n] (resp.VC[n]) holds for a differential operator
Λ ∈ D2[n] of rank r > 1. Then HVC[n] (resp.VC[n]) holds for all differential
operators Ξ ∈ D2[n] of rank r.

Actually we can derive much more (as follows) from the conditions in the
corollary above.

Proposition 2.1. (a) Suppose HVC[n] holds for a full rank Λ ∈ D◦
2[n]. Then,

for any k 6 n, HVC[k] holds for all full rank Ξ ∈ D◦
2[k].

(b) Suppose VC[n] holds for a full rank Λ ∈ D◦
2[n]. Then, for any m > n,

VC[m] holds for all Ξ ∈ D2[m] of rank n.

Proof. Note first that, the cases k = n in (a) and m = n in (b) follow directly
from Corollary 2.2. So we may assume k < n in (a) and m > n in (b). Secondly,
by Corollary 2.2, it will be enough to show HVC[k] (k < n) holds for ∆k for (a)
and VC[m] (m > n) holds for ∆n for (b).

(a) Let P ∈ Ak a homogeneous ∆k-nilpotent polynomial. We view ∆k and
P as elements of D2[n] and An, respectively. Since P does not depend on zi

(k + 1 6 i 6 n), for any m, ` > 0, we have

∆m
k P ` = ∆m

n P `.

Hence, P is also ∆n-nilpotent. Since HVC[n] holds for ∆n (as pointed out at
the beginning of the proof), we have ∆m

k Pm+1 = ∆m
n Pm+1 = 0 when m >> 0.

Therefore, HVC[k] holds for ∆k.
(b) Let K be the rational function field C(zn+1, . . . , zm). We view Am as a

subalgebra of the polynomial algebra K[z1, . . . , zn] in the standard way. Note
that the differential operator ∆n =

∑n
i=1 D2

i of Am extends canonically to a
differential operator of K[z1, . . . , zn] with constant coefficients.

Since VC[n] holds for ∆n over the complex field (as pointed out at the begin-
ning of the proof), by Lefschetz’s principle, we know that VC[n] also holds for
∆n over the field K. Therefore, for any ∆n-nilpotent P (z) ∈ Am, by viewing ∆n

as an element of D2(K[z1, . . . , zn]) and P (z) an element of K[z1, . . . , zn] (which is
still ∆n-nilpotent in the new setting), we have ∆k

nP k+1 = 0 when k >> 0. Hence
VC[m] holds for P (z) ∈ Am and ∆n ∈ D2[m].

Proposition 2.2. Suppose HVC[n] holds for a differential operator Λ ∈ D2[n]
with rank r < n. Then, for any k > r, VC[k] holds for all Ξ ∈ D2[k] of rank r.

Proof. First, by Corollary 2.2, we know HVC[n] holds for ∆r. To show Proposi-
tion 2.2, by Proposition 2.1, (b), it will be enough to show that VC[r] holds for
∆r.

Let P ∈ Ar ⊂ An be a ∆r-nilpotent polynomial. If P is homogeneous, there is
nothing to prove since, as pointed out above, HVC[n] holds for ∆r. Otherwise,
we homogenize P (z) to P̃ ∈ Ar+1 ⊆ An. Since ∆r is a homogeneous differential
operator, it is easy to see that, for any m, k > 1, ∆m

r P k = 0 iff ∆m
r P̃ k = 0.

Therefore, P̃ ∈ An is also ∆r-nilpotent when we view ∆r as a differential operator
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of An. Since HVC[n] holds for ∆r, we have that ∆m
r P̃m+1 = 0 when m >> 0.

Then, by the observation above again, we also have ∆m
r Pm+1 = 0 when m >> 0.

Therefore, VC[r] holds for ∆r.

Now we are ready to prove our main result of this section.

Theorem 2.1. The following statements are equivalent to each other.

1. JC holds.
2. HVC[n] (n > 1) hold for the Laplace operator ∆n.
3. VC[n] (n > 1) hold for the Laplace operator ∆n.
4. HVC[n] (n > 1) hold for all Λ ∈ D2[n].
5. VC[n] (n > 1) hold for all Λ ∈ D2[n].

Proof. First, the equivalences of (1), (2) and (3) have been established in Theorem
7.2 in [25]. While (4) ⇒ (2), (5) ⇒ (3) and (5) ⇒ (4) are trivial. Therefore, it
will be enough to show (3) ⇒ (5).

To show (3) ⇒ (5), we fix any n > 1. By Corollary 2.2, it will be enough to
show VC[n] holds for ∆r (1 6 r 6 n). But under the assumption of (3) (with
n = r), we know that VC[r] holds for ∆r. Then, by Proposition 2.1, (b), we
know VC[n] also holds for ∆r.

Next, we show that, to study HVC, equivalently VC or JC, the Laplace oper-
ators are not the only choices, even though they are the best in many situations.

Proposition 2.3. Let {nk | k > 1} be a strictly increasing sequence of posi-
tive integers and {Λnk

| k > 1} a sequence of differential operators in D2 with
rank (Λnk

) = nk (k > 1). Suppose that, for any k > 1, HVC[Nk] holds for Λnk

for some Nk > nk. Then, the equivalent statements in Theorem 2.1 hold.

Proof. We show, under the assumption in the proposition, the statement (2) in
Theorem 2.1 holds, i.e. for any n > 1, HVC[n] (n > 1) holds for the Laplace
operator ∆n ∈ D2[n].

For any fixed n > 1, let k > 1 such that nk > n. If Nk = nk , then, by
Proposition 2.1, (a), we have HVC[n] (n > 1) holds for the Laplace operator
∆n ∈ D2[n]. If Nk > nk , then, by Proposition 2.2, we know VC[nk ] (hence also
HVC[nk ]) holds for ∆nk

. Since nk > n, by Proposition 2.1, (a) again, we know
HVC[n] does hold for the Laplace operator ∆n.

Example 2.2. Besides the Laplace operators, by Proposition 2.3, the following
sequences of differential operators are also among the most natural choices.

1. Let nk = k (k > 2) (or any other strictly increasing sequence of positive
integers). Let Λnk

be the “Laplace operator” with respect to the standard
Minkowski metric of Rnk . Namely, choose

Λk = D2
1 −

k∑

i=2

D2
i .(2.9)
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2. Choose nk = 2k (k > 1) (or any other strictly increasing sequence of positive
even numbers). Let Λ2k be the “Laplace operator” with respect to the
standard symplectic metric on R2k, i.e. choose

Λk =
k∑

i=1

DiDi+k.(2.10)

3. We may also choose the complex Laplace operators ∆∂̄ instead of the real
Laplace operator ∆. More precisely, we choose nk = 2k for any k > 1 and
view the polynomial algebra of wi (1 6 i 6 2k) over C as the polynomial
algebra C[zi, z̄i | 1 6 i 6 k] by setting zi = wi +

√
−1 wi+k for any 1 6 i 6 k.

Then, for any k > 1, we set

Λk = ∆∂̄,k :=
k∑

i=1

∂2

∂zi∂z̄i
.(2.11)

4. More generally, we may also choose Λk = ∆Ank
, where nk ∈ N and Ank

∈
SM(nk, C) (not necessarily invertible) (k > 1) with strictly increasing ranks.

3. Some properties of ∆A-nilpotent polynomials

As pointed earlier in Section 1 (see page 260), for the Laplace operators ∆n

(n > 1), the notion ∆n-nilpotency coincides with the notion of Hessian nilpo-
tency. HN (Hessian nilpotent) polynomials or formal power series, their associ-
ated symmetric polynomial maps and Conjecture 1.1 have been studied in [5], [6],
[24]–[26] and [11]. In this section, we apply Corollary 2.1, Lemma 2.3 and also
Lefschetz’s principle to transform some results obtained in the references above
to certain results on Λ-nilpotent (Λ ∈ D2) polynomials or formal power series,
VC for Λ and also associated polynomial maps. Another purpose of this section
is to give a short survey on some results on HN polynomials and Conjecture 1.1
in the more general setting of Λ-nilpotent polynomials and VC for differential
operators Λ ∈ D2.

In subsection 3.1, we transform some results in [24] and [25] to the setting of
Λ-nilpotent polynomials for Λ ∈ D2[n] of full rank (see Theorems 3.1–3.3). In
subsection 3.2, we derive four criteria for Λ-nilpotency (Λ ∈ D2) (see Propositions
3.1, 3.2, 3.3 and 3.4). The criteria in this subsection are transformations of the
criteria of Hessian nilpotency derived in [25] and [26].

In subsection 3.3, we transform some results in [2], [22] and [23] on JC; [5]
and [6] on symmetric polynomial maps; [25], [26] and [11] on HN polynomials to
certain results on VC for Λ ∈ D2. In subsection 3.4, we consider VC for high
order differential operators with constant coefficients. We mainly focus on the
differential operators Λ = Da (a ∈ Nn). Surprisingly, VC for these operators is
equivalent to a conjecture (see Conjecture 3.1) on Laurent polynomials, which
is similar to a non-trivial theorem (see Theorem 3.11) first conjectured by O.
Mathieu [16] and later proved by J. Duistermaat and W. van der Kallen [8].
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3.1. Associated polynomial maps and PDEs. Once and for all in this sec-
tion, we fix any n > 1 and A ∈ SM(n, C) of rank 1 6 r 6 n. We use z and D,
unlike we did before, to denote the n-tuples (z1, z2, . . . , zn) and (D1, D2, . . . , Dn),
respectively. We define a C-bilinear form 〈·, ·〉A by setting 〈u, v〉A := uτAv for
any u, v ∈ Cn. Note that, when A = In×n , the bilinear form defined above is just
the standard C-bilinear form of Cn, which we also denote by 〈·, ·〉.

By Lemma 2.2, we may write A as in Eq. (2.8). For any P (z) ∈ Ān, we set

P̃ (z) = Φ−1
U P (z) = P (Uz).(3.1)

Note that, by Lemma 2.1, (b), we have Ψ−1
U (∆A) = ∆r. By Lemma 2.3, (a),

P (z) is ∆A-nilpotent iff P̃ (z) is ∆r-nilpotent.

Theorem 3.1. Let t be a central parameter. For any P (z) ∈ An with o(P (z)) >
2 and A ∈ SGL(n, C), set FA,t(z) := z − tA∇P (z). Then

(a) there exists a unique QA,t(z) ∈ C[t][[z]] such that the formal inverse map
GA,t(z) of FA,t(z) is given by

GA,t(z) = z + tA∇QA,t(z).(3.2)

(b) The QA,t(z) ∈ C[t][[z]] in (a) is the unique formal power series solution of
the following Cauchy problem:{

∂ QA,t

∂t (z) = 1
2 〈∇QA,t,∇QA,t〉A,

QA,t=0(z) = P (z).
(3.3)

Proof. Let P̃ as given in Eq. (3.1) and set

F̃A,t(z) = z − t∇P̃ (z).(3.4)

By Theorem 3.6 in [24], we know the formal inverse map G̃A,t(z) of F̃A,t(z) is
given by

G̃A,t(z) = z + t∇Q̃A,t(z),(3.5)

where Q̃A,t(z) ∈ C[t][[z]] is the unique formal power series solution of the following
Cauchy problem:

{
∂ Q̃A,t

∂t (z) = 1
2 〈∇Q̃A,t,∇Q̃A,t〉,

Q̃A,t=0(z) = P̃ (z).
(3.6)

From the fact that ∇P̃ (z) = (U τ∇P )(Uz), it is easy to check that

(ΦU ◦ F̃A,t ◦ Φ−1
U )(z) = z − tA∇P (z) = FA,t(z),(3.7)

which is the formal inverse map of

(ΦU ◦ G̃A,t ◦ Φ−1
U )(z) = z + t(U∇Q̃A,t)(U−1z).(3.8)

Set

QA,t(z) := Q̃A,t(U−1z).(3.9)
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Then we have

∇QA,t(z) = (U τ )−1(∇Q̃A,t)(U−1z),

U τ∇QA,t(z) = (∇Q̃A,t)(U−1z),(3.10)

Multiplying U to the both sides of the equation above and noticing that A = UU τ

by Eq. (2.8) since A is of full rank, we get

A∇QA,t(z) = (U∇Q̃A,t)(U−1z).(3.11)

Then, combining Eq. (3.8) and the equation above, we see the formal inverse
GA,t(z) of FA,t(z) is given by

GA,t(z) = (ΦU ◦ G̃A,t ◦ Φ−1
U )(z) = z + tA∇QA,t(z).(3.12)

Applying ΦU to Eq. (3.6) and by Eqs. (3.9), (3.10), we see that QA,t(z) is the
unique formal power series solution of the Cauchy problem Eq. (3.3).

By applying the linear automorphism ΦU of C[[z]] and employing a similar
argument as in the proof of Theorem 3.1 above, we can generalize Theorems 3.1
and 3.4 in [25] to the following theorem on ∆A-nilpotent (A ∈ SGL(n, C)) formal
power series.

Theorem 3.2. Let A, P (z) and QA,t(z) be as in Theorem 3.1. We further as-
sume P (z) is ∆A-nilpotent. Then,

(a) QA,t(z) is the unique formal power series solution of the following Cauchy
problem:

{
∂ QA,t

∂t (z) = 1
4 ∆AQ2

A,t,

QA,t=0(z) = P (z).
(3.13)

(b) For any k > 1, we have

Qk
A,t(z) =

∑

m>1

tm−1

2mm!(m + k)!
∆m

A Pm+1(z).(3.14)

Applying the same strategy to Theorem 3.2 in [25], we get the following theo-
rem.

Theorem 3.3. Let A, P (z) and QA,t(z) be as in Theorem 3.2. For any non-zero
s ∈ C, set

Vt,s(z) := exp(sQt(z)) =
∞∑

k=0

skQk
t (z)

k!
.

Then, Vt,s(z) is the unique formal power series solution of the following Cauchy
problem of the heat-like equation:

{
∂Vt,s

∂t (z) = 1
2s ∆AVt,s(z),

Ut=0,s(z) = exp(sP (z)).
(3.15)
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3.2. Some criteria of ∆A-nilpotency. In this subsection, with the notation
and remarks fixed in the previous subsection in mind, we apply the linear au-
tomorphism ΦU to transform some criteria of Hessian nilpotency derived in [25]
and [26] to criteria of ∆A-nilpotency (A ∈ SM(n, C)) (see the Propositions 3.1,
3.2, 3.3 and 3.4 below).

Proposition 3.1. Let A be given as in Eq. (2.8). Then, for any P (z) ∈ An, it is
∆A-nilpotent iff the submatrix of U τ (HesP ) U consisting of the first r rows and
r columns is nilpotent.

In particular, when r = n, i.e. ∆A is full rank, any P (z) ∈ D2[n] is ∆A-
nilpotent iff U τ (HesP ) U is nilpotent.

Proof. Let P̃ (z) be as in Eq. (3.1). Then, as pointed earlier, P (z) is ∆A-nilpotent
iff P̃ (z) is ∆r-nilpotent.

If r = n, then by Theorem 1.1 , P̃ (z) is ∆r-nilpotent iff Hes P̃ (z) is nilpotent.
But note that in general we have

Hes P̃ (z) = Hes P (Uz) = U τ [(Hes P )(Uz)] U.(3.16)

Therefore, Hes P̃ (z) is nilpotent iff U τ [(HesP )(Uz)] U is nilpotent iff, with z
replaced by U−1z, U τ [(HesP )(z)] U is nilpotent. Hence the proposition follows
in this case.

Assume r < n. We view Ar as a subalgebra of the polynomial algebra
K[z1, . . . , zr], where K is the rational field C(zr+1, . . . , zn). By Theorem 1.1 and
Lefschetz’s principle, we know that P̃ is ∆r-nilpotent iff the matrix

(
∂2P̃

∂zi∂zj

)
16i,j6r

is nilpotent.

Note that the matrix
(

∂2P̃
∂zi∂zj

)
16i,j6r

is the submatrix of Hes P̃ (z) consisting

of the first r rows and r columns. By Eq. (3.16), it is also the submatrix of
U τ [Hes P (Uz)] U consisting of the first r rows and r columns. Replacing z by
U−1z in the submatrix above, we see

(
∂2P̃

∂zi∂zj

)
16i,j6r

is nilpotent iff the submatrix

of U τ [HesP (z)] U consisting of the first r rows and r columns is nilpotent. Hence
the proposition follows.

Note that, for any homogeneous quadratic polynomial P (z) = zτBz with B ∈
SM(n, C), we have HesP (z) = 2B. Then, by Proposition 3.1, we immediately
have the following corollary.

Corollary 3.1. For any homogeneous quadratic polynomial P (z) = zτBz with
B ∈ SM(n, C), it is ∆A-nilpotent iff the submatrix of U τB U consisting of the
first r rows and r columns is nilpotent.

Proposition 3.2. Let A be given as in Eq. (2.8). Then, for any P (z) ∈ Ān with
o(P (z)) > 2, P (z) is ∆A-nilpotent iff ∆m

A Pm = 0 for any 1 6 m 6 r.
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Proof. Again, we let P̃ (z) be as in Eq. (3.1) and note that P (z) is ∆A-nilpotent
iff P̃ (z) is ∆r-nilpotent.

Since r 6 n, we view Ar as a subalgebra of the polynomial algebra K[z1, . . . , zr],
where K is the rational field C(zr+1, . . . , zn). By Theorem 1.1 and Lefschetz’s
principle (if r < n), we have P̃ (z) is ∆r-nilpotent iff ∆m

r P̃m = 0 for any 1 6 m 6
r. On the other hand, by Eqs. (2.6) and (2.7), we have ΦU

(
∆m

r P̃m
)

= ∆m
A Pm

for any m > 1. Since ΦU is an automorphism of An, we have that, ∆m
r P̃m = 0 for

any 1 6 m 6 r iff ∆m
A Pm = 0 for any 1 6 m 6 r. Therefore, P̃ (z) is ∆A-nilpotent

iff ∆m
A Pm = 0 for any 1 6 m 6 r. Hence the proposition follows.

Proposition 3.3. For any A ∈ SGL(n, C) and any homogeneous P (z) ∈ An of
degree d > 2, we have, P (z) is ∆A-nilpotent iff, for any β ∈ C, (βD)d−2P (z) is
Λ-nilpotent, where βD := 〈β, D〉.

Proof. Let A be given as in Eq. (2.8) and P̃ (z) as in Eq. (3.1). Note that,
Ψ−1

U (∆A) = ∆n (for ∆A is of full rank), and P (z) is ∆A-nilpotent iff P̃ (z) is
∆n-nilpotent.

Since P̃ is also homogeneous of degree d > 2, by Theorem 1.1 in [26], we know
that, P̃ (z) is ∆n-nilpotent iff, for any β ∈ Cn, βd−2

D P̃ is ∆n-nilpotent. Note that,
from Lemma 2.1, (b), we have

ΨU (βD) = 〈β, U τD〉
= 〈Uβ, D〉
= (Uβ)D,

and

ΦU(βd−2
D P̃ ) = ΨU (βD)d−2ΦU (P̃ ) = (Uβ)d−2

D P.(3.17)

Therefore, by Lemma 2.3, (a), βd−2
D P̃ is ∆n-nilpotent iff (Uβ)d−2

D P is ∆A-
nilpotent since ΨU (∆n) = ∆A. Combining all equivalences above, we have P (z) is
∆n-nilpotent iff, for any β ∈ Cn, (Uβ)d−2

D P is ∆A-nilpotent. Since U is invertible,
when β runs over Cn so does Uβ. Therefore the proposition follows.

Let {ei | 1 6 i 6 n} be the standard basis of Cn. Applying the proposition
above to β = ei (1 6 i 6 n), we have the following corollary.

Corollary 3.2. For any homogeneous ∆A-nilpotent polynomial P (z) ∈ An of
degree d > 2, Dd−2

i P (z) (1 6 i 6 n) are also ∆A-nilpotent.

We think that Proposition 3.3 and Corollary 3.2 are interesting because, due to
Corollary 3.1, it is much easier to decide whether a quadratic form is ∆A-nilpotent
or not.

To state the next criterion, we need to fix the following notation.
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For any A ∈ SGL(n, C), we let XA(Cn) be the set of isotropic vectors u ∈ Cn

with respect to the C-bilinear form 〈·, ·〉A. When A = In×n, we also denote
XA(Cn) simply by of X(Cn).

For any β ∈ Cn, we set hα(z) := 〈α, z〉. Then, by applying ΦU to a well-known
theorem on classical harmonic polynomials, which is the following theorem for
A = In×n (see, for example, [12] and [21]), we have the following result on
homogeneous ∆A-nilpotent polynomials.

Theorem 3.4. Let P be any homogeneous polynomial of degree d > 2 such that
∆AP = 0. We have

P (z) =
k∑

i=1

hd
αi

(z)(3.18)

for some k > 1 and αi ∈ XA(Cn) (1 6 i 6 k).

Next, for any homogeneous polynomial P (z) of degree d > 2, we introduce the
following matrices:

ΞP := (〈αi, αj〉A)k×k ,(3.19)

ΩP :=
(
〈αi, αj〉A hd−2

αj
(z)
)

k×k
.(3.20)

Then, by applying ΦU to Proposition 5.3 in [25] (the details will be omitted
here), we have the following criterion of ∆A-nilpotency for homogeneous polyno-
mials.

Proposition 3.4. Let P (z) be as given in Eq. (3.18). Then P (z) is ∆A-nilpotent
iff the matrix ΩP is nilpotent.

One simple remark on the criterion above is as follows.
Let B be the k×k diagonal matrix with hαi(z) (1 6 i 6 k) as the ith diagonal

entry. For any 1 6 j 6 k, set

ΩP ;j := BjΞP Bd−2−j = (hj
αi
〈αi, αj〉hd−2−j

αj
).(3.21)

Then, by repeatedly applying the fact that, for any C, D ∈ M(k, C), CD is
nilpotent iff so is DC, it is easy to see that Proposition 3.4 can also be re-stated
as follows.

Corollary 3.3. Let P (z) be given by Eq. (3.18) with d > 2. Then, for any 1 6
j 6 d− 2 and m > 1, P (z) is ∆A-nilpotent iff the matrix ΩP ;j is nilpotent.

Note that, when d is even, we may choose j = (d− 2)/2. So P is ∆A-nilpotent
iff the symmetric matrix

ΩP ;(d−2)/2 = (h(d−2)/2
αi

〈αi, αj〉Ah(d−2)/2
αj

)(3.22)

is nilpotent.
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3.3. Some results on the vanishing conjecture of the 2nd order homo-
geneous differential operators with constants coefficients. In this sub-
section, we transform some known results of VC for the Laplace operators ∆n

(n > 1) to certain results on VC for ∆A (A ∈ SGL(n, C)).
First, by Wang’s theorem [22], we know that JC holds for any polynomial

maps F (z) with deg F 6 2. Hence, JC also holds for symmetric polynomials
F (z) = z − ∇P (z) with P (z) ∈ C[z] of degree d 6 3. By the equivalence of
JC and VC for the Laplace operators established in [25], we know VC holds if
Λ = ∆n and P (z) is a HN polynomials of degree d 6 3. Then, applying the linear
automorphism ΦU , we have the following proposition.

Theorem 3.5. For any A ∈ SGL(n, C) and ∆A-nilpotent P (z) ∈ An (not nec-
essarily homogeneous) of degree d 6 3, we have ΛmPm+1 = 0 when m >> 0, i.e.
VC[n] holds for Λ and P (z).

Applying the classical homogeneous reduction on JC (see [2], [23]) to asso-
ciated symmetric maps, we know that, to show VC for ∆n (n > 1), it will be
enough to consider only homogeneous HN polynomials of degree 4. Therefore,
by applying the linear automorphism ΦU of An, we have the same reduction for
HVC too.

Theorem 3.6. To study HVC in general, it will be enough to consider only
homogeneous P (z) ∈ A of degree 4.

In [5] and [6] it has been shown that JC holds for symmetric maps F (z) =
z−∇P (z) (P (z) ∈ An) if the number of variables n is less or equal to 4, or n = 5
and P (z) is homogeneous. By the equivalence of JC for symmetric polynomial
maps and VC for the Laplace operators established in [25], and Proposition 2.2
and Corollary 2.2, we have the following results on VC and HVC.

Theorem 3.7. (a) For any n > 1, VC[n] holds for any Λ ∈ D2 of rank 1 6 r 6
4.

(b) HVC[5] holds for any Λ ∈ D2[5].

Note that the following vanishing properties of HN formal power series have
been proved in Theorem 6.2 in [25] for the Laplace operators ∆n (n > 1). By
applying the linear automorphism ΦU , one can show it also holds for any Λ-
nilpotent (Λ ∈ D2) formal power series.

Theorem 3.8. Let Λ ∈ D2[n] and P (z) ∈ Ān be Λ-nilpotent with o(P ) > 2. The
following statements are equivalent.

(1) ΛmPm+1 = 0 when m >> 0.
(2) There exists k0 > 1 such that ΛmPm+k0 = 0 when m >> 0.
(3) For any fixed k > 1, ΛmPm+k = 0 when m >> 0.

By applying the linear automorphism ΦU , one can transform Theorem 1.5 in
[11] on VC of the Laplace operators to the following result on VC of Λ ∈ D2.
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Theorem 3.9. Let Λ ∈ D2[n] and P (z) ∈ Ān be any Λ-nilpotent polynomial
with o(P ) > 2. Then VC holds for Λ and P (z) iff, for any g(z) ∈ An, we have
Λm(g(z)Pm) = 0 when m >> 0.

In [11], the following theorem has also been proved for Λ = ∆n. Next we show
it is also true in general.

Theorem 3.10. Let A ∈ SGL(n, C) and P (z) ∈ An be a homogeneous ∆A-
nilpotent polynomial with deg P > 2. Assume that σA−1(z) := zτA−1z and
the partial derivatives ∂P

∂zi
(1 6 i 6 n) have no non-zero common zeros. Then

HVC[n] holds for ∆A and P (z).
In particular, if the projective subvariety determined by the ideal 〈P (z)〉 of An

is regular, HVC[n] holds for ∆A and P (z).

Proof. Let P̃ be as given in Eq. (3.1). By Theorem 1.2 in [11], we know that,
when σ2(z) :=

∑n
i=1 z2

i and the partial derivatives ∂P̃
∂zi

(1 6 i 6 n) have no non-
zero common zeros, HVC[n] holds for ∆n and P̃ . Then, by Lemma 2.3, (b),
HVC[n] also holds for ∆A and P .

But, on the other hand, since U is invertible and, for any 1 6 i 6 n,

∂P̃

∂zi
=

n∑

j=1

uji
∂P

∂zj
(Uz),

σ2(z) and ∂P̃
∂zi

(1 6 i 6 n) have no non-zero common zeros iff σ2(z) and ∂P
∂zi

(Uz)
(1 6 i 6 n) have no non-zero common zeros, and iff, with z replaced by U−1z,
σ2(U−1z) = σA−1(z) and ∂P

∂zi
(z) (1 6 i 6 n) have no non-zero common zeros.

Therefore, the theorem holds.

3.4. The vanishing conjecture for higher order differential operators
with constant coefficients. Even though the most interesting case of VC is for
Λ ∈ D2, at least when JC is concerned, the case of VC for higher order differential
operators with constant coefficients is also interesting and non-trivial. In this
subsection, we mainly discuss VC for the differential operators Da (a ∈ Nn).
At the end of this subsection, we also recall a result proved in [26] which says
that, when the base field has characteristic p > 0, VC, even under a weaker
condition, actually holds for any differential operator Λ (not necessarily with
constant coefficients).

Let βj ∈ Cn (1 6 j 6 `) be linearly independent and set δj := 〈βj, D〉. Let
Λ =

∏`
j=1 δai

j with aj > 1 (1 6 j 6 `).
When ` = 1, VC for Λ can be proved easily as follows.

Proposition 3.5. Let δ ∈ D1[z] and Λ = δk for some k > 1. Then

(a) A polynomial P (z) is Λ-nilpotent if (and only if) ΛP = 0.
(b) VC holds for Λ.
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Proof. Applying a change of variables, if necessary, we may assume δ = D1 and
Λ = Dk

1 .
Let P (z) ∈ C[z] such that ΛP (z) = Dk

1P (z) = 0. Let d be the degree of P (z)
in z1. From the equation above, we have k > d. Therefore, for any m > 1, we
have km > dm which implies ΛmP (z)m = Dkm

1 Pm(z) = 0. Hence, we have (a).
To show (b), let P (z) be a Λ-nilpotent polynomial. By the same notation and

argument above, we have k > d. Choose a positive integer N > d
k−d . Then, for

any m > N , we have m > d
k−d , which is equivalent to (m + 1)d < km. Hence we

have ΛmP (z)m+1 = Dkm
1 Pm+1(z) = 0.

In particular, when k = 1 in the proposition above, we have the following
corollary.

Corollary 3.4. VC holds for any differential operator Λ ∈ D1.

Next we consider the case ` > 2. Note that, when ` = 2 and a1 = a2 = 1.
Λ ∈ D2 and has rank 2. Then, by Theorem 3.7, we know VC holds for Λ.

Beside the case above, VC for Λ =
∏`

j=1 δai
j with ` > 2 seems to be non-

trivial at all. Actually, we will show below, it is equivalent to a conjecture (see
Conjecture 3.1) on Laurent polynomials.

First, by applying a change of variables, if necessary, we may (and will) assume
Λ = Da with a ∈ (N+)`. Secondly, note that, for any b ∈ Nn and h(z) ∈ C[z],
Dbh(z) = 0 iff the holomorphic part of the Laurent polynomial z−bh(z) is zero.

Now we fix a P (z) ∈ C[z] and set f(z) := z−aP (z). With the observation
above, it is easy to see that, P (z) is Da-nilpotent iff the holomorphic parts of the
Laurent polynomials fm(z) (m > 1) are all zero; and VC holds for Λ and P (z)
iff the holomorphic part of P (z)fm(z) is zero when m >> 0. Therefore, VC for
Da can be restated as follows:

Re-stated VC for Λ = Da: Let P (z) ∈ An and f(z) be as above. Suppose
that, for any m > 1, the holomorphic part of the Laurent polynomial fm(z) is
zero, then the holomorphic part of P (z)fm(z) equals to zero when m >> 0.

Note that the re-stated VC above is very similar to the following non-trivial
theorem which was first conjectured by O. Mathieu [16] and later proved by J.
Duistermaat and W. van der Kallen [8].

Theorem 3.11. Let f and g be Laurent polynomials in z. Assume that, for any
m > 1, the constant term of fm is zero. Then the constant term gfm equals zero
when m >> 0.

Note that, Mathieu’s conjecture [16] is a conjecture on all real compact Lie
groups G, which is also mainly motivated by JC. The theorem above is the
special case of Mathieu’s conjecture when G the n-dimensional real torus. For
other compact real Lie groups, Mathieu’s conjecture seems to be still wide open.
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Motivated by Theorem 3.11, the above re-stated VC for Λ = Da and also the
result on VC in Theorem 3.9, we would like to propose the following conjecture
on Laurent polynomials.

Conjecture 3.1. Let f and g be Laurent polynomials in z. Assume that, for
any m > 1, the holomorphic part of fm is zero. Then the holomorphic part gfm

equals zero when m >> 0.

Note that, a positive answer to the conjecture above will imply VC for Λ = Da

(a ∈ Nn) by simply choosing g(z) to be P (z).
Finally let us to point out that, it is well-known that JC does not hold over

fields of finite characteristic (see [2], for example), but, by Proposition 5.3 in [26],
the situation for VC over fields of finite characteristic is dramatically different
even though it is equivalent to JC over the complex field C.

Proposition 3.6. Let k be a field of char. p > 0 and Λ any differential operator
of k[z]. Let f ∈ k[[z]]. Assume that, for any 1 6 m 6 p − 1, there exists Nm > 0
such that ΛNmfm = 0. Then, Λmfm+1 = 0 when m >> 0.

From the proposition above, we immediately have the following corollary.

Corollary 3.5. Let k be a field of char. p > 0. Then
(a) VC holds for any differential operator Λ of k[z].
(b) If Λ strictly decreases the degree of polynomials, then, for any polynomial

f ∈ k[z] (not necessarily Λ-nilpotent), we have Λmfm+1 = 0 when m >> 0.

4. A remark on Λ-nilpotent polynomials and classical
orthogonal polynomials

In this section, we first in subsection 4.1 consider the “formal” connection
between Λ-nilpotent polynomials or formal power series and classical orthog-
onal polynomials, which has been discussed in Section 1 (see page 261). We
then in subsection 4.2 transform the isotropic properties of homogeneous HN
polynomials proved in [25] to isotropic properties of homogeneous ∆A-nilpotent
(A ∈ SGL(n, C)) polynomials (see Theorem 4.1 and Corollary 4.1). Note that,
as pointed in Section 1, the isotropic results in subsection 4.2 can be understood
as some natural consequences of the connection of Λ-nilpotent polynomials and
classical orthogonal polynomials discussed in subsection 4.1.

4.1. Some classical orthogonal polynomials. First, let us recall the def-
inition of classical orthogonal polynomials. Note that, to be consistent with
the tradition for orthogonal polynomials, we will in this subsection use x =
(x1, x2, . . . , xn) instead of z = (z1, z2, . . . , zn) to denote free commutative vari-
ables.

Definition 4.1. Let B be an open set of Rn and w(x) a real valued function
defined over B such that w(x) > 0 for any x ∈ B and 0 <

∫
B w(x)dx < ∞. A

sequence of polynomials {fm(x) |m > 0} is said to be orthogonal over B if
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(a) deg fm = m for any m > 0.
(b)

∫
B fm(x)fk(x)w(x) dx = 0 for any m 6= k.

The function w(x) is called the weight function. When the open set B ⊂ Rn

and w(x) are clear in the context, we simply call the polynomials fm(x) (m > 0)
in the definition above orthogonal polynomials. If the orthogonal polynomials
fm(x) (m > 0) also satisfy

∫
B f2

m(x)w(x)dx = 1 for any m > 0, we call fm(x)
(m > 0) orthonormal polynomials. Note that, in the one dimensional case w(x)
determines orthogonal polynomials over B up to multiplicative constants, i.e. if
fm(x) (m > 0) are orthogonal polynomials as in Definition 4.1, then, for any
am ∈ R× (m > 0), amfm (m > 0) are also orthogonal over B with respect to the
weight function w(x).

The most natural way to construct orthogonal or orthonormal sequences is:
first to list all monomials in an order such that the degrees of monomials are
non-decreasing; and then to apply Gram-Schmidt procedure to orthogonalize or
orthonormalize the sequence of monomials. But, surprisingly, most of classical
orthogonal polynomials can also be obtained by the so-called Rodrigues’ formulas.

We first consider orthogonal polynomials in one variable.

Rodrigues’ formula. Let fm(x) (m > 0) be the orthogonal polynomials as
in Definition 4.1. Then, there exist a function g(x) defined over B and non-zero
constants cm ∈ R (m > 0) such that

fm(x) = cmw(x)−1 dm

dxm
(w(x)gm(x)).(4.1)

Let P (x) := g(x) and Λ:= w(x)−1
(

d
dx

)
w(x), where, throughout this paper any

polynomial or function appearing in a (differential) operator always means the
multiplication operator by the polynomial or function itself. Then, by Rodrigues’
formula above, we see that the orthogonal polynomials {fm(x) |m > 0} have the
form

fm(x) = cmΛmPm(x),(4.2)

for any m > 0.
In other words, all orthogonal polynomials in one variable, up to multiplicative

constants, has the form {ΛmPm |m > 0} for a single differential operator Λ and
a single function P (x).

Next we consider some of the most well-known classical orthonormal polyno-
mials in one variable. For more details on these orthogonal polynomials, see [20],
[1], [9].

Example 4.1. (Hermite polynomials)

(a) B = R and the weight function w(x) = e−x2
.



A VANISHING CONJECTURE ON DIFFERENTIAL OPERATORS 279

(b) Rodrigues’ formula:

Hm(x) = (−1)mex2
(

d

dx
)me−x2

.

(c) Differential operator Λ and polynomial P (x):
{

Λ = ex2
( d

dx)e−x2
= d

dx − 2x,

P (x) = 1,

(d) Hermite polynomials in terms of Λ and P (x):

Hm(x) = (−1)m ΛmPm(x).

Example 4.2. (Laguerre polynomials)
(a) B = R+ and w(x) = xαe−x (α > −1).
(b) Rodrigues’ formula:

Lα
m(x) =

1
m!

x−αex(
d

dx
)m(xm+αe−x).

(c) Differential operator Λ and polynomial P (x):
{

Λα = x−αex( d
dx)(e−xxα) = d

dx + (αx−1 − 1),
P (x) = x,

(d) Laguerre polynomials in terms of Λ and P (x):

Lm(x) =
1
m!

ΛmPm(x).

Example 4.3. (Jacobi polynomials)
(a) B = (−1, 1) and w(x) = (1− x)α(1 + x)β, where α, β > −1.
(b) Rodrigues’ formula:

Pα,β
m (x) =

(−1)m

2mm!
(1 − x)−α(1 + x)−β(

d

dx
)m(1− x)α+m(1 + x)β+m.

(c) Differential operator Λ and polynomial P (x):

Λ = (1− x)−α(1 + x)−β(
d

dx
)(1 − x)α(1 + x)β

=
d

dx
− α(1 − x)−1 + β(1 + x)−1,

and

P (x) = 1 − x2.

(d) Laguerre polynomials in terms of Λ and P (x):

Pα,β
m (x) =

(−1)m

2mm!
ΛmPm(x).
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A very important special family of Jacobi polynomials are the Gegenbauer
polynomials which are obtained by setting α = β = λ − 1/2 for some λ >
−1/2. Gegenbauer polynomials are also called ultraspherical polynomials in the
literature.

Example 4.4. (Gegenbauer polynomials)

(a) B = (−1, 1) and w(x) = (1− x2)λ−1/2, where λ > −1/2.
(b) Rodrigues’ formula:

Pλ
m(x) =

(−1)m

2m(λ + 1/2)m
(1− x2)1/2−λ(

d

dx
)m(1 − x2)m+λ−1/2.

where, for any c ∈ R and k ∈ N, (c)k = c(c + 1) · · ·(c + k − 1).
(c) Differential operator Λ and polynomial P (x):

Λ = (1 − x2)1/2−λ(
d

dx
)(1− x2)λ−1/2(4.3)

=
d

dx
− (2λ− 1) x

(1− x2)
,

and

P (x) = 1 − x2.

(d) Laguerre polynomials in terms of Λ and P (x):

Pλ
m(x) =

(−1)m

2m(λ + 1/2)m
ΛmPm(x).

Note that, for the special cases with λ = 0, 1, 1/2, the Gegenbauer polynomials
Pλ

m(x) are called the Chebyshev polynomial of the first kind, the second kind and
Legendre polynomials, respectively. Hence all these classical orthogonal polyno-
mials also have the form of ΛmPm (m > 0) up to some scalar multiple constants
cm with P (x) = 1 − x2 and the corresponding special forms of the differential
operator Λ in Eq. (4.3).

Remark 1. Actually, the Gegenbauer polynomials are more closely and directly
related with VC in some different ways. See [27] for more discussions on connec-
tions of the Gegenbauer polynomials with VC.

Next, we consider some classical orthogonal polynomials in several variables.
We will see that they can also be obtained from certain sequences of the form
{ΛmPm |m > 0} in a slightly modified way. One remark is that, unlike the one-
variable case, orthogonal polynomials in several variables up to multiplicative
constants are not uniquely determined by weight functions.

The first family of classical orthogonal polynomials in several variables can
be constructed by taking Cartesian products of orthogonal polynomials in one
variable as follows.
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Suppose {fm |m > 0} is a sequence of orthogonal polynomials in one variable,
say as given in Definition 4.1. We fix any n > 2 and set

W (x) :=
n∏

i=1

w(xi),(4.4)

fm(x) :=
n∏

i=1

fmi(xi),(4.5)

for any x ∈ B×n and m ∈ Nn.
Then it is easy to see that the sequence {fm(x) |m ∈ Nn} are orthogonal

polynomials over B×n with respect to the weight function W (x) defined above.
Note that, by applying the construction above to the classical one-variable

orthogonal polynomials discussed in the previous examples, one gets the classi-
cal multiple Hermite polynomials, multiple Laguerre polynomials, multiple Jacobi
polynomials and multiple Gegenbauer polynomials, respectively.

To see that the multi-variable orthogonal polynomials constructed above can
be obtained from a sequence of the form {ΛmPm(x) |m > 0}, we suppose fm

(m > 0) have Rodrigues’ formula Eq. (4.1). Let s = (s1, . . . , sn) be n central
formal parameters and set

Λs :=W (x)−1

(
n∑

i=1

si
∂

∂xi

)
W (x),(4.6)

P (x) :=
n∏

i=1

g(xi).(4.7)

Let Vm(x) (m ∈ Nn) be the coefficient of sm in Λ|m|
s P |m|(x). Then, from

Eqs. (4.1), (4.4)–(4.7), it is easy to check that, for any m ∈ Nn, we have

fm(x) = cm
m!
|m|! Vm(x),(4.8)

where cm =
∏n

i=1 cmi .
Therefore, we see that any multi-variable orthogonal polynomials constructed

as above from Cartesian products of one-variable orthogonal polynomials can also
be obtained from a single differential operator Λs and a single function P (x) via
the sequence {Λm

s Pm |m > 0}.

Remark 2. Note that, one can also take Cartesian products of different kinds
of one-variable orthogonal polynomials to create more orthogonal polynomials in
several variables. By a similar argument as above, we see that all these multi-
variable orthogonal polynomials can also be obtained similarly from a single se-
quence {Λm

s Pm |m > 0}.

Next, we consider the following two examples of classical multi-variable orthog-
onal polynomials which are not Cartesian products of one-variable orthogonal
polynomials.
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Example 4.5. (Classical orthogonal polynomials over unit balls)
(a) Choose B to be the open unit ball Bn of Rn and the weight function

Wµ(x) = (1 − ||x||2)µ−1/2,

where ||x|| =
∑n

i=1 x2
i and µ > 1/2.

(b) Rodrigues’ formula: For any m ∈ Nn, set

Um(x) :=
(−1)m(2µ)|m|

2|m|m!(µ + 1/2)|m|

∂ |m|

∂xm1
1 · · ·∂xmn

n
(1 − ||x||2)|m|+µ−1/2.

Then, by Proposition 2.2.5 in [9], {Um(x) |m ∈ Nn} are orthonormal over Bn

with respect to the weight function Wµ(x).
(c) Differential operator Λs and polynomial P (x): Let s = (s1, . . . , sn) be n

central formal parameters and set

Λs :=Wµ(x)−1

(
n∑

i=1

si
∂

∂xi

)
Wµ(x),

P (x) :=1 − ||x||2.

Let Vm(x) (m ∈ Nn) be the coefficient of sm in Λ|m|
s P |m|(x). Then from the

Rodrigues type formula above, we have, for any m ∈ Nn,

Um(x) =
(−1)|m|(2µ)|m|

2|m||m|!(µ + 1/2)|m|
Vm(x).

Therefore, the classical orthonormal polynomials {Um(x) |m ∈ Nn} over Bn

can be obtained from a single differential operator Λs and P (x) via the sequence
{Λm

s Pm |m > 0}.

Example 4.6. (Classical orthogonal polynomials over simplices)
(a) Choose B to be the simplex

Tn = {x ∈ Rn |
n∑

i=1

xi < 1; x1, ..., xn > 0}

in Rn and the weight function

Wκ(x) = xκ1
1 · · ·xκn

n (1− |x|1)κn+1−1/2,(4.9)

where κi > −1/2 (1 6 i 6 n + 1) and |x|1 =
∑n

i=1 xi.
(b) Rodrigues’ formula: For any m ∈ Nn, set

Um(x) := Wκ(x)−1 ∂ |m|

∂xm1
1 · · ·∂xmn

n

(
Wκ(x)(1− |x|1)|m|

)
.

Then, {Um(x) |m ∈ Nn} are orthonormal over Tn with respect to the weight
function Wκ(x). See Section 2.3.3 of [9] for a proof of this claim.
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(c) Differential operator Λ and polynomial P (x): Let s = (s1, . . . , sn) be n
central formal parameters and set

Λs :=Wκ(x)−1

(
n∑

i=1

si
∂

∂xi

)
Wκ(x),

P (x) :=1 − |x|1.

Let Vm(x) (m ∈ Nn) be the coefficient of sm in Λ|m|
s P |m|(x). Then from the

Rodrigues type formula in (b), we have, for any m ∈ Nn,

Um(x) =
m!
|m|! Vm(x).

Therefore, the classical orthonormal polynomials {Um(x) |m ∈ Nn} over Tn

can be obtained from a single differential operator Λs and a function P (x) via
the sequence {Λm

s Pm |m > 0}.

4.2. The isotropic property of ∆A-nilpotent polynomials. As discussed
in Section 1, the “formal” connection of Λ-nilpotent polynomials with classical
orthogonal polynomials predicts that Λ-nilpotent polynomials should be isotropic
with respect to a certain C-bilinear form of An. In this subsection, we show that,
for differential operators Λ = ∆A (A ∈ SGL(n, C)), this is indeed the case for
any homogeneous Λ-nilpotent polynomials (see Theorem 4.1 and Corollary 4.1).

We fix any n > 1 and let z and D denote the n-tuples (z1, . . . , zn) and
(D1, D2, . . . , Dn), respectively. Let A ∈ SGL(n, C) and define the C-bilinear
map

{·, ·}A : An × An → An(4.10)

(f, g) → f(AD)g(z),

Furthermore, we also define a C-bilinear form

(·, ·)A : An × An → C(4.11)

(f, g) → {f, g}A|z=0,

It is straightforward to check that the C-bilinear form defined above is sym-
metric and its restriction on the subspace of homogeneous polynomials of any
fixed degree is non-singular. Note also that, for any homogeneous polynomials
f, g ∈ An of the same degree, we have {f, g}A = (f, g)A.

The main result of this subsection is the following theorem.

Theorem 4.1. Let A ∈ SGL(n, C) and P (z) ∈ An be a homogeneous ∆A-
nilpotent polynomial of degree d > 3. Let I(P ) be the ideal of An generated
by σA−1(z) := zτA−1z and ∂P

∂zi
(1 6 i 6 n). Then, for any f(z) ∈ I(P ) and

m > 0, we have

{f, ∆m
APm+1}A = f(AD) ∆m

APm+1 = 0.(4.12)
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Note that, by Theorem 6.3 in [25], we know that the theorem does hold when
A = In and ∆A = ∆n.

Proof. Note first that, elements of An satisfying Eq. (4.12) do form an ideal.
Therefore, it will be enough to show σA−1(z) and ∂P

∂zi
(1 6 i 6 n) satisfy Eq. (4.12).

But Eq. (4.12) for σA−1(z) simply follows from the facts that σA−1(Az) = zτAz
and σA−1(AD) = ∆A.

Secondly, by Lemma 2.2, we can write A = UU τ for some U = (uij) ∈
GL(n, C). Then, by Eq. (2.7), we have ΨU (∆n) = ∆A or Ψ−1

U (∆A) = ∆n. Let
P̃ (z) := Φ−1

U (P ) = P (Uz). Then by Lemma 2.3, (a), P̃ is a homogeneous ∆n-
nilpotent polynomial, and by Eq. (2.6), we also have

Φ−1
U (∆m

A Pm+1) = ∆m
n P̃m+1.(4.13)

By Theorem 6.3 in [25], for any 1 6 i 6 n and m > 0, we have

∂P̃

∂zi
(D)

(
∆m

n P̃m+1
)

= 0

Since

∂P̃

∂zi
(z) =

n∑

k=1

uki
∂P

∂zk
(Uz),

we further have
n∑

k=1

uki
∂P

∂zk
(UD)

(
∆m

n P̃m+1
)

= 0.

Since U is invertible, for any 1 6 i 6 n, we have

∂P

∂zi
(UD)

(
∆m

n P̃m+1
)

= 0.(4.14)

Combining the equation above with Eq. (4.13), we get

∂P

∂zi
(UD)Φ−1

U

(
∆m

A Pm+1
)

= 0,

Φ−1
U (ΦU

∂P

∂zi
(UD)Φ−1

U )
(
∆m

A Pm+1
)

= 0,

(ΦU
∂P

∂zi
(UD)Φ−1

U )
(
∆m

A Pm+1
)

= 0.(4.15)

By Lemma 2.1, (b), Eq. (4.15) and the fact that A = UU τ , we get

∂P

∂zi
(UU τD)

(
∆m

A Pm+1
)

=
∂P

∂zi
(AD)

(
∆m

A Pm+1
)

= 0,

which is Eq. (4.12) for ∂P
∂zi

(1 6 i 6 n).
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Corollary 4.1. Let A be as in Theorem 4.1 and P (z) be a homogeneous ∆A-
nilpotent polynomial of degree d > 3. Then, for any m > 1, ∆m

A Pm+1 is isotropic
with respect to the C-bilinear form (·, ·)A, i.e.

(∆m
A Pm+1, ∆m

APm+1)A = 0.(4.16)

In particular, we have (P, P )A = 0.

Proof. By the definition Eq. (4.11) of the C-bilinear form (·, ·)A and Theorem
4.1, it will be enough to show that P and ∆m

A Pm+1 (m > 1) belong to the ideal
generated by the polynomials ∂P

∂zi
(1 6 i 6 n) (here we do not need to consider

the polynomial σA−1(z)). But this statement has been proved in the proof of
Corollary 6.7 in [25]. So we refer the reader to [25] for a proof of the statement
above.

Theorem 4.1 and Corollary 4.1 do not hold for homogeneous HN polynomials
P (z) of degree d = 2. But, by applying similar arguments as in the proof of
Theorem 4.1 above to Proposition 6.8 in [25], one can show that the following
proposition holds.

Proposition 4.1. Let A be as in Theorem 4.1 and P (z) a homogeneous ∆A-
nilpotent polynomial of degree d = 2. Let J(P ) the ideal of C[z] generated by
P (z) and σA−1(z). Then, for any f(z) ∈ J(P ) and m > 0, we have

{f, ∆m
APm+1}A = f(AD) ∆m

APm+1 = 0.(4.17)

In particular, we still have (P, P )A = 0.
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