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ON THE LOJASIEWICZ EXPONENT AT INFINITY OF
POLYNOMIAL MAPPINGS

TADEUSZ KRASINSKI

ABSTRACT. This is a survey article on the Lojasiewicz exponent at infinity of
polynomial mappings. This exponent is a numerical measure of behaviour of
polynomial mappings at infinity. We present properties, formulas and some
applications of the Lojasiewicz exponent at infinity.

1. INTRODUCTION

The origin of the Lojasiewicz inequality (and the Lojasiewicz exponent) lies in
the distribution theory. Precisely in the division problem posed by L. Schwartz
in [34]. In the solution of this problem (in the full generality by Lojasiewicz [24]),
the main difficulty was to explain the structure of real analytic sets (i.e. subsets
of R™ described by systems of real analytic equations). From this description of
analytic sets fundamental Lojasiewicz inequality follows, which is the main fact
used in solution of the division problem.

Theorem 1.1 (The Lojasiewicz Inequality). Let G C R™ be an open set and let
f: G — R be a real analytic function. Then for any a € G there exist v > 0 and
C > 0 such that

\f(z)| = Cp(z, Z)"
for x in a neighbourhood of a, where Z = V(f) is the zero-set of f in G and
p(x, Z) is the distance of x to Z.

A

In many branches of mathematics (real analytic geometry, semi and suban-
alytic geometry, singularity theory, jacobian conjecture, polynomial mappings)
there are many useful variants of this inequality. Their common feature is that it
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is an estimation from below of the norm of an analytic mapping f by the distance
of an argument to the zero-set of f. The best exponent v in such an inequality
is called the Lojasiewicz exponent. One of these variants is the Lojasiewicz in-
equality at infinity for polynomial mappings. In this case |f(z)| is the norm of
a polynomial mapping F' : C" — C™ with finite zero-set Z in C™ and p(z, Z) is
approximately equal to |z| for large z and a neighbourhood under consideration
is a neighbourhood of infinity (i.e. it is the complement of a compact set). So, in
this case the Lojasiewicz inequality looks like

|F(2)| = C|z|” in a neighbourhood of infinity.

The best exponent v in the above inequality i.e. the biggest one is the Lojasiewicz
exponent of F' at infinity. It plays an important role in many problems of poly-
nomial mappings. We present some applications of this exponent.

In Section 2 we give definition of the Lojasiewicz exponent and its elementary
properties. In Section 3 we recall the known main formulas for the Lojasiewicz
exponent in terms of various numerical invariants of polynomial mappings. In
Section 4 we describe applications of the Lojasiewicz exponent to the theory
of polynomial mappings and in particular to the jacobian conjecture. Section 5
presents applications to the theory of bifurcation points (critical values at infinity)
of polynomials. In Section 6 we pose a few problems.

I thank prof. A. Ploski for his remarks and advice during preparing this paper.
2. DEFINITIONS AND ELEMENTARY PROPERTIES

Definition 2.1. Let F' = (Fy,...,F,) : C* — C™ be a polynomial mapping.
The Lojasiewicz exponent of F at infinity is defined as the best exponent v (the
biggest one) for which the following inequality holds

(2.1) [F(2)| = Cz|”

for some constant C' and sufficiently large |z| . We denote this exponent by Lo (F).
Precisely

)= sup {v e % £ > 0t}

= \
C>0 R>0 zeCn, |2|>R
We have L(F) € RU{—o0}.
Remark 1. Analogous definition can be given for a real polynomial mapping
F:R"* —» R™.

Proposition 2.1. L (F) > —oo if and only if the zero-set of F is isolated
(equivalently #F~1(0) < +00).

Proof. The implication ”=-" is obvious, because any non-isolated complex alge-
braic set is unbounded.

The implication "< 7 follows from the Hilbert Nullstellensatz. Indeed, if
the set F~1(0) is isolated (then finite since F~1(0) is an algebraic set) then for
any i € {1,...,n} there exists a polynomial P; € C[z;] in one variable z; such
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that V(F;) D V(F). Hence by the Hilbert Nullstellensatz there exist n; and
polynomials A} in variables z1, ..., z, such that
Pi(z)" = AL (2)F1(2) 4 ... + AL (2) Fu(2).
Hence for sufficiently large |z;|
O lzif™ 485 < |Pi(z0)"] < JALR)] [F1(2)| + - - + AL (2)| [P (2)]

x(deg A%
<O 1" TEY By

for constants C, C’ > 0. Then for sufficiently large |z|
C' . min(n; deg P;)—max(deg A;)
a z 7 1,7

which gives that Lo (F) > —oc0. O

< [F(2)]-

By this property we will assume in the sequel, that #F~1(0) < +oo.

Remark 2. For the Lojasiewicz inequality in general case of non-isolated alge-
braic sets see [18], [19], [20], [12].

Simple examples

Example 2.1. 1. For F(z,y) = (z,2y — 1) : C? — C? we have L (F) = —1.

2. For F(z,y) = (z,y+ 2%) : C* — C? we have L(F) = 1.

More sophisticated examples [6], [7], [41].
Example 2.2. 1. Take p,q € N, 0 < g, 1 < p and define
flz,y) =9+ (x+y)P: C* = C
F(z,y):=grad f = (p(e +y")" " py" " + pay?~ ' (z +y*)P 1) : C* — C%.

Then

Loo(F) = —1+ g.

2. Take p,q € N, 0 < g < p and define
flz,y) =y +y'Ta? 7. C* - C
F(z,y):=grad f = ((p — )y 2P~ 1 + (1 4 ¢)y?2P~ %) : C* — C2
Then
p
Lo(F) =—=.
(F) .

The examples show that any rational number is a Lojasiewicz exponent at
infinity.

In the sequel we will use a generalization of the Lojasiewicz exponent at infinity
on unbounded sets.
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Definition 2.2. Let F' = (Fy, ..., F;,) : C* — C™ be a polynomial mapping and
S C C" be an unbounded set. The Lojasiewicz exponent of F' at infinity on S is
defined as the best exponent v for which the following inequality holds

[F(2)| = Cle|
for some constant C' and sufficiently large z in S. We denote this exponent by

Loo(FS). Precisely

Loo(F|S) := R: 3 4 v F > C'z|”
(F15) Sup{ye C>0 R>0 z€S, |z|2R| (2)] 12 }

Example 2.3. For F(z,y) = (z,zy — 1) : C?> — C? we have L(F) = —1. If
S :={y =0}, then
Loo(F|S) = 0.
Now, we will give the basic, elementary properties of the Lojasiewicz exponent.
Proposition 2.2. L (F) is an invariant of linear (not affine) automorphisms

of C" and C™.

Proof. It follows from the fact that for any linear automorphism
L:Ck—cCFk
there exist constants C,C’ > 0 such that
C'z| <|L(2)| < Cl2], zecCk
O

Proposition 2.3. L (F) is not an invariant of polynomial automorphisms of
the domain C™ and the codomain C™.

Proof. 1. Triangular automorphisms of C" may change L, (F). For example
Loo(z,y) =1and Loo(z,y+z%) =1

2. Translations in C™ may change Lo (F'). For example Lo (z, 2y — 1) = —1
and Lo (z, xy) = —o0. O

Proposition 2.4. L (F) < deg F, where deg F' := max(deg F1, ..., deg F},,).
Proof. It follows from the elementary inequality for polynomial mappings
|F(2)| < Cz|%8"  for |z| > 0.
O
Proposition 2.5. L (F) is attained on a meromorphic curve at infinity i.e.
Loo(F) = Loo(FIT),

where ' is a meromorphic curve at infinity.
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By a meromorphic curve in C"™ we mean a set I' C C” for which there exists a
holomorphic mapping (called a parametrization of T')

Q= (p1,...,om) : {t€C:|t| > R} - C"

such that In® = I' and ® has a pole at oo € C (it means that each ; has at
most a pole at oo and at least one of ¢; has a pole at oo — this implies that
|®(t)| — oo when t — o). If we define deg ® := max(deg ¢1, ..., deg p,,) (deg p;
are well defined because each ¢; Z 0 has an expansion in a Laurent series at co

—00
wi(t) = Z aktk, ar, # 0, ko € Z
k=ko
and then we put deg ¢; := ko), then it is easy to show that

deg(F o ®
Loo(F|T) = 7d(eg<1> )

It may be also written

|F o ®(t)] ~ |®(t)[F= D) g foeFIDdes® g0 4 o0,

Proof of Proposition 2.5. It follows from the standard Curve Selection Lemma at
infinity (see [25] Lemma 2, [9] Prop. 1). It suffices to note that the minimum set
of |F(z)| on all spheres Sp C C" for R > 0 is an semialgebraic and unbounded
set. U

Proposition 2.6. L, (F') is a rational number.

Proof. 1t follows from the above Proposition 2.5 because

deg(F o @)

EOO(F) :EOO(F|F) = deg @ )

where @ is a parametrization of an appropriate meromorphic curve I' at infinity.
O

Proposition 2.7. L (F) is attained i.e. for the number L (F) the Lojasiewicz
inequality holds

IF(2)| = C 2/~ for |2| > 0.

Proof. Tt follows from the Proposition 2.5 because then

|F(2)] ~ |2)*~") on T for |2]>0.
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3. FORMULAS FOR THE LOJASIEWICZ EXPONENT AT INFINITY

In this section we will give some known formulas and estimations of the
Lojasiewicz exponent at infinity.

The most complete results on the Lojasiewicz exponent at infinity are in two-
dimensional case i.e. for n = m = 2 (the case n = 1 is trivial since in this case
Loo(F) = deg F'). So, we will start with this case. For the convenience, we will
denote in this case: F' = (f,g), z = (z,y). Formulas for L., (F') were given in
various terms. The first one was a formula for L, (F') in terms of parametrizations
of the branches of the zero-sets of f and g at infinity.

Theorem 3.1. ([5], Main Theorem) If F' # const., then
Loo(F) = Lo(FIV(f)UV(g))
where V (f) := f~1(0) and V(g) := g~*(0) are zero-sets of f and g.

To reformulate this theorem in terms of parametrizations we notice that V (f)
and V(g) are complex algebraic curves in C? (provided f, g are not constants).
Then in a neighbourhood of infinity in C? they are finite unions of meromorphic
curves (called branches of f and ¢ at infinity) (see [5], Proposition 3.1). If we
denote by ®;, i = 1,...,7 (resp. ¥;, j =1, ..., s) parametrizations of the branches
of f (resp. ¢) at infinity then we may give the equivalent form of the above
theorem.

Theorem 3.2. If F' # const., then

deg(Fo q>z) deg(Fo\IJj)
deg®; ~ degV¥ '

(3.1) Loo(F) = min

Z7J
Example 3.1. Let F(z,y) = (z,2y — 1). Then f(x,y) = x has one branch at
infinity with a parametrization ®1(t) = (0,¢), t € C and g has two branches
at infinity with parametrizations Wy (¢t) = (¢,1/t), |[t| > 1 and Yo(t) = (1/t,¢),
|t| > 1. Then by the formula (3.1) we easily obtain

Loo(F) = —1.

The next formula for L (F') is more effective (since in the above formula (3.1)
it is not easy in general to determine explicitly parametrizations of the branches
at infinity of a polynomial). It is expressed in terms of resultant of suitable
polynomials.

Let us assume, without loss of generality (see Proposition 2.2) that F' = (f, g)
satisfies the following assumptions

0 <degf=deg, f, 0<degg=deg,g.

Let Resy(f(:n, y) -, g(:E, y) - U) = Q(](’LL, ,U):EN e QN(’LL, U)v QO 7£ 0, be the
resultant of f(z,y) —u and g(z,y) — v with respect to y (u,v are new variables).
Then
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Theorem 3.3. ([41], Thm 1.4.5, [6], Thm 3.1, [7], Thm 3.1)

-1
max de8Qi if Qo = const.
1N °

0 if Qo # const., Qo(0,0) # 0

o<igr THLIT Qr+1(0,0) £0

_ [min ord(o.0) Q_i] - i Qo0,0)="...=Q,(0,0)=0,

Let us pass to the n-dimensional case. So far, there are no explicit formulas
for the Lojasiewicz exponent at infinity of F' = (F}, ..., F),) : C* — C™ (besides
in some particular classes of polynomial mappings - for instance, for proper poly-
nomial mappings [30], Cor. 2.6.). However, there are some results. The first one
is a generalization of Theorem 3.1.

Theorem 3.4. ([9], Thm 1) If F' # const., then

Loo(F) = Loo(FIV(F)U...UV(Ep)).

Of course, it is impossible to generalize Theorem 3.2, since the algebraic sets
V(F;) are (n — 1)-dimensional (provided they are not empty) and in general not
parametrizable.

In many cases one needs only estimations (mainly from below) of the Lojasiewicz
exponent at infinity in terms of the other numerical invariants related to F. First
consider the case of equal dimensions i.e. n = m. Since #F~1(0) < 400 by our
general assumption then we may define the geometric degree d(F') of F' by

d(F) = Z #P(F)v

PeF—1(0)
where pp(F') means the multiplicity of F' at P. Then we have

Theorem 3.5. ([4], Thm 1 - for n = m = 2, [30], Thm 1.10 - for proper mappings
and [12], Thm 7.3 - in general).

Loo(F) > d(F) — ] deg F; + min(deg F).
i=1

In the case n # m one may consult [37], where this case is reduced to the
considered above case n = m by composition of F' with a general projection.
Another estimations one may find in [2], [19], [10], [31], [33] and generalizations
to an arbitrary ideal in C[zy, ..., z,] (instead of the mapping F') in [20].
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4. APPLICATIONS OF THE LOJASIEWICZ EXPONENT AT INFINITY TO
POLYNOMIAL AUTOMORPHISMS

In this Section we present applications of the Lojasiewicz exponent at infinity
to polynomial automorphisms and in particular to the Jacobian Conjecture. First
application is based on the following easy observation.

Proposition 4.1. Let F = (F},...,Fy) : C* — C™ be a polynomial mapping.
Then F' is a proper mapping if and only if Loo(F) > 0.

Recall that by definition F' is proper if and only if for any compact set K C C™
the preimage f~!(K) is also compact (it is equivalent to the property that for
any sequence {zj}ren C C" such that |z,| — oo we have |F(z,)| — 00).

Proof. The implication ”= " follows from Proposition 2.5. The implication ” < ”
is obvious by the Lojasiewicz inequality

|F(2)] = C |2/~ for |2| >0

Then the famous

Jacobian Conjecture. If F = (F},..., F,) : C* — C"™ is a polynomial mapping
and Jac F =1 in C", then F is a polynomial automorphism,

can be reduced to a problem on the Lojasiewicz exponent by the following propo-
sition.

Proposition 4.2. If F = (Fy,..., F,) : C" — C" is a polynomial mapping and
Jac F =1 then F is a polynomial automorphism of C™ if and only if Loo(F) > 0.

Proof. The implication "= is obvious because polynomial automorphims are
proper mappings. Conversely, if Lo (F) > 0 then F is proper. Hence F' be-
ing a proper, local biholomorphism is an unbranched covering of C". By the
Monodromy Theorem F' is a homeomorphism, hence biholomorphism. From the
Lojasiewicz inequality

IF(2)| = Clz[*") for 23>0

we obtain
|F_1(w)| < C’|w|1/£°°(F) for w> 0.

Hence F~! is also a polynomial mapping. O

Hence to prove Jacobian Conjecture it is enough to check if F' is proper. In
particular case for n = 2, by Theorem 3.1, it suffices to check properness of

F=(fg)onV(f)uV(g).

Proposition 4.3. If F' = (f,g) and Jac F =1 then F is a polynomial automor-
phism of C? if and only if F|V (f) U V(qg) is proper.
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It is interesting that it suffices to check the last condition only on one of the
sets V(f) or V(g).

Proposition 4.4. ([8]) If F = (f,g) and JacF = 1 then F is a polynomial
automorphism of C? if and only if g|V(f) or f|V(g) is proper (or equivalently
Loo(glV(f)) >0 or Lo(fIV(g)) > 0).

By Proposition 4.2 if F' is a polynomial automorphism of C" then L, (F') > 0.
What positive rational number is it in this case? The answer was given by Ploski
in [30].

Theorem 4.1. If F is a polynomial automorphism of C™ then
1

Loo(F) = Jog T

In particular case n = 2 the above theorem can be considerable strengthen and
inversed

Theorem 4.2. ([30])
1. If F is a polynomial automorphism of C2, then deg F~' = deg F. Hence
1

LoolF) = o

2. An arbitrary (without assumption on the jacobian) polynomial mapping
F :C? — C? is an automorphism of C? if and only if Loo(F) = @.

The Lojasiewicz exponent can also be used for characterization not only poly-
nomial automorphisms but also coordinates of polynomial automorphisms. Let
f : C* — C be a non-constant polynomial. The gradient Vf := (g—zfl, e 597];) :

C™ — C" is a polynomial mapping.

Theorem 4.3. ([6], [7]) A polynomial f : C> — C is a coordinate of a polyno-
mial automorphism of C? (i.e. there exists a polynomial g such that (f,g) is a
polynomial automorphism of C?) if and only if the gradient V f does not vanish
and Loo(Vf) > —1.

Remark 3. The both conditions in the last theorem are effective and can be
checked algorithmically.

5. THE LOJASIEWICZ EXPONENT AT INFINITY OF THE GRADIENT OF A
POLYNOMIAL

Let f : C* — C be a non-constant polynomial and Vf := ( Do Do
C™ — C" its gradient. Of course, the all theorems concerning the Lojasiewicz
exponent at infinity, which were given in the previous sections, may be applied
to Vf. However, in this case it is very important to know the behaviour of V f
at infinity on the fibres f~(\) and near these fibres. Namely, this behaviour
is closely related to the notion of bifurcation points of f. By definition a point
A € C is a bifurcation point of f if there exists no neighbourhood U of A such

of af):
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that f|f~1(U) : f~%(U) — U is a trivial C*°-bundle. It is known that the set
of bifurcation points of f is finite [29], [40], [39], Cor. 1.2.13. It contains critical
values of f i.e. the set {\: J,ccn A = f(2), Vf(2) = 0} and, so called, critical
values of f at infinity, which are defined similarly as bifurcation points except
the condition that f|f~!(U) is a trivial C*°-bundle outside a compact set in C".
Precisely, A € Cis a critical value of f at infinity if there exists no neighbourhood
U of X and a compact set K C C" such that f|(f~Y(U)\K): f~H(U)\K — U is
a trivial C*°-bundle. In the figure A is a critical value of f at infinity.

CTL

f

C

A

We will denote by A(f) the set of critical values of f at infinity. See [13] for
other equivalent definitions of critical values of f at infinity in the case n = 2.

It turns out that the Lojasiewicz exponent at infinity characterizes critical
value of f at infinity (completely in case n = 2). First we define the appropriate
notion of the Lojasiewicz exponent at infinity near a fibre f~1()). Let A € C and
K be a disc of radius § with the centre at A\. Then we define the notion of the
Lojasiewicz exponent at infinity near a fibre f~1(\) by

(51) Looalf) = Jim Lo(V 117 (K9))

Notice that the function (0, +00)3 § —Le (Vf|f~1(Ks)) is decreasing, so the
limit in (5.1) always exists. One can define L x(f) in an equivalent, more
geometric way.

Proposition 5.1. ([11], Thm 5.1 - for n = 2, [35] - in general)
Looa(f) = f Loo(VfIL)

where © is the set of all meromorphic curves approzimating f~1(\) (it means

that
(fI0)(z) — A

Z—0Q0

Then we have the following complete characterization of critical values of f at
infinity in the case n = 2.
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Theorem 5.1. ([41], Thm 1.3.2, [22], Section 3, [11], Cor. 3.5) Let f : C2 — C
be a non-constant polynomial. A point A € C is a critical value of f at infinity if
and only if Loo \(f) < —1 (it is also equivalent to the condition Lo \(f) < 0).

In n-dimensional case we have only

Theorem 5.2. ([27], Thm 1.4) Let f: C" — C be a non-constant polynomial.
1. If X € C is a critical value of f at infinity then Lo x(f) < —1.

2. If Loo A(f) < —1 and additionally f has only isolated singularities at infinity
then X is a critical value of f at infinity.

One can no hope that the condition L (f) < —1 is equivalent for A to be a
critical value of f at infinity. In [28] there were studied polynomials
Frg(®y,2) = @ = 302"y 4 225"y 4 yz g €N

They are coordinates of polynomial automorphisms which implies that they have
no bifurcation points. But we have
n

Loo(Vf) = Loo0(fnq) = 0
Let us pass to formulas and properties of L x(f). As in the above considerations
the complete results are in two-dimensional case.

Assume that a polynomial f : C? — C is of the form
flz,y) =y +a1(x)y" ' + ... +an(z), dega; <i,i=1,...n,n>1.
and consider the following resultant
Resy (f(x,y) = A, fy(,y) —u) = Qo(A, w)a™ + -+ Qu(h ), Qo #0,
of f(z,y)— A and f; (z,y) —u with respect to y where A and u are new variables.

Theorem 5.3. ([11], Thms 4.1, 4.6 and 4.7) For A\g € C

Lg&gv%]_l if  Qo(X0,0)£0 and deg, Qo =0
0 if  Qo(X0,0)#£0 and deg, Qo >0
Loope(f) = »
lamemet] o QNG
—00 if  Qo(Xo,0) =...=Qn (Ao, 0) =0

The formulae for the Lojasiewicz exponent at infinity of Vf on the fibers
f~Y(\) are similar. For any \g € C consider the resultant

Resy (f(z,y) — Ao, fy(2,y) — u) = Ro(u)a™ + -+ Ras(u), Ro# 0.
Then
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Theorem 5.4. ([32], Prop. 2.4)

-1
max de8f if Ry = const.
1M °

0 if Ry # const., Ry(0) #0
Loo(VFIfHN0)) =

—1
. . Ry(0)=..=R,(0)=0,
- [o%% r+1—i] T Ren(0) £ 0

oo if  Ro(0)=...= Ry (0) =0

The formulas given in the above theorems imply the generic properties of the
functions

Co X — Loon(f),
Ca X — Loo(VfIfTEHN).

Theorem 5.5. ([11], Thm 4.9) The above functions are constants (= 0) and
identical for A ¢ A(f). For A € A(f)

1. Loon(f) = Loo(VFIf7E(N)) = —00 if the polynomial f — X\ has a multiple
factors,

2. Looa(f) < Loo(VIIf7EHN)) — 1 otherwise.

Now we give a theorem which relates the Lojasiewicz exponents at infinity near
the fibers Loo A (f) to the global Lojasiewicz exponent Lo (V f) of the gradient of
f at infinity. Namely, they are closely connected if A(f) # 0.

Theorem 5.6. ([41], Thm 1.4.3, [11], Cor. 3.6) If f : C?> — C is a non-constant
polynomial and A(f) # (0 then

In the considered case of the gradient of a polynomial there are known an-
other formulae for Lo, (V f). In [3] the authors express L,,(Vf) in terms of the
Eisenbud-Neumann diagrams of the curves V(f — ), A € C, at infinity. By pass-
ing to projective space P2 one can express the Lojasiewicz exponent at infinity
in some local invariants of the curves . Namely, in [32] and [15] the exponents
Loo(Vf) and Lo A(f) are given in terms of polar invariants of the curves V(f—\)
at the points of the line at infinity in P2, Formulas for £, (V f) under additional
nondegenerate conditions of f at infinity in terms of the Newton diagrams at
infinity one can find in [23], [1], [42].

Remark 4. Many of the above facts have local counterparts i.e. properties of
the local Lojasiewicz exponent Ly(F') for holomorphic mappings with an isolated
critical point at 0. In particular case of the gradient Ly(V f) is a very important
invariant of a singularity f.
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Remark 5. There are also results on the Lojasiewicz exponent at infinity in
real case i.e. for real polynomial mappings F' = (F, ..., F;,) : R™ — R™ (see [14],
[21], [36], [1]).

Remark 6. There are other characterizations of some characteristic points of a
polynomial in terms of the Lojasiewicz exponent at infinity. One may consult
[11], Section 6, [16], [39] for the Malgrange and Fedoryuk points of a polynomial.
See also [26].

Remark 7. Other types of the Lojasiewicz inequality at infinity for polynomial
mappings and for the gradient of a polynomial one may find in [38], [16], [33],
[17].

6. PROBLEMS

Problem 6.1. Find effective formulas for the Lojasiewicz exponent at infinity
Loo(F) for polynomial mappings F in n-dimensional case.

Problem 6.2. Find effective formulas for the Lojasiewicz exponent at infinity
Loo(Vf) of the gradient of a polynomial f in n-dimensional case.

Problem 6.3. Find effective formulas for the Lojasiewicz exponent at infinity of
the gradient Loo(V f) of a polynomial f non-degenerate at infinity in terms of its
Newton polyhedron at infinity.

Problem 6.4. Characterize critical values at infinity of a polynomial f in terms
of the Lojasiewicz exponent in n-dimensional case.

REFERENCES

[1] C. Bivia-Ausina, Lojasiewicz exponents at infinity and injectivity of real polynomial maps,
preprint, 2006

[2] W. D. Brownawell, Bounds for the degree in Nullstellensatz. Ann. of Math. 126(1987),
577-592.

[3] P. Cassou-Nogues and H. H. Vui, Sur le nombre de Lojasiewicz & linfini d’un polynéme,
Ann. Polon. Math. 62 (1995), 23-44.

[4] J. Chadzynski, On proper polynomial mappings, Bull. Polish Acad. Sci. Math. 31 (1983),
115-120.

[5] J. Chadzynski and T. Krasiniski, Ezponent of growth of polynomial mappings of C* into
C2, In: Singularities, Banach Center Publ. 20, 147-160, PWN, Warszawa 1988.

[6] J. Chadzynski and T. Krasiniski, Sur I’ezposant de Lojasiewicz a linfini pour les applica-
tions polynomiales de C* dans C? et les composantes des automorphismes polynomiauz de
C?. C. R. Acad. Sci. Paris, Série T 315 (1992), 1399-1402.

[7] J. Chadzyniski and T. Krasiniski, On the Lojasiewicz exponent at infinity for polynomial
mappings of C% into C% and components of polynomial automorphisms of C2, Ann. Polon.
Math. 57 (1992), 291-302.

[8] J. Chadzynski and T. Krasinski Properness and the jacobian conjecture in C2, Bull. Soc.
Sci Lettres Lodz 42 (22) (1992), 13-19.

[9] J. Chadzynski and T. Krasiniski, A set on which the Lojasiewicz exponent at infinity is
attained, Ann. Polon. Math. 67 (1997), 191-197.

[10] J. Chadzynski and T. Krasitiski, On Kolldr’s type estimations of polynomial mappings,
Univ. Iagel. Acta Math. 37 (1999), 69-74.



202

(11]
(12]
(13]

(14]

(15]
(16]

(17]
(18]

(19]
20]
(21]
(22]
(23]
(24]
[25]
(26]
27]
(28]
(29]
(30]
(31]
(32]
(33]

(34]
(35]

(36]
(37]
(38]

(39]

TADEUSZ KRASINSKI

J. Chadzynski and T. Krasinski, The gradient of a polynomial at infinity, Kodai Math.
J. 26 (2003), 317-339.

E. Cygan, T. Krasinski and P. Tworzewski, Separation of algebraic sets and the Lojasiewicz
ezponent of polynomial mappings, Invent. Math. 135 (1999), 75-87.

A. H. Durfee, Five definitions of critical point at infinity, In: Singularities. The Brieskorn
anniversary volume. Progress in Math. 162 (1998), 345-360.

J. Gwozdziewicz, Growth at infinity of a polynomial with a compact zero set, In: Singu-
larities Symposium-Lojasiewicz 70. Banach Center Publ. 44, 123-128, PWN, Warszawa
1998.

J. Gwozdziewicz and A. Ploski, Lojasiewicz exponent and singularities at infinity of poly-
nomials in two complex variables, Colloq. Math. 103 (2005), 47-60

J. Gwozdziewicz and S. Spodzieja, Lojasiewicz gradient inequality in a neighbourhood of
the fibre, Ann. Polon. Math. 87 (2005), 151-163.

Z. Jelonek, On the Lojasiewicz exponent, Hokkaido Math. J. 35 (2006), 471-485.

J. Ji, J. Kollar and B. Shiffman, A global Lojasiewicz inequality for algebraic varieties,
Trans. Amer. Math. Soc. 329 (1992), 813-818.

J. Kolldr, Sharp effective Nullstellensatz, J. Amer. Math. Soc. 1 (1988), 963-975.

J. Kollér, Effective Nullstellensatz for arbitrary ideals, J. Eur. Math. Soc. 1 (1999) 313-337.
J. Kollar, Effective Lojasiewicz inequality for real polynomials, Period. Math. Hungar. 38
(1999), 213-221.

T. C. Kuo and A. Parusiniski, Newton polygon to an arc, In: Real and Complex Singular-
ities, Eds. J. W. Bruce and F. Tari. 1998, 76-93.

A. Lenarcik, On the Lojasiewicz exponent of the gradient of a polynomial function, Ann.
Polon. Math. 71 (1999), 211-239.

S. Lojasiewicz, Sur le probléme de la division, Rozpr. Matem. 22. 1961.

A. Nemethi and A. Zaharia, Milnor fibration at infinity, Indag. Math. 3 (1992), 323-335.
A. Nemethi and A. Zaharia, On the bifurcation set of a polynomial and Newton boundary,
Publ. RIMS 26 (1990), 681-689.

A. Parusiniski, On the bifurcation set of complex polynomial with isolated singularities at
infinity, Compos. Math. 97 (1995), 369-384.

L. Paunescu and A. Zaharia, On the Lojasiewicz exponent at infinity for polynomial func-
tions, Kodai Math. J. 20 (1997), 269-274.

F. Pham, Vanishing homologies and the n-variables saddlepoint method, Proc. Symposia
Pure Math. 40, Part 2 (1983), 319-333.

A. Ploski, On the growth of proper polynomial mappings, Ann. Polon. Math. 45 (1985),
297-3009.

A. Ploski, An inequality for polynomial mappings, Bull. Polish Acad. Sci. Math. 40 (1992),
265-269.

A. Ploski, Polar quotients and singularities at infinity of polynomials in two complex vari-
ables, Ann. Polon. Math. 78 (2002), 49-58.

A. Ploski and P. Tworzewski, A separation condition for polynomial mappings, Bull. Polish
Acad. Sci. Math. 44 (1996), 327-331.

L. Schwartz, Théorie des distribution. I,II, Hermann, Paris. 1957.

G. Skalski, On the Lojasiewicz exponents near the fibre of a polynomial, Bull. Polish Acad.
Sci. Math. 52 (2004), 231-236.

P. T. So’n, On the effective computation of Lojasiewicz exponents via Newton polyhedra,
Period. Math. Hung. (to appear).

S. Spodzieja, The Lojasiewicz exponent at infinity for overdetermined polynomial map-
pings, Ann. Polon. Math. 78 (2002), 1-10.

S. Spodzieja, Lojasiewicz inequalities at infinity for the gradient of a polynomial, Bull.
Polish Acad. Sci. Math. 50 (2002), 273-281.

M. Tibar, Polynomial and vanishing cycles, Cambridge University Press. 2007.



ON THE LOJASIEWICZ EXPONENT AT INFINITY OF POLYNOMIAL MAPPINGS 203

[40] J. L. Verdier, Stratifications de Whitney et théoréme de Bertini-Sard, Invent. Math. 36
(1976), 295-312.

[41] H. H. Vui, Nombres de Lojasiewicz et singularitiés a infini des polynémes de deux vari-
ables complezes, C. R. Acad. Sci. Paris, Série I 311 (1990), 429-432.

[42] H. H. Vui and P. T. So’n, Newton-Puiseuz approzimation and Lojasiewicz exponent, Kodai
Math. J. 26 (2003), 1-15.

FACULTY OF MATHEMATICS AND COMPUTER SCIENCE
UNIVERSITY OF L6DZ
90-238 LODZ, UL. BANACHA 22, POLAND

FE-mail address: krasinsk@uni.lodz.pl





