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PSEUDO-DIFFERENTIAL OPERATORS RELATED TO
ORTHONORMAL EXPANSIONS OF
GENERALIZED FUNCTIONS AND APPLICATION
TO DUAL SERIES EQUATIONS

NGUYEN VAN NGOC

ABSTRACT. The aim of the present work is to introduce some functional spaces
for investigating pseudo-differential operators involving orthogonal expansions
of generalized functions and their application to dual series equations.

1. INTRODUCTION

The purpose of the present work is to introduce some functional spaces for
investigating pseudo-differential operators of the form

(1.1) Alu](z) = aln)i(n)iu(z), € J,
n=0

where J is a certain interval of real axis R, {1, (z)}7 is an orthonormal sequence
of functions in Lo, @(n) denotes the value of the generalized function u on the
function ¥, () , a(n) is a known function and is called the symbol of the operator
Alu].

Quite a number of problems of mechanics and mathematical physics are re-
duced to the investigation of the operators in the form (1.1) and to resolution of
correlative dual series equations (see [2,4]). Formal techniques for solving such
equations have been developed vigorously, but their solvability so far as we know
has been considered comparatively weakly(see[2,4]).

Our work is constructed as follows. In Sections 2 we recall some definitions and
results from the theory of orthonormal series expansions for generalized functions
[5], in Sections 3 and 4 we construct some functional spaces for the investigation
of the pseudo-differential operator (1.1). These spaces are constructed by a way
analogous to that used for the construction of Sobolev- Slobodeskii spaces based
on the Fourier transform in [1]. We present these results for investigation of dual
series equations in the Section 5.
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2. INTEGRAL TRANSFORM OF GENERALIZED FUNCTIONS

We denote by J a certain interval of the real axis and by A the linear differential
operator of the form

N = 0o(x)D™ 0, () D"™...D" 6, (),

where D = d/dx,nj are positive integer numbers, 0y (x) are infinitely differen-
tiable functions on J and 0 (z) # 0,Vx € J. We also require that

N =0 (@)(=D)n,,---(—D)"201 (x)(—D) "o (),

where 0 (x) denotes the complex-conjugate of the function 6 (z). Besides, one
supposes that there exist a sequence {\,}§° of real numbers, called eigenvalues
of the operator N and a sequence {t¢,(z)} of infinitely differentiable functions
from Lo(J), called eigenfunctions of the operator A/, for which |\,| — oo when
n — 0o(|Ao| < |A1] < |A2] < ...) and

Ny (z) = Mpbn(z), n=0,1,...

Suppose that functions i, (z) generate an orthonormal sequence in Ls(J) with
respect to the scalar product and the norm

(u,0) = /J w(@)o@dz, |[ul = v/{uw).

Besides, we assume also that A\, = 0(n?),q € R,n — oc.

Definition 2.1. Denote by A the space of test functions ¢(x) such that:
1) ¢(z) e C=(J),
2) Vk=0,1,2..;a5(p) = |[NFp|| < oo,
3) (NFp,n) = (0, N¥ey).

The sequence{p, (z)}22, of functions from A is called convergent in A to zero,
if ag(pn) — 0 when n — oo, Vk =0, 1,2, ...

Obviously, A is a linear space and ¢, (x) € A. In [5] it was shown that A is a
complete space and besides, D(J) C A C La(J), where D(J) is the space of basic
functions [5].

Theorem 2.1. It p € A then
p(x) = (9, ¥)¢(2),
n=0

where the series converges in A.

o
Theorem 2.2. The series Z anp(x) converges in A if and only if the series

n=0
oo

E lan|?|An|?F converges for any non-negative integer number k.

n=0
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Definition 2.2. A generalized function is any continuous linear functional on the
space A. We denote by A’ the set of all generalized functions and by < f, ¢ >
the value of the generalized function f € A’ on the test function ¢ € A. The
value of f € A" on p € A we denote by (f, ). Like this, (f,¢) =< f, % > .

In [5] it was shown that the space A’ is complete and Lo(J) € A" € D'(J),
where D'(J) is the conjugate space of D(J). Hence, every function f(z) € Lao(J)
determines a regular functional f by the formula

(2.1) (f.0) = /J f@)p(@dr, pe AC Ly(d).

Theorem 2.3. The series Z bptn () converges in A’ if and only if there exists

n=0
oo

a non-negative integer number q, such that the series Z b An| 729 converges.
An#£0

Theorem 2.4. If f € A’ then f is expanded to the series
(2.2) = dn)on(2),
n=0

where the series is convergent in A’.

Theorem 2.5. If f,g € A" and (f,¢¥n) = (g9,%n),Vn, then f = g in the sense of
A

Remark 1. If f € A" and F,, = (f, %), then there exists an integer number r,
such that F,, = 0(|]\,|"),r € R when n — oc.

Definition 2.3. We consider the orthonormal expansion (2.2) as the inverse for-
mula, defining a certain integral transform of generalized functions, which is given
by the formula

(2:3) f(n) = S[fl(n) := (f.4n) . F €A, n=0,1,2,..
Note that when f € La(J), in virtue of (2.1), formula (2.3) has the form

f(n) = /J (@) on(@)da.

The inverse mapping S~! is given by the formula (2.2) and may be represented
in the form

(2.4) STHFm)(@) = f(n)n() = f.
n=0

Definition 2.4. The generalized differential operator N’ is defined by the fol-
lowing equality

(2.5) N foo)=(f,Ng), feA, pcA
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In the sequel we shall identify N’ with N and understand the generalized dif-
ferential operator AV in the sense (2.5). Thus, the operator N defines a continuous
mapping from A’ into A’. Therefore, for any generalized function f € A’ there
exist derivatives N*f. besides

(2.6) SIVEF] = (N £,0m) = (£ N n) = A2S[f](n).
The formula (2.6) may be used for solving differential equations in the form
(2.7) PNy =,

where P(x) is a certain polynomial with constant coefficients. Indeed, applying
the operator S to the equation (2.7) and using (2.6), we have

(2.8) P(\)a(n) = f(n).
Assume that P(\,) # 0(Vn), from (2.8) it follows that
(2.9) a(n) = If ((Q)
Applying to (2.9) the operator S~! defined by the formula (2.4), one gets
(2.10) u(z) = 57| ]f ((f))} (2) = f: If ((f))%(:c).
n — P(\,

3. THE SPACE H,

Definition 3.1. Let s be a real number. Denote by H, the set of generalized
functions f € A’, such that

o

(3.1) 17112:= Y1+ [n)*[f ()] < o,
n=0
where f(n) = S[f](n). The scalar product in Hy is defined by the formula
(3.2) (f.9)s:= Y (L +[n))**f(n)g(n).
n=0

Consider some examples of the space Hy. If s = 0 then from (3.1) it follows that
{f(n)} ly : Z |ful? < o0, therefore, f(z) = S™Yf(n)](z) € La(J). Let s =m

n=0
be a positive integer number, J = (—m,7) and S the finite Fourier transform ,
then H, turns to the Sobolev space W3 (—m, 7).
Note that, in virtue of Theorems 2.1 and 2.2, we have A C Hy for any s € R.

Hence, for any v € Hg and ¢ € A, in virtue of Cauchy-Schwarz inequality we
have

(3.3) (s ) = 1(us Y @tn(@))] = [rZo@(n)e(n)] < llullsllel]—s-
n=0
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Definition 3.2. Let a be a real number. Denote by o, the class of functions
a(n) satisfying the condition

(3.4) la(n)] < C(1 + |n|)®,Vn =0, 1,2, ..

where C'is a certain positive constant. We shall say that the function a(n) belongs
to the class o if a( ) € 04 and a(n) > 0. Finally, the function a(n) belongs to
the class o if a(n)* € 0.4, respectively.

Theorem 3.1. Assume that a(n) € o4, u € Hy, u(n) = S[u](n). Then the pseudo-
differential operator

o

(3.5) Alul(2) == S a(n)a(n)](x) := Y a(n)i(n)n(z)

n=0

is bounded from Hg into He_q. If a(n) € o_g, where 3 > 1/2, then the operator
A is completely continuous in H.

Proof. In virtue of Remark 1 and (3.4), a(n)u(n) is the slow growth at infinity.
Due to Theorem 2.3 the series (3.5) converges in A’ to certain function v :=
Afu] € A'. We show that v € Hs_,. Indeed, applying the operator S to both
parts (3.5), we have

(3.6) 0(n) = Alu](n) = a(n)u(n).

Multiplying by(1 + |n|)*~® both parts (3.6), taking into account that (1 +
In|)~%la(n)| < C for all n, we have

(3.7) 10][3-a = | Alu]] CZ L+ |nf)**|a(n)|* = C|lull3.

The inequality (3.7) shows that Afu](z) € Hs—. Now we assume that o =
—fB, [ >1/2. Let d;; be the Kronecker symbol. We rewrite (3.6) in the form

o

(3.8) 8(n) = 3 a(i)a(j)5,;.
j=0

Multiply by (1 4 |n|)® both parts (3.8) and denote f, = (1 + |n|)*d(n), g, =
(1+ |nD)sa(n), f = {fu},9 = {gn}. Obviously, f,g € I, and we have
(1 +[n)*
T+ 1)

e}

(3.9) fo = g5a(5)0n;

J=0

Then (3.9) defines a certain linear continuous operator L : f = Lg from l5 into
lo. In virtue of Cauchy- Schwarz inequality, we have

ILgll7, < Z|9J| ZZ‘ "”%HZ:))

7=0 n=0
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o o o o
=> 1g;*) _la(n 2<Z|9g|22 T > 12,
— — — 1+| )
j=0 n=0 7=0 n=0
Thus, we get
o o (o]
1+ |n|)? |2
(3.10) ||L||2gzz‘a(n)5nj% = a(n)* < oo

j=0 n=0 (1 * |‘7|) n=0

Now we prove that the operator L is completely continuous. Indeed, let
{am(j)}, (m=1,2,...) be a complete orthonormal basic in l2(0 < j < 00) :

Oém,ak § OmjOj = Omk-

Then {o,(5)ak(n)},; x=1 isa complete orthonormal basic in l3(]0 < j < 00) %[0 <
n < 00)). Denote

: A (A [n])*

A(n, j) 1= dnja(j) :
T+ 5]

and rewrite (3.9) in the form

In virtue of (3.10), we have A(n, j) € I5(]0
is the orthonormal expansion

J): Z /\mkam(n)ak(])

m,k=1

Jj < 00) %[0 <n < o0)), hence there

For arbitrary element g = {g;} € la, we put

N
= Z AmkQm () ().

m,k=1

o N
j=0 k=1

=z

where
Br = Z i (7)g;
§=0

It is clear that the operator Ly is completely continuous in lo. Since Apn(n,j) is
a partial sum of the Fourier series of functions Ay (n,j), we have

> JA(n, ) = An(n, §)]* = 0, (N — o).
n,j=0
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Therefore, applying the estimation (3.10) to the operator L — L,,, we have
|IL—Ln|| =0, (N — o0).

Thus, L is a completely continuous operator. Like this, there exists the sub-
sequence { f} converging in [y, therefore, there exists a subsequence {t(n’)} =
{S[Au](n')} converging in H, := S[H,], this means that one has found a sequence
{vp} = {AJu](n’)} converging in H,. The proof of Theorem 3.1 is complete. [

Theorem 3.2. Let H} be the conjugate space of the space Hs. Then H} is iso-
morphic to the space H_gz. Besides, the value of a functional f € H_s; on an
element u € Hy is given by the formula

(3.11) (u, flo=">_i(n)f(n),

n=0

where f(n) = S[f](n) = (f,¢n), i(n) = S[u](n) = (u,vn).

Proof. According to Riesz theorem on the general form of linear continuous func-
tional in Hilbert spaces any functional ¢(u),u € Hy is given by an element v € H

and its norm ||¢|| = sup |¢(u)| equals ||v]|s.
[Jul|s=1
Denote
(3.12) fn) =1+ n)*d(n), f=5""[f].
Then f € H, [[f[l-s = [|v]ls and (u, v)s = (u, f), where
(3.13) (w.f) =Y a(n)f(n).
n=0

Like this, (3.12) establishes an isomorphism between H and H_g, besides, the
value of the functional f € H, on the element u € H; is given by the formula
(3.13).The proof of Theorem 3.2 is complete. O

In virtue of Theorem 3.2, we put H; ~ H_;.

4. THE SPACES HZ(Q2) AND H,(Q)

Let © be a certain subset of J. Let us introduce the following definitions.

Definition 4.1. Denote by H]({2) the space defined as the closure of the set
C°(92) of infinitely differentiable functions with a compact support in 2 with
respect to the norm (3.1). The norm in H(Q) is defined by the same (3.1).

Thus, H2(?) is a subspace of Hg.

Definition 4.2. The space H4(2) is defined as the set of generalized functions
f from D'(Q2) having extensions [f € H,. The norm in Hy(Q2) is defined by the
formula

(4.1) IRAP7RGS) ::Z.'r?lesta
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where the infimum is taken over all possible extensions [ f € Hj.

Lemma 4.1. Assume that u € H2(Q),v € H° (), QUQ = J. Then (u,v) =0,
where (u,v) denotes the value of the generalized function w on the elment T.
Contrarily, if v € H_g and (u,v) =0 for allu € HJ(Y), then v € H2 ().

Proof. Assume that v € HZ(Q),v € H® (). According to the definition of the
support of generalized functions we have (u,p) = 0, Vo € C5°(€'). Since the
set C3°(€Y) is dense in H® (€), therefore from the inequality (3.3) it follows
that (u,v) = 0 for all u € H2(Q),v € H° (Q). Now assume that v € H_g
and (u,v) = 0, Yu € HJ(). Then, in particular, (v, p) = (¢,v) = 0 for any
¢ € C§°(9), this means suppv C V', that is v € H° (Q). The proof of Lemma
4.1 is complete. O

Theorem 4.2. Letu € HJ(Q), f € H_4(Q) and If be an extension of the func-
tion f from Q to J belonging to H_4(2), then the series

(4.2) [u, f] == (u,1f) = ZS S[f](n)

does not depend on the choice of the extension lf. Therefore, this series defines
a linear continuous functional on HZ(S2). Conversely, for every linear continuous
functional ¢p(u) on HZ(Q) there exists an element f € H_4(Q) such that ®(u) =

[u, f] and |[6]| = | fl] .-

Proof. Obviously the series (4.2) is convergent. Let I’f be another extension of
the function f. Then we have [f —I'f = 0 on Q. Due to Lemma 4.1 we have
(u,lf =U'f) = 0,Yu € H2(Q) and Vf € H_4(2). From (4.2) it follows that
[(u, Lf)] < ||ul|s||lf]|=s. Since (u,lf) does not depend on the choice of [ f then

(4.3) [(u, Lf)| < llullsiﬁflllfll—s = [ulls1f 1)

Thus, every element f € H_,(Q) gives a continuous functional on HZ(2) by
the formula (4.2). Let ®(u) be a linear continuous functional on H?(Q2). The
space HZ(Q) C Hy is a Hilbert space with respect to the scalar product (3.2).
Therefore, due to Riesz Theorem there exists a function v € HZ(2), such that
¢(u) = (u,v)s. We put fo(n) = (1+ [n))*d(n), fo = S~'[f(n)]. Then fy €
H_s, pfo=f € H_s4(Q2), where p denotes the restriction operator to Q. We
have ¢(u) = (u,v)s = (u, fo) and [[¢]| = [[v][s = |[foll-s = [[f|lr_,()- On the
other hand, in virtue of (4.3) we have ||¢|| = sup |¢(u)| < ||f||H_, (). Like this,
|ulls=1

o[l = [|fIl _,()- The proof of Theorem 4.2 is complete . O

Let H*(€2) be the conjugate space of the space HS(2). In virtue of Theorem
4.2 we put HJ*(Q) ~ H_4(Q).

Theorem 4.3. Assume that b(n) € o2s_3(3 > 1/2),u € HJ(Q) and p is the
resriction operator to . Consider the following pseudo-differential operator

Blu] = pS~![b(n)a(n))(z), a(n) = S[ul(n).
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Then the operator B from HZ(Q2) to H_4(2) is completely continuous.

Proof. Tt is not difficult to show that the operator B is continuous operator from
HZ(Q) into H_415(€2). We put
(4.4) Alu] = S7 b(n)a(n)](x), f=pJ_sAlu], Lf = plf,

where J_; denotes the embedding operator to H_g, [ and p are the extension and
restriction operators respectively. We have L[f] = Blu], besides, the operator
L is bounded from H_,4(Q) into H_443(f2). Let lpL[f] be a certain continuous
extension of L[f] (in view of Hahn-Banach Theorem). Denote by Ag the pseudo-
differential operator of the form (1.1) with the symbol (1 + |n|)”. We have

L[f] = pA_sAsloL[f].
According to Theorem 3.1 the operator A_g( > 1/2) is completely continuous in
H_4(J), AgloL and p are continuous operators, then L is completely continuous
in H_4(€2). The proof of Theorem 4.3 is complete. O

5. DUAL SERIES EQUATIONS

5.1. Preparation. Let J; and Jo be certain subsets of .J, such that Jy U Jy = J.
In this section we shall consider the following dual series equation:

(5.1) piS~ a(n)i(n)] = fi(x), =€ i,

(5.2) p2S7 a(n)](x) = falz), € Ja,

where 4(n) is a function to be found, the function a(n) is given and is called the
symbol of the dual equation (5.1)-(5.2), fi(z) € D'(J1) and fo(z) € D'(J2) are
given distributions on .J; and Js respectively, finally, p1 and py are restriction
operators to J; and Jo respectively.

We shall investigate the dual equation (5.1)-(5.2) under the following assump-
tions

(5.3) a(n) € 054, fi(x) € Ho(N1), fa(x) € Ha(J2)
and we shall find the function @ in the form 4 = Sfu|, where u € H,.

Theorem 5.1 (Uniqueness). Under the assumptions (5.3) the dual equation (5.1)—
(5.2) has at most one solution u = S~'[a] € H,.

Proof. To prove the theorem it suffices to show that the homogeneous dual equa-
tion

piSa(n)u(n)] =0 =€ J,

p2S7 a(n)](z) = u(z) =0, z€Jy

has only the trivial solution.
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Since u € H(J1) the last dual equation may be rewritten as

(5.4) (Au)(z) =0, x € Jy,
where
(5.5) (Au)(z) := p1S7a(n)a(n)|(z), =€ Ji.

Since Au € H_,(J1) ~ HS*(J1)(see Theorem 4.2) we obtain from (4.2)
(5.6) [u, Au] = Zs STl Au](n),
where [1 Au is an arbitrary extension of Au from J; onto J : [{Au € H_,. Since

the series on the right-hand side of (5.6) does not depend upon the choice of 1 Au
(see Theorem 4.2) we can take

LA = Lp1 S a(n)a(n)](z) = S a(n)a(n)](x).

[u, Au] = ia =0
0

Then we have

if the function u( ) = S71[a(n)](x) satisfies the equation (5.4). From this it
follows that u = @ = 0 since a(n) > 0(a(n) # 0). The proof of Theorem 5.1 is
complete. O
Lemma 5.2. The dual equation (5.1)-(5.2) is equivalent to the following equation
(5.7) S~ [a(n)i(n)](x) = fi(z) = pr1S~ a(m)2fa(n) ().

where v = S™1[0] € H2(J1) satisfies the condition

(5.8) v+lofo=u€ H,

(lafs € H,, being an arbitrary extension of the function fo from Jo onto J).

Proof. Assume that u € H,, satisfies the dual equation (5.1)-(5.2) and Iy fo € H,,
is an arbitrary extension of the function fo € H,(J2). Taking v = u — Iy fo we get
v € HS(Jp). Putting (5.8) into (5.1) we have (5.7). The right-hand side of (5.7)
belongs to H_,(J1) in view of Theorem 3.1 and Theorem 3.2.

Conversely, assume that v € HS(Jp) satisfies the equation (5.7). Then obvi-
ously, the function u defined by (5.8) belongs to H,. We shall prove that this
function satisfies the dual equation (5.1)-(5.2) in the sense of distributions. In-
deed, in transfering the second member in the right-hand side of (5.7) to the
left-hand side and using (5.8) we obtain the equality (5.1). Finally, the equality

(5.2) follows from (5.8). The proof of Lemma 5.2 is complete. O
Denote
(5.9) h(z) = fi(x) — pr1S~a(n)lafo(n)](x).

Using (5.5) we can rewrite (5.7) in the form
(5.10) (Av)(z) = h(x), =z € Ji.



PSEUDO-DIFFERENTIAL OPERATORS 11

Our purpose now is to establish the existence of solution of the equation (5.10)
in the space HS(J1). We shall consider the following cases.

5.2. The case a(n) = a™(n) € o4,. It is clear that in this case the norm and
the scalar product in H, defined by (3.1) and (3.2) respectively are equivalent to
the following

(5.11) [o][2+ = Za

~—

(5.12) (v, W)+ = Y _at (n)i(n)i(n
n=0

We shall also write A1 instead of Awv.

Theorem 5.3. (Eristence). If h € H_,(J1),a(n) = a*(n) € o, then the equa-
tion (5.10) has a unique solution v € H(J1).

Proof. By an argument similar to that used in the proof of the Theorem 4.2 we
can show that

[w, ATv] at(n)w(n)o(n) = (w,v) .+

for arbitrary functions v and w belonglng to H2(J1), where [w, ATv] is defined
by the formula (4.2). Therefore, if v € HS(J;) satisfies the equation (5.10) then
the following equality holds

(513) (wvv)cﬁ = [wv h]v Vw € Hz(*]l)'
We shall demonstrate that if (5.13) holds for any w € Hg(J1) then the function

v will satisfy the equation (5.10) in the sense of D’(J1). In fact, noting that (5.13)
holds for w = ¢ € C§°(J1) we get from (2.4) and (4.2):

ZS S[hih](n) = (Lh, 9),

+ = ZSM (n)S[S~ a* (n)o(n)] = (S~Ha*(n)o(n)], ¢)-
0

Hence we have
(S~ Ha* (n)o(n)], ) = (ih, ), Ve € C5°(Nh),

p1S7Ha T (n)o(n)](z) = pilikh(z) = h(z), z € Jp.

We now return to the relation (5.13). Since [w, h] is a linear continuous func-
tional on the Hilbert space HZ(J1), then by virtue of Riesz theorem there exists
a unique element vy € H2(J1) such that

[w, h] = (w,v0)q+, Yw € Hy(J1)
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and moreover
(5.14) l[volla+ < ClIRllE_0(1)

where C' is a positive constant. The proof of Theorem 5.3 is complete. O

Remark 2. It is easily seen that the inverse operator (A7)~! is bounded from
H_,(J1) onto HS(J1). This follows from Theorem 5.3 and the inequality (5.14).

Remark 3. The solution u of the dual series equation (5.1)-(5.2) expressed in
terms of the solution v of the equation (5.7) by the formula (5.8) does not depend
on the choice of the extension [y fy. This fact follows from the uniqueness of
solution of the dual equation (5.1)-(5.2). Hence, we can choose the extension [ fo
such that

ll2f2lla < Collfall o ()

where C, is a certain positive constant.

In this case, from (5.8), (5.9) and (5.14) it is easy to obtain the following
estimate

(5.15) ulla < CULANa- o) + 1ol o)

where C' = constant > 0. Therefore, the solution of the dual equation (5.1)-(5.2)
depends continuously upon the functions given on the right-hand side.

5.3. The case a(n) € 09,. Assume in addition that there is a function a™(n) €
o4, such that

(5.16) b(n) :=a(n) —a™(n) € o2a—p5, B>1/2.

We now represent the operator A defined by (5.5) in the form A = AT + B,
where

(5.17) Atv :=p S aT(n)d], Bv:=pS~ b(n)d].

Theorem 5.4. (Existence). Under the condition (5.16) for every f1 € H_,(J1)
and fo € H,(J2) the dual series equation (5.1)-(5.2) has a unique solution u €
H,.

Proof. According to Lemma 5.2 the dual series equation (5.1)-(5.2) is equivalent
to the equation (5.5). In virtue of Remark 2 the operator (A™)~! is bounded from
H_,(J1) into HS(J1) and in virtue of Theorem 4.3 the operator B is completely
continuous from HZ(Jp) into H_,(J1). Therefore, the operator A = AT + B
is a Fredholm operator and from the uniqueness of solution it follows that the
dual series equation (5.1)-(5.2) has a unique solution u € H,. The proof is
complete. O

Example 1. Consider the following problem [5]. Find a function v(x, y) satisfy-
ing the Laplace equation

Uz +0yy =0, O0<z<m, 0<y<oo

with boundary conditions:
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i) If © — 40, or + — 7 — 0, then v(z,y) uniformly converges to zero on
Y <y<oo,VY >0.

ii) If y — oo, then v(x,y) uniformly converges to zero on 0 < x < 7.

iii) If y — 40, then v(z,y) — f(z) € D'(0,a) on 0 < z < a and vy(z,y) —
g(z) e D'(a,m)ona<x <.
It is not difficult to show that the function v(z,y) has the form

2 ﬂ(n) n
I - N Y o3
v(:n,y) =4/ ng T e sinnx,

where 4(n)(n = 1,2, ....) are determined by the following dual series equation

(5.18) 2 i in) sinnz = f(z), 0<z<a,
T n
2 ¢
(5.19) - ;::lu(n) sinnz = —g(z), a<z<m.
We put

u(z) := S Ha(n)](z) = \/g a(n)sinnz, 0<z<m,

n=

[y

According to Theorem 5.3 we have that the dual series equation (5.18)-(5.19)
have a unique solution u(x) € H_y/9 = H_1/5(0, 7). For simplicity, assume that
g(z) = 0 and the function u(z) is represented in the form

w(z)

~/a2—:132’

a 2
/ Md$< 0.
0

a2 — 2

u(x) =

0<zx<a,

where

Then one can show that the function u(z) is a solution of the following integral
equation

1 a
2 E
(5.20) wA n

The integral equation (5.20) can be resolved by the method of orthogonal
polynomials [3].

sin(x + t)
sin(z — t)

‘Mﬂﬁ:f@% 0<z<a.
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