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SHARP WEIGHTED INEQUALITY FOR MULTILINEAR
COMMUTATOR OF THE LITTLEWOOD-PALEY OPERATOR

ZHANG MINGJUN AND LIU LANZHE

ABSTRACT. In this paper, we prove the sharp inequality for multilinear com-
mutator related to Littlewood-Paley operator. By using the sharp inequality,
we obtain the weighted LP-norm inequality for the multilinear commutator.

1. INTRODUCTION

As the development of singular integral operators, their commutators have
been well studied (see [1-4]). Let T' be the Calderén-Zygmand singular integral
operator, a classical result of Coifman, Rocherberg and Weiss (see [3]) states
that commutator [b,T](f) = T(bf) — bT(f) (where b € BMO(R")) is bounded
on LP(R™)) for 1 < p < oco. In [6-8], the sharp estimates for some multilinear com-
mutators of the Calderén-Zygmund singular integral operators are obtained. The
main purpose of this paper is to prove the sharp inequality for multilinear com-
mutator related to the Littlewood-Paley operator. By using the sharp inequality,
we obtain the weighted LP-norm inequality for the multilinear commutator.

2. MULTILINEAR COMMUTATOR

First let us introduce some notations (see [4], [8], [9]). In this paper, @ will
denote a cube of R™ with sides parallel to the axes, and for a cube Q let

1
fo= 15 /Q f(@)dz

and the sharp function of f is defined by

—SUP P10l /If - foldy.

It is well-known that (see [4])

f#( ) = sup inf ‘Q‘ /|f — C|dy.
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We say that b belongs to BMO(R™) if b# belongs to L°(R") and define
bl Baro = [[b]| o
It has been known that (see [9])
b= bargllBaro < CKl[b][Baro-

Let M be the Hardy-Littlewood maximal operator, that is
-1
M) = sup Q] [ 1)y
BAS
Q

We write that M,(f) = (M(|f[P))"/? for 0 < p < co. For b; € BMO(j =
1,--+,m), set
18|80 = [ ] 105l Baro-
j=1

Given a positive integer m and 1 < j < m, we denote by C]" the family of
all finite subsets 0 = {o(1),- - -,0(j)} of {1,---,m} of j different elements. For
o eﬁC]’-”, set 0¢ = {1,--,m}\o. For b= (b, +,bp) and o = {o(1),,0(j)} € CJ",
set bg = (ba(l), Ty ba(j)), bg = ba(l) te bg(j) and

6o || Brr0 = |1bey 1 BMO - -+ [|bos) | BMO-
We denote the Muckenhoupt weights by A; (see [4]), that is
Ay ={w: M(w)(z) < Cw(zx),a.e.}.

In this paper, we will study some multilinear commutators defined as follows.

Definition 1. Suppose b; (j = 1,--- ,m) are the fixed locally integral functions
on R". Let ¢ > 0 and v be a fixed function which satisfies the following properties:

(1) [ ¥(z)dz =0,
Rn

(2) (@) < OO+ |af)~ D,
B) v +y) - @) < Clylf (1 + [2) =0 ) when 2y| < [a];

The Littlewood-Paley multilinear commutator is defined by
1/2

/|F” th

FiH@) = [ |10 = bt | date = sy

Rn J=1
and ¢ (z) =t "(z/t) for t > 0. Set

7) = / el — ) f (v)dy
Rn

where
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We also define
1/2

/’Ft ‘th :

which is the Littlewood-Paley ¢ functlon (see [10]).
Let H be the space H = {h : ||h|| = f \h(t)|2dt/t)*/?}. Then, for each fixed

r € R", Ft’;(f)(x) may be viewed as a mapping from [0, +00) to H, and it is clear
that

9o (F)(@) = || (f) ()]

and
g (N(@) = [[F(f)(@)]]-

Note that when by = -+ = by, gz is just the m order commutator (see [1], [5]).
It is well known that commutators are of great interest in harmonic analysis and
have been widely studied by many authors (see [1-3] [5-8]). Our main purpose is
to establish the sharp inequality for the multilinear commutator.

3. MAIN RESULTS

We state our main results as follows.

Theorem 1. Let bj € BMO for j =1,--- ,m. Then for any 1 < r < oo, there
ezists a constant C' > 0 such that for any f € C§°(R") and any x € R",

—

(L () () < Cllbllsao | Mo(H)@) + 3 S Mgl (1))

j=loeCy

Theorem 2. Let b; € BMO for j = 1,--- ,m. Then gg is bounded on LP(w)
forwe Ay and 1 < p < o0.

To prove these theorems, we need the following lemma.

Lemma 3 (see [10]). Let w € A; and 1 < p < co. Then g, is bounded on
LP(w).

Proof of Theorem 1. It suffices to prove that for f € C§°(R™) and some constant
Cy, the following inequality holds:

Gl / (@)~ Coldz < C [ [bllmaoM (@) + Y Y Ml (7)(x)

Fix a cube @ = Q(z¢,d) and T € Q.
Case m = 1. Write, for fi = fx2q and fa2 = fx20,

FP(f) (@) = (01(2)=(01)20) Fo () (@) = Fo (b1 = (b1)2) 1) (2) = Fo (b1 (b1)20) f2) ().
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Then
(@) = 9 (((br)2g — 1) f2) (@0)

B “’Fbl 2)|| = | Fe(((b1)2 — b1) fo )(950)”
HF’“ )(@) — Fr(((b1)2g — b1) f2) (o H
< H — (b1)2)Fi(f H + HFt ((b1 = (b1)2) f1)( )H

+HFt (b1~ (b1)2) () — Fil(br — (b)ag) o) o)
= A(z) + B(z) + C(a).

For A(z), by the Holder inequality with exponent 1/r 4+ 1/r' =1, we get

L x)dr = [b1(2) = (b1)2l1gy () (x)|dx
[e] Q/ |Q|/

1/r
= (2@2/61 ~ (br)aol” dx) (!Q/g’” d””)

< Cll|lBmo M (gy(f))(Z).

For B(x), choose p such that 1 < p < r. By the boundedness of g, on LP(R")
and the Holder inequality, we obtain

1 B (b1)
‘Q‘ Q/ ( |Q‘/gw 12Qf1 )
. 1/p
< (Q /[Qw((bl - (51)2Q)fX2Q)($)]pd$)
in

1/p
c(ﬁ2| / by () — <b1>2Qf1<x>>pdx)
1/r (r—p)/rp
L de L _ "2/ (r=) gy
C(|Q|2£f( >d) (Q2£bl (b1)20] d)

< ClbillBmo M, (f)(Z).

IN

For C(x), by the Minkowski inequality, we obtain
Clx) = [IF((br = (b1)2g) f2) (@) — Fi((b1 — (b1)2) f2) (o)
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— |:/(/ b1(y) — (b1)20f W[t (z — y) — e(0 — )dy) cit]

1/2

0 \(2Q)e
1/2
= /!bl( (b1)20!1f () (/ [V (2 — y) — Yz — v)| dt) dy
(2Q)¢
. 1/2
|z — |% - tdt
< (C b — (b d
< ¢ [ ) - Guollfw) (/ e | W
(2Q)¢ 0
T x|¢
< ¢ [ Int) - 0zallf >\%dy
(2Q)¢
> €T x|€
<oy b1(y) — (b1)g ] >r%dy
ki

IN

022_k6|2k+1Q|_1 / b1 (y) — (b1)20]|f (y)|dy
k=1

2k+1Q

1/r
CZ 2% <2k+1Q /’f wa) X

2k+1Q

(r—p)/rp
1

2k+1Q

IN

IN

O3 k27 b mas0 Mo () (@)
k=1

Cllb1l|Bro M (f)(Z).

IN

Thus

‘%‘ / C(x)dzx < C|lbil | o My () (&).
Q

Case m > 2. We have known that, for b = (b1, -, by,),
F(f)(z) = / [H(bj(x) - bj(y))] Vi@ —y)f(y)dy
B

— /(bl(ac) — (b1)2g) — (b1(y)

Rn
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= (01)2@) -+ (b (@) = (bm)2@) = (bm(y) = (bm)2Q)e(z — y) f (y)dy

m

=3 S ()™ (ba) — (B)a0)s / (b(y) — (B)20)etelz — v)f (y)dy

j= OUGC]m Bn
= (b1(2) = (b1)2q) - - - (b (@) — (bm)2g) Fr(f) ()
+ (=" F (b1 = (b1)2q) - - - (b — (bm)2@) ) ()

= (b1(x) — (b1)2Q) < (b () = (bm)2@) F2(f)(2)
+ (=)™ Fi((b1 — (b1)2q) - - - (b — (bin)2@) f) ()

Thus,

195 (@) = 90 (((B1)2g — b1) -+~ (bm)ag — b)) fo) (o)

= (I - 10 ~ b m>zQ—bm>f2><wo>H1
< ||fF = Fl((br)aq = b1) -+ ((bm)ag = bm) f2) (w0) H
= H(bl(x)—(bl)w)“'(bm(x m)20) Fe(f H

S Ha;(x)_<bm>2Q>gFfﬂ<f><x>H

j=1 oeCm

+ B = G120) - (b~ Gmdag) ) @)
+ HFt((bl — (b1)209) - -+ (bm — (bm)29) f2)(x)

= Ful(b = (51)20) -+ (b — (bm)2q) f2) (x|
= L(x)dx + Ir(z) + I3(x) 4+ I4(z).

For I (x), by the Hélder inequality with exponent 1/py +---+1/py,+1/r =1,
where 1 <p; <oo, j=1,---,m, we get

B / I« d:c<|Q| / 1b1(2) — (b1)2g] -+~ bm(@) — (bm)20 |96 (/) (@) dz
Q
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1/p1
|Q| /‘bl bl 2QP1) X e X
1/pm 1/r
1 1
— | |bm () = (bm)20|P™ dx — x)|"dx
x ‘Q‘Q/‘ (#) = (bm)acl ) <| |/\gw(f)( ) )

C1bl1 Baro My (g (1)) (&).

IN

IN

For I(x), by the Minkowski and Holder inequalities, we get

%‘ Iy(x)de = !@\/Z PIRIC Q)a Y (£)(@)]|da

Q Q 7 1060’"
m—1 1
< z ?@Q/Kb(w) (0)20)o 15" () (@) da
1/7! 1/r

m—1 1 . 1 l_);, ;

<cY 3% <2Q / bx) — (B)20)s] dx) (Q / g5 (1)(@) dx)
J 2Q

m—1
<C bo || BAro M (9,7 (f))(@)

j=1 oceC™

For I3(z), choose 1 < p <r, 1 < ¢; < oo, j =1,---,m such that 1/q; +

--+1/qm +p/r = 1. By the boundedness of g, (f)(z) on LP(R"™) and the Holder
inequality, we get

1

W /13 o = / [F4((b1 = (81)20) - -+ (b — (bm)2) 1) (@)]|dac

1/p
< (Q /\gw — (b1)2q) -+~ (bm — (bm)QQ)fX2Q)(x)pdx)

1/p
C \Q| /|b1 = (b1)2qP -+ - |bm — (bm)2prX2de$>

1/pq
1 r !
w2£|f($)| dx ) (ZQ /|b1 — (b1)20]"? d$) X e X

IN

IN
Q
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1/pgm
pPgm
(2@ | onte) () dm)

< CO|bllBmo M, (f1)(%).

For I4(z), choose 1 < pj < 00, j =1,--- ,msuch that 1/p1+---+1/pp,+1/r =
1. We obtain, by the Hélder inequality,

14(2) = || Fi (b1 = (b1)2q) -+ (bm = (bm)20) o) @)

= Fil(br = (51)20) -+ (b — (bm)2) f2) (w0 |

1/2

2
dt
t

. 1/2
i x — xol%
<C / ‘ H(b](y) - (bj)ZQ)“f(y)’ (/ (t + "xo _ 2)27(fgil+s)) dy
0

Qe 7!
b () — (b |

< 0(2 Q/) | \jHla»J(y) )| |£0) Ty
<Ccy / & = wolflao — yI=+9)| TT(Bs(w) — (8)20)|112(0)ldy

F=lok 10 900 j=1
<oy ol [0 - Gz fawiay

k=1 ki1 =1

1/r
<CZ2_kE (2k+1@ / |f(z de) X
2k+1Q

1/p1
(2k+1@ / b1 () — (b1) 2Qp1d$) X oo X

2k+1Q
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l/pm

2k+1Q’ ‘bm(x) = (bm)2q|"" dx
2k+1Q

g(?}jkakaIHbHBMOAI()()

< CHbHBMoMr(f)(i)-
Thus

ﬁ/h(x)dm = C"g"BMoMr(f)(i')‘
Q

This completes the proof of the theorem.

189

O

Proof of Theorem 2. We choose 1 < r < p as in Theorem 1. Using Lemma 3, we

similarly get the conclusion.
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