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SOME STRONG COMPARISON PRINCIPLES AND
CONVERGENCE THEOREMS IN THE CAPACITY AND THE
DIRICHLET PROBLEM IN THE CLASS F,(h)

LE MAU HAI AND TANG VAN LONG

ABSTRACT. The aim of this paper is to establish the strong comparison prin-
ciple of Xing type ([Xil], [Xi2]) for the classes &£, and F,. As an application
of the obtained results, we investigate the convergence in the capacity of the
complex Monge-Ampere operator for the class F;, as well as solve the Dirichlet
problem in the class Fp(h).

1. INTRODUCTION

After constructing the complex Monge-Ampeére operator on the class of lo-
cally bounded plurisubharmonic functions Bedford and Taylor have proved the
comparison principle for the class of bounded plurisubharmonic functions on a
bounded domain €2 in@C" (see Theorem 4.1 in [Bed-Ta2]). Recently, after intro-
ducing and investigating many essential results for the classes &, and F,, Cegrell
(see [Ce2]) established this principle for the class F,,. However, in 1996 and 2000
Xing proved a stronger inequality than the comparison principle first for the class
of bounded psh functions and next for psh functions in the class B (see [Xil], [Xi
2]). In this paper we first prove the inequality of Xing type for the classes &,
and F,. Next, we apply the obtained results to investigate the weak convergence
in the capacity for the complex Monge-Ampere operator on the class F, and to
solve the Dirichlet problem in the class F,(h).

2. SOME NOTIONS

In this section we recall some definitions and results concerning the classes &,
and F, introduced and investigated by Cegrell (see [Ce2], [Ce3]).

2.1. Let Q be a hyperconvex domain inC". By & = &)(£2) we denote the class
of negative and bounded psh functions ¢ on 2 such that lirré o(z) =0 V¢ € 00
z—

and [(ddp)" < co.
Q

For each p > 1, by &, = £,(Q2) we denote the class of psh functions ¢ on 2
such that there exists a sequence {p;} C & with ¢; | ¢, j — oo, and

sup [ (~,)P ;)" < oc.
’ Q
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If also ¢; can be choosen so that sup [(dd“p;)"™ < oo then we say that ¢ € F, =
i Q

J
Fp(€).
In [Ce2] Cegrell showed that & C F, C &, and F, C F,, if ¢ > p.

2.2. By Theorem 3.5 in [Ce2] it follows that the operator (dd®)™ is well-defined
on the class £,. Moreover, Theorem 3.7 in [Ce2] says that if {u;} C &, and u; T
u, j — 00, then u € &, and (dd“u;)" converges weakly to (dd“w)". Another result
of Pesson showed that if {u;}, u are in &, and u; | u then (dd®u;)" — (dd°u)"
weakly (see Corollary 3.8 in [Per]).

2.3. Next we deal with the comparison principle for the class F,. As in [Ce2]
Cegrell proved that if u,v € F, and u < v on (2 then

/ (dd°u)™ > / (dd°v)".

Q Q

Moreover, Lemma 4.4 in [Ce2] claims that if u,v € F, then

/ (dd°v)" < / (dd°u)".
{u<v} {u<v}

From the above results it follows that the comparison principle is valid for the
Fp. Namely, if u,v € F, and (ddu)" < (ddv)™ then u > v on Q (see Theorem
4.5 [Ce2]).

2.4. Now we recall the notions about the convergence in C),- capacity and the
uniform absolute continuity in C,- capacity and the uniform absolute continuity
of a sequence of measures with respect to C,, in a domain € inQ".

Let C), be the inner capacity given by Bedford-Taylor in [Be-Ta2], as defined
by

Cn(E) = CL(E,Q) =sup /(ddcu)" cu€ PSH(2),0<u<1
E

for any Borel subset E of 2. A sequence of functions {u;} is said to converge to
a function u in C),- capacity on a set E C  if for each 6 > 0 we have

jlirglo Cn({z € E : |uj(z) —u(z)| > 6}) =0.

A sequence of positive Borel measures {/;} is said to be uniformly absolutely
continuous with respect to C,- capacity in € (briefly ©; << Cy, in Q) if for each
e > 0 there exists 6 > 0 such that for each Borel set £ C Q with C,(E) < §
the inequality p;(£) < € holds for all j > 1. For details concerning properties of
C,- capacity and the convergence in C,- capacity as well as the uniform absolute
continuity of a sequence of positive measures with respect to C,,- capacity we
refer to the papers of Bedford-Taylor [Be-Ta2] and Xing [Xi2].
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2.5. Now we deal with the classes F,(h) and &,(h) introduced and investigated
in [Ce2]. Let © be a bounded hyperconvex domain in@C" and h € C(92). Put

U(0,h)(z) = sup {v(z) v € PSH(Q)N Lf(fc(Q),lzi_Lngv(z) < h(§),V€ € 69} .

Then from [Ce-Ko] it follows that U(0,h) € PSH N LS (§2) and FmgU(O, h)(z) <

h(€), V¢ € 0.
Now as in [Ce2] we consider functions h € C(9€2) such that lirré U(0,h)(2) =

h(€), V&€ € 09Q. For such functions we denote by F,(h) (resp. &,(h)), p > 1, the
class of plurisubharmonic functions u such that there exists ¢ € F, (resp. &)
with U(0,h) > u > ¢ + U(0,h). By Theorem 7.2 in [Ce2] we know that (dd°.)"
is well-defined on F,(h). A recent result of P.Ahag (see Theorem 4.11 in [Ah])
implies that (dd®.)" is well-defined on &,(h).

2.6. Finally we recall the class £ introduced and investigated by Cegrell (see
[Ce3]) recently. Let u be a negative psh function on a hyperconvex domain €.
We say that u € € = £(Q) if for every zy € Q there exists a neighbourhood
w of zp in © and a decreasing sequence h; € & such that h; | v on w and
sup [(ddh;)™ < oo.
J Q

In [Ce3] Cegrell showed that if u € £ then (dd“u)™ is well-defined and PSH™ N

Li>.(Q) C & (see Definition 4.2 and the remark after Theorem 4.5 in [Ce3]).

3. THE STRONG COMPARISON PRINCIPLE FOR THE CLASSES &, AND F,,

As we say in the introduction of this paper, one of the main purposes of this
paper is to establish the strong comparison principle for the classes &, and F,.
First, the following result shows that the strong comparison principle holds for
the class &,.

Theorem 3.1. Let Q be a bounded hyperconvex domain inC" and u, v € &,, p >
1, with lim (u(z) —v(z)) > 0, V& € 0. Then for all v > 1 and w; € PSH(SQ),

z—¢&
0<w; <1, 1 <7 <n, the inequality
1
TIE / (v—u)"ddwi A...Add w, + / (r—wn)(ddv)"* < / (r—w1)(ddu)"
n!
{u<v} {u<v} {u<v}

holds. Therefore, under the additional assumption (dd“v)™ > (dd“u)™ in Q we
obtain that u > v in .

The proof of Theorem 3.1 is based on the following lemmas.

Lemma 3.1. Let Q be a bounded hyperconver domain in C" and u € &,, p > 1.
Then liELn "Cp({u < —c}, Q) =0.
C—T0O0
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Proof. Let £ > wuy | u be as in the definition of &, satisfying the condition

a= sup/(—uk)p(ddcuk)" < 0.

"2
Then for ¢ > 0 we have

{up < —c} 1 {u < —c}
and

{u<—c} = [ J{uw < —c}.
k>1

Proposition 3.2 in [Be-Ta2] yields

Cn({u< —c}, Q) = kh_}rgo Cr ({ug < —c},9).

Let w € PSH(Q), 0 < w < 1, be arbitrary. From Lemma 1 in [Xil] we get
the following estimations

/ (dd°w)" < / (=1 — 2"y (e
&
{ug<—c} {up<—c}
2n
<% [ 5wy
C
{uk<*§}
(n!)2.27

C’I’L

/ (1 —w)(ddug)"™
c
{Uk<*§}

N2 on+p
< % /(_Uk;)p(ddcuk)n
Q
(n!)2.277P o
cntp

Hence, for all £ > 1,

(n!)2.2n7P o

Cn({uk. < —c}) < e

and, consequently,

. (n!)2.2nFP o
Cr({u< —c}) = kh_}rgo Cr({ur < —c}) < e
and the desired conclusion follows. O

Lemma 3.2. Let uj € PSH(Q)NL>®(Q), uj | u on Q, where u € £. Assume
that lim s"Cp({u < —s}) = 0. Then (dd°u;)" is uniformly absolutely continuous
S§—00

with respect to Cy- capacity.
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Proof. Without loss of generality we may assume that u; < 0,Vj > 1. By [Ce3]
for each j > 1, Juf € PSHNC(Q), uf | uj as k — oo and u¥ |sgo=0. As in [Ce
Ko Ze] for s > 0 put

() = {uf < —s}, s) = {u; < ~s}, Qs) = {u < —s},

x5 (5) = Ca(Q (), a5(5) = Cul@(5)),  als) = CulQs)),

i) = [ (daadys by = [ @) o) = [ (@
Qs (5) Q,(s) s)

For 0 < s <t we have max(u;?, —t) = u* on {ué§ > —t}, an open neighbourhood

J
of 0Q4;(s). Then
ag;(s) > t7" / (dd° max(uff, —t))" = t™" / (dd°uj)",
Qj(s) 2 (s)

where the second equality follows from Lemma 4.1 in [Ce2]. Now if ¢ tends to s,
we get

(1) s"ay;(s) > / (ddcué?)”, Vk,j>1,Vs>0.
Q5 (s)
Given £ > 0. By the hypothesis there exists sy > 0 such that
(2) spa(so) < e.

Let E C Q be a Borel set with C,,(E) < in Take an open neighbourhood G of
50
E such that C,,(G) < %. It follows that

/ (dduj)™ < / (ddu;)™ <lim [ (dduf)"

k
E G
. c, k\n c, k\n
< lin / (ddeuy" + / (ddeut)
Q5 (s0) G\ (s0)
< lim [sgag;(s0) + s5Cn(G)] < sga(so) +€ <2 Vj>1.
k
Hence, (dd®u;)™ is uniformly absolutely continuous in . O

Lemma 3.3. Let u € &, and u;j € &, u; | u as in the definition of the class &,.

Then for every bounded psh function w on Q) the sequence {w(ddu;)"} converges
weakly to w(ddu)™.

Proof. Without loss of generality we may assume that —1 < w < 0 on €. Given
v € Cp(2). We can assume that sup{|p(z)| : z € Q} < 1. Since w is quasi-
continuous (see [Bed-Ta2]), from Lemma 3.2 it follows that for each £ > 0 there
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exists an open subset G C € such that w is continuous on F' = Q \ G and

(3) sqp/(ddcu]-)” <e.
G

Take a continuous function h on Q such that h = w on F. Since {(dd°u;)"}
converges weakly to (ddu)™ (see Theorem 3.5 in [Ce2]) it follows that there
exists jo such that for j > jy we have

‘ / oh(ddu;)" / oh(ddu)"| <

On the other hand, since G is open, by (3) we have

‘/SOW (ddu) /(aldC )" <hm / (ddu;)" < e.

‘ / oh(ddeu)" (dd°u)™ < Mlim / (dd°uj)" < Me
J
G

where M = sup{|h(2)| : z € supp ¢}.

€.

Similarly,

Because h = w on F then for j > jy we have

( / ow(ddeu;)" / pw(ddu) ‘ / oh(ddu;)" / oh(dd°u)"

+‘ /gow(ddcuj)” oh(dd“u)"
G

ow(ddu)" oh(ddu;)"

< (2M + 3)e.
The lemma is proved. O

The next lemma is an extension of Lemma 4.3 in [Ce2].
Lemma 3.4. Let w € &, and & > u; | w as in the definition of £,. If u, v €
PSH(Q) and p € PSH(?), 0< ¢ <1 andr > 1, then
() [ ooy <tm [ -z
{u<v} ! {u<v}

Proof. Let € > 0 be given. Because of the quasi- continuity of u and v, repeating
the arguments of Lemma 3.3 shows that there exist an open subset G C €2 and
two continuous functions @ and ¢ on €2 such that

(5) {u#a}U{v+#0} CGand sgp/(ddcuj)"

G
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Then {u < v} C {u <9} UG C {u < v} UG. Hence, from Lemma 3.3 and (5) it
follows that

[ ooy [ - sy

{u<v} {a<d}u@

< lim (r — ) (ddu;)"
! {a<v}u@

< lim (r —¢)(ddu;)"
! {u<v}u@

<t [ (- )ddu) +e,
J

{u<v}
Now, if we let € tend to zero and the desired conclusion follows. ]

Proof of Theorem 3.1. Instead of u we consider u + 2§, § > 0, and notice that
{u+2§ < v} 1 {u<wv}asd | 0. Then we may assume that lim (u(z)—wv(z)) > 26

z—00

on 0. Thus {u < v+d} € Q. Let & > ug | uwand & > vj | v as in the definition
of &. Using Lemma 1 in [Xil] we have

1
(TL')2 ('U] - Uk)nddcwl AN ddc’wn + / (7« _ wl)(ddcvj)n
{us<vs) {ur<v;}
< (r —wy)(ddug)".
{up<v;}

[e.e]

Since {uy < vj};>1 decreases to [ {ur < v;} D {ur < v}, by Fatou lemma and
j=1

Lemma 3.4 it follows that

1
(n!)2 (U — ’U,k)nddc’wl VAP ddcwn + / (7« _ ’wl)(ddcv)n
{uk<v} {uk<v}

< h—m [(n1')2 / (vj —ug)"ddwy A ... A ddwy, + / (r — w1)(ddcvj)"]
J {up<wv;} {up<vy}

< lm (r = w1) (dd°ug)”
! {uk<vj}

(6)

= [ - ey

{ur<v}
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for all kK > 1. By applying the Lebesgue monotone convergence theorem to the
two sides of (6) we obtain the inequality

! (v —w)"ddwy A ... A ddwy, + (r —wy)(ddv)"™
(n!)?
{u<v} {u<v}
< T o 4 n
(7) < hin (r —wy)(ddug)
{up<v}
< @ / (r — wy)(ddug)".

{u<v}
Now let € > 0 be given. Take an open subset G C Q with sup [(dd®uy)™ < €
kE G

and u, v continuous on F' = Q\ G as in Lemma 3.4. From the weak convergence
of {(r —w1)(ddug)"} to (r —w1)(dd“u)™ and the compactness of {u < v} NF it
follows that

! (v —w)"ddwy A ... A ddwy, + (r —wy)(ddv)"™
(n!)?
{u<v} {u<v}
(8) < liin / (r —wy)(ddug)" + re
{uv}nF
< / (r —wy)(ddu)"™ +re.
{u<o}

Then the inequality

1
/ (v —w)"ddwy A ... A ddwy, + / (r —wy)(ddv)"™
(n!)?
{u<v} {u<v}
(9)
< / (r — wy)(dd°u)"
{u<o}
holds if in (8) € tends to 0. Theorem 3.1 follows if we apply (9) to Av, A > 1 and
notice that {u < A} T {u < v} and {u < Av} T {u<v}as A1 O

Similarly we get the following.

Theorem 3.2. Letu € £,,p > 1 andv € PSH™(Q)NL>(Q) satisfying lim (u(z)—
z—00
v(z)) > 0. Then the inequality

(nll)Q /(v—u)"ddcwl/\.../\ddcwn-f— / (r—wn)(ddv)" < /(T—wl)(ddcu)"

{u<v} {u<v} {u<v}
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holds for all ™ > 1 and wy, ...,w, € PSH(), 0 <w; <1, j=1,n.

Next we present the strong comparison principle for the class F,, p > 1. Note
that in Theorems 3.1 and 3.2 the strong comparison principle holds for the class
Ep, p > 1, when v and v have to satisfy the condition lim (u(z) — v(z)) > 0.

z—

However, in contrast to the class &, the above condition is superfluous for the
class F,. Namely we prove the following result.

Theorem 3.3. Let ) be a bounded hyperconvexr domain in C" and u, v €
Fp, p > 1. Then for allr > 1 and w; € PSH(Q), 0 <w; <1, 1 < j < n, the
inequality

(nll)Q / (U—U)”ddcwl/\.../\ddcwn+ / (T_wl)(ddcv)n < / (T—wl)(ddcu)”
{u<v} {u<v} {u<v}
holds.

Proof. In the same notations as in the proof of Theorem 3.1 we get the inequality

( 1|)2 / ('U — U)nddcwl AN ddcwn + / (7“ _ w1)(ddcv)n
.

{u<v} {u<v}
(10) < @ / (r — wy)(dd ug)™

{u<o}
and there exists an open subset G C 2 such that sup [(dd“u;)" < ¢ and u,v are
kG

continuous on F' = Q\ G where ¢ > 0 is given. Assume that g is any non-negative
and continuous function which is bounded by 1 on 2 and there exists a domain
Qp € Q such that g =1 on 2\ Q. Then we infer that

T / (r — w1)(dd°uy)"

{u<v}
= @ ( / (r — wy)(ddug)™ + / (r— wl)(ddcuk)")
{uv}nF {u<vinG
< @ / (r —wy)(ddug)™ +re
{uv}nF
<im( [ -l -w@rny+ [ gl - w)ddw)) +re
{uv}nF {uv}nF
< @ / (r —wy)(ddug)"

{u<v}INFNQo
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(11)
+ @ (7“ /(g — 1)(ddug)™ +r /(ddcuk)”) +re.

Q Q

However, since uj, > u on  and uy, u € Fp, from Lemma 4.2 in [Cel] it follows
that for all k > 1,

(12) Q/ (dd°up)" < Q/ (dd°u)".

Combining (12) with (11), from the compactness of {u < v} N F N Qp, Lemma
3.3 and g — 1 € Cp(Q) it follows that the right-side of (10) does not exceed

[ [t vy < [y o

{u<v} Q Q
(13)
= / (r —wy)(ddu)™ + T/g(ddcu)” + re.
{u<v} Q

From (13) and (10) we get the inequality

1
COE / (v —w)"ddwy A ... A\ ddw, + / (r —wy)(ddv)"
{u<v} {u<v}
< / (r —wy)(ddu)"™ + r/g(ddcu)” + re.
{u<v} o

To complete the proof of the Theorem 3.3 we let g and ¢ tend to 0 and use the
same argument as in the proof of Theorem 3.1. U

Repeating the proof of Theorem 3.3 we obtain the following result.

Theorem 3.4. Let u € F, and v € PSH™(Q) N L>®(Q). Then for allr > 1 and
wi, ..., w, € PSH(Q),0 <w; <1, j=1,n, the inequality

(nl')2 /(v—u)"ddcwl/\.../\ddcwn—i- / (r—wn)(ddv)"* < /(r—wl)(ddcu)"
{u<v} {u<v} {u<v}
holds.

4. THE WEAK CONTINUITY OF THE COMPLEX MONGE-AMPERE OPERATOR IN
THE CLASS F)

The aim of this section is to apply the results of the above section to the
investigation of the weak continuity of the complex Monge-Ampeére operator in
the class F,. Namely we prove the following.
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Theorem 4.1. Let {u;}, u be in Fp, p>1 and uj — w in the Cy,-capacity on
every compact set of Q. Assume that

lim C, ({z €N: ‘uj(z) - u(z)‘ > a}> =0

J—00

for some o > 0 and (dd“u;)" is uniformly absolutely continuous with respect to the
Cn- capacity in Q. Then (dd°u;)™ converges weakly to (ddu)" and (dd°u)" < Cy,
in Q.

Proof. Given ® € Cy(Q2), we may assume that
|®]| = sup{|®(z)| : z € Q} < 1.

To see that (dd“u;)" converges weakly to (dd‘u)™ we need to show that
A= / @ [(dd®uj)"™ — (ddu)"] — 0 as j — oc.
Q

Given € > 0. By the hypothesis there exists § > 0 such that

E

for all E C Q with Cp,(E) < 6 and j > 1.
For each ¢ > 0 as in [Xi2] we write A = A; + Ay + Az where

A = /Q @[(ddcuj)” — (dd° max(uj, —C))n]7
Ay = /Q ® [(dd® max(uj, —c))" — (dd° max(u, —c))"],

Asg = /Q @ [(dd® max(u, —c))" — (dd“u)"].

Since max(u, —c) € F, and max(u, —c) | u as ¢ — 400, by Corollary 3.8 in [Per]
we can find ¢y > 0 such that |As| < & for ¢ > ¢y.

Consider A;. By Lemma 5.4 in [Ce2] we infer that

|A1] < / (dduj)™ + / (dd° max(uj;, —c))".

{uj<—c} {uj<—c}
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Applying Theorem 3.4 we get

2 .
/ (dd° max(uj, —c))" < / (-1-— %)”(ddc max(u;, —c))"
{uj<—c} {uj<—c}

<2 [ (-5 - u) i max(F 1)

c
{uj <=5}
< 27(n!)? / (dduj)".
c
{uj<=5}
Hence,

|Aq] < (1 + 2”(n!)2) / (ddu;)™.
c
{u]'<—§}

From Lemma 3.1 it follows that lirf Cr({u < —2}) = 0, hence we may assume
C— 100

that for ¢ > ¢y,

Culfu < ~53) < 3.

Since ]ll)rgo Cr({lu; — u| > a}) = 0, there exists jo such that for j > jo we have
Col{luy ] 2 a}) < 2.
Take ¢; > 4(co + «). Then
{luj = ul > 2} € {luj — ul > a}

and, consequently, for 7 > j, we have

N s

C1
Cn({|u] _u| > Z}) <
Hence, for j > jo we get

(15) Cul{u; < =5} <4,

From the hypothesis on the uniformly absolute continuity of (dd®u;)™ with
respect to Cy-capacity and (14), (15) it follows that |A;| < € for j > jo. But
since the inclusion

> B} < {lu —ul > B}

holds for all 8 > 0, max(u;, —c) — max(u, —c) in the C,-capacity on every
compact set of Q. Hence, by [Xil] |A2| < € for j > j1 > jo and, consequently,
|A| < 3e for j > jo. It remains to show that (ddu)™ < C), in Q.

{‘ max(u;, —c) — max(u, —c)
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Given ¢ > 0. By the hypothesis there exists § > 0 such that for all £ C ,
Cp(E) <dand all j > 1, [(dd°u;)"™ < e.
E

Assume that F is a Borel subset of Q with C,(E) < 6. Take an open set
G C Q, F C G with C,(G) <. Then

/(ddcu)” < /(ddcu)” < lim /(ddcuj)” <e
E G ! G
and hence, (ddu)"™ < C), in 2. Theorem 4.1 is proved. O

5. THE DIRICHLET PROBLEM FOR THE CLASS F,(h)

In this section we are interested in the following Dirichlet problem in the class
Fp(h). Suppose that 2 is a bounded hyperconvex domain in @", h € C'(9€2) and
1 is a positive Borel measure on 2. Find a psh function w on €2 such that

. (dd°u)™ = p
(*) @im@:h@)vgeml

In the case Q is a strictly pseudoconvex domain, Bedford and Taylor (see [Be-
Tal]) showed that if u = fdX\, 0 < f € C(Q), d\ is the Lebesgue measure in
@™, then (*) has an unique solution v € PSH () N C(Q2). This was extended
in [Cel] as follows. If p = fd\, 0 < f € L*>(Q), then (*) has an unique
solution u € PSH(Q2) N L*>(Q). Next in [Ce-Sa] they have shown that if y =
fdXx, 0 < f e LS () and there exists a function w € PSH(Q) N L>(£2) such
that fdA < (dd“w)™, then (*) has a solution v € PSH(Q2) N L>®(2). Here, by
relying on some recent results concerning with the class F,(h) in [Ce3| and [Ah]

we solve (*) in the class F,(h). More precisely we prove the following

Theorem 5.1. Let Q be a strictly pseudoconver domain in €™, n > 2, f € L1(Q)
and h € C(0R) such that lin% U(0,h)(z) = h(&) for all & € 0. Assume that

fdX < (dd®v)™ for some v € Fp(h), p > 1. Then there exists u € F,(h) such that
(dd°u)"™ = fd.

Proof. Without loss of generality we may assume that h < 0. Take an increasing
sequence of simple functions fx T f. By [Cel], for each k > 1 there exists
up € PSH(2) N L>®(Q) such that (dd°u;)™ = frdA and liné ug(z) = h(§) for all

¢ € 09. By the comparison principle in [Be-Ta2] it follows that ug > ug4q on
for k > 1. Set u(z) = klim up(z), z € Q. First we show that u € F,(h). Since
v € Fp(h), it follows that there exists ¢ € F, such that U(0,h) > v > ¢+U(0, h).

On the other hand, since ¢ € F),, there exists a sequence of continuous psh

2
HZH , z €C". Then (dd°p)" = nldA.
Choose € > 0 and § > 0 such that v.s < v on €, where v.5 = v + ep — 6. Next,

functions ¢; € &, ¢; | ¢. Let p(z) =
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for j > 1 put
vj = max(v,; + U(0,h)) +ep — 0 € PSHN L>(Q)

and vj | ves. We prove that lim s"Cy({ves < —s}) = 0. Indeed, let M =
S—00

supp(z). Then
2€Q

{ves < —s}={v+ep<d—stc{v<d—s—ecM}.
Hence, it remains to show that

lim s"C,({v < —s}) = 0.

Since ¢ + U(0,h) < v we get
{v< —=s} C{p+U(,h) < —s}.
Therefore,
s"C({g + U(0,h) < —s}) < s"Co{p < —g} + s"CL{U(0,h) < —g}.

Since ¢ € &, and Lemma 3.1 implies that

lim s"C,({¢ < —%}) =0.
Notice that because h € C(92), U(0,h) € C(2) by [Wa]. Hence for sufficiently
large s > 0 the set {U(0,h) < —s} = 0. Thus

Slggo s"Cn({U(0,h) < —s}) =0.

Now by Lemma 3.2 we have (ddcvj)n << C, in  uniformly for j > 1. Since
lim (ug(2)—wv:5(2)) > 0 ( we choose € and § sufficiently small so that eM —¢§ < 0),

zZ—
using the arguments of the proof of the comparison principle (see Theorem 4.1
in [Be -Ta2]) we get

/ (ddv)" < / (ddv)™ + / (dd’(ep — 6))"

{up<ves} {up<ves} {ur<ves}
< [ wrers [ rwrs [,
{up<ves} {up<ves} {ur<ves}
Hence [ (dd°p)" = 0. This shows that v.s < ug for all & > 1. Letting
{ur<ves}

k — 400 and €, § | 0 we obtain that ¢ +U(0,h) <u < U(0,h). Thus u € F,(h).
Since Fp(h) C &y(h) and h < 0, Lemma 4.9 in [Ah] implies that v € £. On
the other hand, 0 > ux € PSHNL*®(Q), ux | u, u € £. Hence Theorem 4.5 in
[Ce3] implies that (dduy)™ converges weakly to (dd“u)™. Hence (dd‘u)™ = fdA.
Theorem 5.1 is completely proved. ]
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Remark 5.1. There exists f € L'(Q) such that fd\ is not a complex Monge-
Ampere measure (dd‘u)” for any u € &;. Indeed, take a sequence {z;} of distin-
guished points in © converging to { € J€). Then we can find r; | 0 such that
B(z;,r;) are pairwise disjoint and jQ(”“)Cn(]B(zj, r;)) — 0as j — oo. Consider
the intergrable function f on () given by

f Z d, r2n 2X]B(zj,r])

where d,, is the volume of the unit ball in C". Assume that there exists u € &;
such that fdA = (ddu)™. Take a sequence & > uy | u as the definition of &;.
By Lemma 3.3, {—p(ddux)"} — (—¢)(dd°u)"™ weakly for ¢ € & /(). Theorem
4.2 in [Ce2] implies that

1) [eoura <im [Corn < a [oaa)

where
1

A= Dy, Sllip (/(—uk)(ddcuk)”) < x

Applying (16) to ¢ = hE (25)’ where hE is the relatively extremal function
ZJ ,7’]’

] (2,75)
with respect to B(z;,7;), we get the following inequalities
1
- = d\ = d\ < | —hs d\
j2 - / f . / IB(Z] 75) f / ]B(Zjﬂ“j)f
B(z;,r)) B(zj.r)) @

1

<A —hy “his n) it
- (/ h]B(ZjvTj)(dd h]B(ZjvTj)) >
Q

L _ e
S A( / (ddChE(Z]J‘J)) )n+1 - AC (]B(ZJ’TJ)) +1.

B(z;.r;)
Hence
ﬁ—mfcn(ﬁ(zj,m))#l > % > 0.
J
We reach a contradiction because j2"+YC,,(B(z;, 7)) — 0.
Remark 5.2. In [Ce2, Theorem 7.7], under the assumption that 2 is a smoothly
bounded, strictly pseudoconvex domain in C", n > 2, p > 1, u is a positive

measure on  with finite mass and h € C>*(0f2), Cegrell has shown that p =
(dd°u)™ for some u € Fp(h) if and only if there is a constant A such that

/ (—o)Pd < A( / (—pP(dde)) ™5, Y g e &
Q Q

In the proof of the above result of Cegrell the hypothesis h € C>(91) is an essen-
tial condition because under this hypothesis the function U(0, —h) + U (0,h) € &
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and the arguments in the proof of the author is suitable. However, in Theorem
5.1 above we give a weaker hypothesis that h € C(0€) and hence we obtain a
weaker result than Theorem 7.7 in [Ce2].
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