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ON THE ROBUSTNESS OF ASYMPTOTIC STABILITY FOR A
CLASS OF SINGULARLY PERTURBED SYSTEMS WITH
MULTIPLE DELAYS

VU HOANG LINH

ABSTRACT. This paper is concerned with the stability robustness of a class of
singularly perturbed systems of linear functional differential equations. First,
the stability radius for the reduced systems is proposed. Then, asymptotic
behavior of the structured complex stability radius for the singularly perturbed
systems is established as the small parameter tends to zero.

1. INTRODUCTION

In this paper we consider the singularly perturbed system (SPS) of functional
differential equations (FDE-s)

(1.1) #(t) = Lunixe+ Ligy
’ ey(t) = Loz + Loy,

where x € C"*, y € C™, ¢ > 0 is a small parameter'

(1.2) Ljzy = ZA qx(t — i) / Dj1(0)x(t + 6)do

-7

Lijoyr = Z Aﬂ?/ (t —epr) / Dj2(0)y(t + £6)do
Ziim
73 =12 A;k are constant matrices of appropriate dimensions, Djk(.) are inte-
grable matrix-valued functions, and 0 <79 <71 < ... <7, 0 < pp < g < .o <
fhrm-

A lot of problems arising in various fields of science and engineering can be
modelled by SPS-s of differential equations with or without delay, e.g., see [8] and
the references cited therein. The system (1.1) was analyzed by Dragan and Ionita
in [2]. By extending the classical results of Klimusev and Krasovskii, e.g., see
[14], the authors gave a parameter-independent sufficient condition ensuring the
exponential-asymptotic stability of the zero solution of (1.1) for all sufficiently
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small e. For characterizing the robustness of asymptotic stability for linear sys-
tems, appropriate measure is the so-called stability radii introduced by Hinrichsen
and Pritchard [10, 11, 12]. A formula of the complex structured stability radius
for linear systems was obtained in [11]. The result was extended to linear func-
tional systems by Son and Ngoc [17]. The real stability radius for linear systems,
which is a more difficult issue, was investigated in a remarkable paper of Qiu
et.al. [15]. Recently, this result was extended to linear time-delay systems [13].
See also a fairly complete list of references on the topic in [1]. In this paper, we
focus on the complex stability radius.

Let us assume that the system (1.1),(1.2) is asymptotically stable for all suffi-
ciently small e. We consider the system (1.1) with the coefficients subjected to
structured perturbations as follows:

!
(1.3) Ejlxt = Z(Aé’l + BjAZiC{)x(t - 7))+
i=0
0
/(Djl(H) + B;51(0)C ) (t + 0)dd

-7

Lisys = Z(A% + B;ASCY )y (t — epg) +
k=0
0
[ i) + Bisao)CE (e + 0,
—Hm

where

{Ail}lizo € CPxa {AIQC}ZL:O € CP2xa2k

51(9) c CPleI1(l+1)’52(9) c Cp2><l12(m+1)
are uncertain perturbations, d1(.), d2(.) are integrable matrix-valued functions on
the indicated intervals; B; € C%>Pi, j =1,2; C% € C1iX™ 4 =0,1, oo l4+1;C8 €
Coexm2 = 0,1,...,m + 1 are sets of matrices determining the perturbation
structure. For brevity, let us denote

A = {0 A4 DG () |
B = {By,Bs2},
C = {{C{} =0 AC5}0}
A = {{All §=07 {A’S}Z”:oﬁl(-),%(-)} :
Following the notion introduced in [17], measure of the robustness of asymp-
totic stability for (1.1),(1.2) can be defined as follows.

Definition 1. Let the system (1.1),(1.2) be asymptotically stable. The complex
structured stability radius for (1.1),(1.2) with respect to perturbation of the form
(1.3) is defined by

(1.4)  r.(A,B,C) := inf{||Al], the system (1.1),(1.3) is not asym. stable},
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where
I m 0 0
Al =D 1AL+ DA% + / 161(6)1[d6 + / 162(6) 148,
i=0 k=0 - _
s Hm
and ||.|| is a matrix norm induced by vector norms.

By multiplying both sides of the second equation in (1.1) with !, one obtains
a regular explicit system of FDE-s. By applying [17, Theorem 3.3|, a formula of
the stability radius r.(A, B, C) can easily be formulated. However, its practical
computation uses to be very difficult because of the appearance of ¢e~!. There-
fore, we are interested in the asymptotic behavior of the stability radius as the
parameter tends to zero. Such a robust stability analysis was done for the clas-
sical SPS of ordinary differential equations by Dragan in [3]. Recently, by using
the implicit-system approach, Du and Linh have extended the result of [3] to a
more general class of singularly perturbed differential equations [4] and to index-1
DAE-s containing a small parameter [5]. In this paper, a result similar to those
in [3, 4] is obtained for the singularly perturbed system with multiple delays
(1.1),(1.2). That is, the stability radius of the SPS is shown to converge to the
minimum of the stability radii of the “reduced slow” system and of the “boundary
layer fast” system as the parameter tends to zero.

The paper is organized as follows. In the next section, we recall the suffi-
cient condition obtained in [2] for the exponential-asymptotic stability of system
(1.1),(1.2). The main results come in Section 3 and 4. In Section 3, we formulate
the complex stability radius for the reduced slow system, which is a semi-explicit
index-1 system of functional differential-algebraic equations (FDAE-s). Then, in
Section 4, the asymptotic behavior of the stability radius for the SPS is char-
acterized as the parameter tends to zero. Finally, a conclusion will close the

paper.

2. PARAMETER-INDEPENDENT STABILITY CONDITION

It is well-known that a linear system of functional differential equations is
asymptotically stable if and only if all the roots of the associated characteristic
equation are located in the open half plane C~, see [9]. However, in the case of
the SPS (1.1),(1.2) it is not easy to check this condition. As we mentioned above,
we should multiply both sides of the second equation with e~! in order to get a
regular explicit system. Hence, the characteristic equation should contain e 1,

too, which makes the computation of roots become difficult.

Taking ¢ = 0 in (1.1), we obtain

i(t) = Luw+ Ligy(t)

2.1
(2.1) 0 = Loz + Laoy(t)
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where

0
(2.2) Ljs= ZAJZ + / Djs(0)do, j=1,2.
Ziim
That is, the second equation becomes an algebraic equation. Let us assume that
Lo is invertible. The reduced slow system (2.1),(2.2) is called an index-1 FDAE
of semi-explicit form, see [6]. By substituting y(t) = Loy Lojz; into the first
equation, we obtain a linear functional differential equation

(23) fI,'(t) = LS(IIt,

with

(2.4) Lgx; = Z AL (t — 1) / Dg(0)x(t 4 0)do,
~n

where

?S' :Azll L12L A217 Z—O,l,...,l’
Ds(0) = D11(0) — L1aLyy Doy (6).

We also consider the fast boundary layer system

(2.5) 2(¢) = Lrz,

where

Lpze = ZA22Z ¢ — ) / Doy (0)y (¢ + 6)db
—Hm
and ¢ = 7't is the scaled time. We assume the following

Assumption Al. All the roots of the equation

det (A, ZAZQe—W— / Dy (0)eMdh) = 0
e

are located in the open left half plane C~ and

Assumption A2. Matrix Ly defined by (2.2) is nonsingular and all the roots
of the equation

det (A, ZA’ AT / Ds(0)eMdf) =0
=0

~n
are located in the open left half plane C~.

Note that these equations are the characteristic equations associated with the
systems (2.5) and (2.3), respectively. Furthermore, they are independent of the
small parameter e.
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Theorem 1 (Dragan and Ionita [2]). Let Assumptions A1-2 be satisfied. There
exists £y > 0 such that for arbitrary € € (0,&), the zero solution of the system
(1.1),(1.2) is exponential-asymptotically stable.

We remark that Assumption Al implies the nonsingularity of L. Further-
more, it is possible to replace the open interval (0,&g) by a closed one [0,eq] (the
case of € = 0 is discussed in details in the next section).

3. THE STABILITY RADIUS FOR INDEX-1 FDAE-s

Now let us consider the reduced slow system (2.1) again. This system of FDAE-
s has index-1 if and only if Loy defined in (2.2) is nonsingular [6]. In this case, as
we can see in the previous section, (2.1) can be reduced to a regular linear FDE
by eliminating y(¢). Hence, we have

Proposition 1. Suppose that Loy is nonsingular. There exists the unique solu-
tion of the initial value problem for the FDAFE (2.1), t > 0, with initial condition

3.1) z(t) = ¢(t), tel-m,0]

where ¢(.) € C([—m,0],C™) is arbitrarily given.

Note that the initial condition should be assigned to the differential compo-
nent z(.), only. The algebraic component y(.) can be determined uniquely and
explicitly by z(.).

Definition 2. Suppose that Lgs is nonsingular. The zero solution of system (2.1)
is said to be (exponential-) asymptotically stable if for any ¢(.) € C([—7;,0],C™)
there exist positive constants ¢ and « such that

Iz@®)" ¥y < clole™

holds V¢ > 0, where (z(t)”,y(t)")” is the unique solution of (2.1),(3.1) and

o] = sup |l¢(t)||. Then, we also say that system (2.1) is asymptotically
7TlStSO
stable.

It is easy to check the following statement.

)

Proposition 2. Suppose that Ly is nonsingular. The system (2.1) is asymptot-
ically stable if and only if all the roots of the characteristic equation

3.2) det [A( T O)_f ¢

0 O l S 0 o) _
ZAZ21€ Ti f D21(9)6 df Los
=0

-7

l . 0 _
Azlle_Ti)\ + f D11(9)66>\d9 Lo
=0 -7 -0

are located in C~.

Clearly, equation (3.2) is equivalent to that in Assumption A2. Accordingly to
(1.3), we consider system (2.1) subjected to structured perturbations described
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as follows
(3.3)
l 0
Ljwe =Y (A% + BAIC)Hx(t — ) + /(Dﬂ(e) + B;61(0)CY ) (t + 0)dd,
i=0 o
m 0
Lisy(t) = | Y (Al + B;A§Cy) + / (Dj2(0) + B;62(0)C5)do | y(t),
k=0 —lim

where j = 1,2. The definition of the stability radius for system (2.1) is slightly
modified as follows.

Definition 3. Let Assumption A2 be satisfied. The complex stability radius of
(2.1) with respect to perturbation of the form (3.3) is defined by

(3.4) ro(A,B,C) =
7 inf{||Al|, the system (2.1),(3.3) is not asym. stable or Lo is singular}.

First, we look for the so-called index-1 preserving radius of (2.1) defined by

m 0
Tind ‘= inf{z | A+ / 162(0)]|df, Log is singular}.

k=0 —Hm

Due to Definition 3, it is obvious that
TO(A7 B7 C) S Tind-

The singularity of Loy means exactly that at least one eigenvalue of this matrix
moves to zero under the effect of perturbation. The problem of finding r;,4 is in
fact a special “robust stability” problem, where the stable and unstable regions
are set C; = C\ {0} and C, = {0}, respectively. Using the same techniques in
[11, 12, 17], it is easy to prove

Proposition 3. Suppose that Lo is nonsingular. Then

k‘—, _
Tind = { _ IlnaX +1H02L22lB2H} L

sty

Furthermore, there exists a minimal norm perturbation under which Loy is sin-
gular.

We introduce the following auxiliary functions

o > Ale ™+ [ Dii(0)e?*dd L

HS(S) = 3( 81 0 > _ z=lO *Z)'z
%Aéle—ﬁﬁ + f Doy (Q)GGSdG EQQ

i= -7

and
i i _ B }
Gi(s) = (G 0) Hs(s) I(B;), P = 0,1l +
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Ghats) = (0 Cf ) s (3 )+ k= 0dm 1

with s € C, Rs > 0.

For computing the inverse matrix, we use a well-known factorization of block
matrices, e.g., see [7]. By some matrix calculations, these functions can be refor-
mulated as follows

(3.5)
Li(s) = Of(sI—Lu(s) + LisLyy Ln(s)) " (B1 — Lz Ly Ba),
Gliy(s) = —C5Ly By~ CELy Lyi(s) (sI — Lua(s) + Li2Lyy Laa ()
x (B — L1aLyy Ba),
where

l

0
1_111(5) :ZAlile*TiS_f_ / D11(9)695d9,

=0 “n

l

0
Loi(s) = Z Ab ™ i 4 / Dy (0)e%dp.

=0 “n

Let us denote
-1
— i k
e = (max{ e sup G5 ()] sup (G0 )
Lemma 1. Let Assumption A2 be satisfied. Then

Tind 2 Tstab-

Proof. Taking into consideration the boundedness of functions Ly (.), L2 (.) in
1R and B - .
lim H (SInl — Lll(s) + L12L2_21L21 (8)) H =0,

|s|—+o0

one easily obtains the inequality

G¥ > li G% = C% Loy Bs|.
02X, | SUD I1G52()lf = | max Jim 1Gs2(s) = _jmax  [IC Lo, B
Due to the formulae of r;,4 and rg,p, the proof is complete. O

Theorem 2. Let Assumption A2 be satisfied, that is, Los is nonsingular and the
reduced slow system (2.1) is asymptotically stable. Then

TO(Av B7 C) = min{rstaba Tind} = Tstab-

Proof. For simplicity, we denote
C=(C{ 0),i=01,...01+1; CH**r=(0 C§), k=0,1,..m,
Gi(s) =Gy (s), i=0,1,..,1+1; GE2F(s) = GEy(s), k=0,1,..m,
Due to Lemma 1, one of the following two cases holds.

Case A. rsiap < Tind-
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First, we prove that
(36) TO(Aa B7 C) < Tstab-

To this end, we construct a destabilizing perturbation which has the norm arbi-
trarily close to 7gq,. Suppose that € > 0 is an arbitrary, but sufficiently small
number such that rge + € < 7iq. Then, there exist an index M, 0 < M <
[+ m+ 2, and s; € iR such that

-1
o |
168/ 0l < (e sup G56I) e < i

Let the size of G) (s1) be ¢ x p. There exists a vector u € CP, |Ju| = 1 such that

165" (s1)ull = 1G5 (s1).

Invoking a corollary of the Hahn-Banach theorem, there exists a functional v* €
C4, ||v*|| = 1 such that

lv* G’ (s1)ull = 1G§" (s1)ul.

Let us define

Ay = ||GM (s1)|tuv* € CPX.

It is easy to see that ||Apl| = [|GA (s1)]|7'. We construct a destabilizing per-
turbation A as follows:

-If M <1, set AM := Aye™1 and all the other perturbations are zero;
-IEM=1+1,set 61(0) := Tl_lAbe*‘gsl, and all the others are zero;
-Ifl+2<M<I+m+1, set Aéw := Ay, and all the others are zero;
-If M =1+ m+2, set 02(0) := pu,,' Ap, and all the others are zero.

It is clear that, in any case, ||Al| = ||Ap|| holds. After some elementary calcu-
lations, one can easily verify that

AGH (s1)u = u = AyBHg(s1) ' CMu=u = CMABw = Hg(s))w,

where w = Hg(s1)71CMu # 0. With A defined as above, the characteristic
equation associated with the perturbed system has the root s; € iR. On the
other hand, by construction, ||A| < 7,4, hence the perturbed system remains
index-1. By Proposition 2, the perturbed system is not asymptotically stable.
Since € is arbitrarily chosen, we obtain (3.6).

Now, we prove the inverse inequality of (3.6). Take an arbitrary perturbation
set A such that ||A|| < 7,q and the perturbed system is not asymptotically
stable. Since the perturbed system remains index-1, it follows that the associated
characteristic equation has a root outside C~. Hence, there exist sg, Rsg > 0
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and a nonzero vector xg € C™ such that

l
B o A
Hg(so)zo :<B;) {Z AlemTiso ( Ci 0)
=0

0
37 4 / si0)an (¢t o)+ ak (0 cf)

-7

0
+ / 52(0)do (0 Cy) .
—Hm
Multiplying both sides of (3.7) with Hg(so) ™! from the left, we have
Lo .
ro = Hg(so)™? ( gl ) {Z Alle*”s‘)( cr 0 )—i—
2 i=0
0 m
(3.8) + [ 61(0)ef0do ( O 0 )+kZoA§( 0 Ch)+
—T =
0
+ [ 62(0)do (0 Cyptt )}xo.
—Hm

Let N be the index such that 0 < N <[+ m + 2 and

ICNzoll = max ||C'zo].
0<i<l+m+2

It is clear that CVao # 0. Multiplying both sides of equality (3.8) with C" from
the left and taking norm, we obtain

IC¥ o]l < IGS (so) I AINCN ol

To verify this inequality, we use the estimates

0
1A ™m0 < A} and | /51(0)695%9\\ <o)l
-

and the definition of ||Al|. It follows that

-1
1A= 1168 (so)] ™ = ( max  sup H%(S)H) :

1<i<l4+m+2 Rs>0

Since each function G4(s), i = 0,1,...,l + m + 2, is analytic in C\ C~, due to
the the maximum principle, their least upper bound is attained in iR (at a finite
point or at infinity). Hence,

-1
3.9 A B.C)> i = )
(3.9) ro(A, B, )_<1 ST L, 5P Hgs(é’)H> T'stab

Inequalities (3.6),(3.9) imply r9(A, B, C) = rgqp.

Case B. Tstap = Tind-
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Take an arbitrary perturbation set A such that ||A]] < rjpg. It is clear that
A cannot be a destabilizing perturbation. Otherwise, by repeating the above
arguments, we would have [|A|| > rgqp = 7ing which yields a contradiction. It
means that the perturbed system remains index-1 and asymptotically stable. By
Definition 3, we have ro(A, B, C) = 7ipnqg = T'stab- O

Theorem 2 extends the result for index-1 DAE-s (without time-delay and per-
turbation structure) proposed in [16] to semi-explicit index-1 systems of FDAE-s.
We also note that the index-1 preserving property is essential in the existence and
the uniqueness of the solution for initial value problem (2.1),(3.1). For more de-
tails on delay DAE-s and their stability theory, e.g., see [6, 18] and the references
therein.

4. ASYMPTOTIC BEHAVIOR OF THE STABILITY RADIUS FOR THE SPS

Now, we turn to the main point of the paper, the asymptotic behavior of the
stability radius for the SPS (1.1),(1.3).

First, we introduce the following auxiliary functions:

" 0
Lia(e,8) = Z Al ememes 4 / D12(0)es?do,

k=0 —Hm

m 0
Ln(es) =Y Abye ™+ [ Dul)e%at,

k=0 —im

o Iy 0\ [ Lu(s) Liafe,s)

HE(S) _8( 0 5]n2 > ( Lgl(s) ng(s, 8)
with s € C, Rs > 0, ¢ € (0,e0], where ¢¢ is provided by Theorem 1. The
functions L1 (s), L21(s) were previously introduced in (3.5). Furthermore,

L= (0 () =0kt

GI;Q(S): ( 0 Cé; )HE(S)_l < B2 >7 k:07177m+17
Let us fix a closed interval [0,e0] provided by Theorem 1.

Proposition 4. Let Assumptions A1-A2 be satisfied. Then

-1
— i k
ro(A,B.0) = (max{ max sup [GE (9)]. e sup G591 )
for all € € (0,¢&0].

Proof. To prove this formula, the techniques used in the proof of [17, Theorem
3.3] can be applied without any difficulty. Thus, we omit the details. ]
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By some matrix calculations, similarly to (3.5), the latter functions can be
reformulated as follows

(41) 21(8) :Ci [SInl — I_/H( ) — E12(6 8)(58[n2 — Ezg(e, 8))_11_/21(8)]
(Bl + L12(6 8)(58[n2 — L22(6 5))_1B2),

GF,(s) =C%(eslp, — Laa(e,5)) " By + CY(esln, — Laa(e,5)) " L1 (s)
[
(

-1

x 81, — L11(s) — L1a(e, 8)(esIn, — Lao(e, s)) "' Loi(s)]
x (B1 + Lia(g,8)(eslp, — Lag)~ 1B2).
The following auxiliary result is easy to prove, too.
Lemma 2. Let Assumptions A1-A2 be satisfied. Then the matrix functions
Li1(), Lja(e,.), 5= 1,2, and (.eln, — Laa(s,.))
are bounded in iR and their bounds are independent of € € (0,¢eq].

Proof. The uniform boundedness of I_/jl(s)l Lijs(e,s), j = 1,2, is obvious. To
verify the uniform boundedness of (.el,, — Laa(g,.)) ™!, we observe that

sup [[(esIn, — Laa(e, )" = SU%\I(SIM — Loa(s)) 7',
SEL

s€iR
where
0
Loa(s Z Ab,emHrs 4 / Dyo(0)e?db.

—iim

Furthermore,
lim  ||(slny — Laa(s)) " = 0.
|s|—+o0

Hence, the function in question is bounded in iR and its bound does not depend
on €. ]

Let the fast boundary layer system (2.5) introduced in Section 2 be asymptot-
ically stable. We associate to this system the auxiliary functions

(4.2) Gk (s) = C¥(sln, — Loa(s)) "' By, k=0,1,....,m+1; Rs > 0.

By applying [17, Theorem 3.3] to system (2.5) subjected to the corresponding
structured perturbation, we have

-1
o k
(4.3 Az, B2, Ca) = (s [5G )

where Agy = {{A 2 H s D2z } C, = {C’é“}m+1 and r(Aagz, By, C2) denotes
the complex structured stability radius for (2.5).

Our main result is the following
Theorem 3. Let Assumptions A1-A2 be satisfied. Then,
lirilo re(A,B,C) = min{ro(A, B, C),r(Az22, Bz, C2)}.
E—
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Proof. The key point of the proof is the uniform convergence
- = - 17 -1
(44)  ||[sho = Lua(s) = Liale, 8) ey — La(e,)) " Ln(s)] || =0

as |s| — +oo with respect to e € [0,e9]. We recall that, throughout the proof,
the variable s is varying strictly in the line /R, only. Due to Lemma 2, (4.4) is
evident.

By using the formula in Theorem 2, Proposition 4, and (4.3), it is sufficient to
prove first,

(4.5) Jim sup |Gy (s)]| = sup |Gy (s)ll, 6= 0,1, s+ 1,

s€iR s€iR

and secondly,

(4.6)
lim_sup | GEy(s)]| = max{sup |Gy ()l sup G5 ()}, = 0,1, .csm + 1.
e—=+0 g4iR s€iR s€iR

Fix an arbitrary index ¢, 0 <7 <7+ 1 and an arbitrarily small number p > 0.
From (4.4), it is easy to see that ||G%,(s)|| converges uniformly to zero as |s| tends
to infinity. Therefore, there exists a bound T} independent of € such that

IGL () < p. ¥ [s| = Th.

On the other hand, in the compact domain {(s,¢), |s|] < T1,0 < & < g},
HG&(S)H is continuous as a two-variable function, hence uniformly continuous,
too. Therefore, there exists a sufficiently small e = £1(p) such that for ¢ < e1,
we have

sup HGél(S)H < sup HGZSl(s)H +p < sup HG’Sl(s)H + p.
s|<T1 |s|<T1 sciR

Thus, for € < €1, we obtain
sup [| G2 (s)]| < sup [|Gly ()| + p-
s€iR s€iR
Since supye |G (s)|] is finite, there exists a number s; = s1(p) € iR such that
|Gs1(s1)| = sup |G ()| = .
seiR

Furthermore, because of the continuity of HGél(sl)H as a function of e, there
exists a sufficiently small €5 = £9(p) such that for € < &y, we obtain

sup (| G2 (s)[| > [|GLi(s0)]| > [[Gsa(s0)]| = p > sup (|G (5)]| - 20
seiR s€iR
Therefore, for ¢ < min{eq, 2}, the estimate
sup |Gy (s)]| — 20 < sup [|GLy (s)]| < sup |Gy (s)]| +p
s€iR s€iR s€iR

holds. This proves (4.5).
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To prove (4.6), we proceed as in [4] and [5]. Analogously to above, fix an index
k, 0 <k <m+1 and an arbitrarily small o > 0. We show that the inequalities

(a7) M {supscir [GE(s)|| supeir [GE(5)[|} — 20 < sup.em [|GE(5) ||
< max {Sup,e;r G52(8)| » SUPseiR HG%(S)H} o

hold for all sufficiently small €.

First, we prove the second inequality in (4.7). By a similar argument as when
proving (4.5), there exists a sufficiently large number Ty = T5(p), T is indepen-
dent of ¢, such that

Ch (esln, — Laa(e, s)) 71[7/21(3)-

X |:SI — I_/H(S) — I_/lg(ﬁ, S) (58[n2 — E22(5, 8))_11_/21(8)] -

X (Bl + I_/12(€, 8) (65]n2 - I_/22(5, 8))_1B2>

]gg, s > To.

Therefore, for s with |s| > T5, we have

|ctas)

< HC%(&SITLQ — E22(5,5))71B2H + 0.

Hence, we obtain

(4.8) sup ||G%y(s)|| < sup Cg(ﬁSInQ—ﬁ22(58))71B2H+Q:
|s|>T2 |s|>T
= sup ||Ghs)]| + 0 < sup |[Gh(s)| + e
|s|>eTy s€iR

On the other hand, in the compact domain {(s,¢), |s|] < T, 0 < & < go},
HG&(S)H is continuous as a two-variable function, hence uniformly continuous,
too. Therefore, there exists a sufficiently small e3 = e3(p) such that for ¢ < e3,
we have

Ghy(s)| < sup
|s|<T%

Gla(s)|| + 0 < sup
seiR

G (s)

sup
[s|<T%

+ 0.

Thus, for € < €3, we obtain

‘GEQ(S)H < max {sup
seiR

, sup HG’%(S)H} + 0.

Ghas)]| su
seiR

sup
seiR

Now, we prove the first inequality in (4.7). Analogously to (4.8), we have

sup Gr(s)|| - e

|s|>T5

GfQ(s) H > sup
|s|>eT>

Since HG’};(S)H is continuous, s € R, there exists a sufficiently small 4 = £4(0)
such that for ¢ < g4 and the inequality

sup
‘S|ZET2

-0

Gl}é(s) H > sup
seiR

Gh(s)
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holds. Hence, we obtain

Ghy(s)]| = sup |G ()| - 2.
s€iR

sup
[s|>T%

On the other hand, since sup,c;r HG’;Q(S)H is finite, there exists a number
s9 = s2(0) € iR such that

|Ghatsa)| = sup
seiR

Ghals)]| - e

Furthermore, because of the continuity of HGI;2($2)H as a function of €, there

exists a sufficiently small €5 = €5(p) such that for € < g5 we obtain

‘ng(S)H > HG52(82)H > HGléz(SQ)H = S;%HG§2(3)H - 20.

sup
s€iR

Therefore, for ¢ < min{ey,e5} the inequality

sup HGISz(S)H > max {sup ‘Gl§2(3)

seiR s€iR

, sup HG’%(S)H} - 20

seiR
holds.

Then, for ¢ < min{es, £4,¢5}, the inequalities in (4.7) hold. The proof of (4.6)
is complete.

Since (4.5),(4.6) hold for all ¢ = 0,1,....,l + 1 and k = 0,1,...,m + 1, the proof
of Theorem 3 is complete. O

5. CONCLUSION

In this paper, a class of SPS-s of differential equations with multiple delays has
been considered. Motivated by and considered as a continuation of the stability
analysis given in [2], the stability robustness of the SPS-s has been launched. The
notion of the structured stability radius is extended to the reduced systems which
are index-1 FDAE-s. By using the implicit-system approach, asymptotic behavior
of the stability radius for the SPS-s is characterized as the parameter tends to
zero. It is known that the complex stability radius for explicit linear systems
depends continuously on data [12]. Here, we have shown that this property does
not hold for the SPS-s, namely, the stability radius may be discontinuous in
parameter. The SPS analyzed here includes that investigated in [3] as a special
case. An extension of the results to more general systems of FDAE-s containing
a small parameter would be of interest.
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