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THE GROWTH OF COMPOSITE MEROMORPHIC
FUNCTIONS WITH DEFICIENT FUNCTIONS

JIANWU SUN

ABSTRACT. Let f be a transcendental meromorphic function of order py, g a
transcendental entire function of lower order Ay (Ay < 4+00), and a;(z) (i =
1,2,-+- ,n;n < 00) be entire functions satisfying T'(r,a:(z)) = o(T'(r,g)). If

> d(ai(2),9) =1, d(ai(2),g) > 0 and a;(z) # oo for each 7, then
i=1

Tim log(T'(r, f(9)))/T(r,9) = 7py.

T—00

1. INTRODUCTION

In [8], Song and Huang proved the following result:

Theorem A. Let f be a meromorphic function and let g be a transcendental
entire function with Y d(a(z2),9) = 1,(T(r,a(z)) = o(T(r,g)). If f and g are of

a#£oo
finite order, then

Tim_log(T(r, £(9)))/T(r.g) < mpy-

When f is entire, Theorem A is due to [10]. In this paper, we will prove that
the above inequality holds as an equality.

Theorem 1. Let f be a transcendental meromorphic function of order ps, g
a transcendental entire function of lower order Ay (A\y < +00), and a;(z) (i =
1,2,...,n; n < 00) entire functions satisfying T (r,a;(z)) = o(T(r,g)). If

S 8(ail2).9) = 1,
=1

0(a;i(z),g9) >0 and a;(z) # oo for each i, then

Tim log(T'(r, f(9)))/T(r,9) = 7py-

r—o00
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2. LEMMAS

Lemma 1 ([1]). Let f(2) be a transcendental meromorphic function, g(z) a tran-

scendental entire function, then for all o0 > 1 and r > rg = ro(f, g) we have
T(r,f(9)) < AT(BM(or,g), f)log M(or,g),

where A > 0, B > 0 are constants.

Lemma 2 ([4]). For any entire function f, if 0 <r < R < +oo then we have

T(r,f) < logh M(r, ) < it

—T(R, f).
Lemma 3. Let g be an entire function of order p, and lower order Ay (A\y <
+00), letai(z) (i=1,2,--- ,n;n < o) be entire functions satisfying T (r,a;(z)) =

n

o(T(r,g)). If > d(ai(2),9) =1, 6(ai(2),9) > 0 and a;(z) # oo for each i, then
i=1

1. ([3]) g(2) is of regular growth and py = Ay is a positive integer.

2. ([7)
lim T(r,g)/log M(r, g) = 1/m.

3. For an arbitrary small €1 > 0, there exists a1(z),az2(2),-- ,ax(z) such that
i €
- _ 1
(2.1) ;5(%@),9) =1>1-7.
Let a1(2),a2(2), -+ ,an(z) (h < k) be mazimal linearly independent group in
a1(z),az2(z), - ,ar(z). Put
9(z)  a(z) aa(z) - an(2)
1 1 1
i) @) @) @)
L(g) = :
h h h
M) 0@ i) e @)

Then

(i) ([6]) The order of L(g) is equal to lower order of L(g) and L(g),g(z) have
the same order.

(i) ((5])
K[L(g)] = T L Lg)) + N(r.1/L(g))

s T(r. L(g) =0

Lemma 4 ([2]). Let f(z) be meromorphic function of lower order A and order
p, let P be an integer defined by P > 1, P — % <A< P+ %,p < P+ 1. If for
Ap > 0,0 <e <1, we have

_—N(, f)+ N(r,1/f) 2
K(f) = lim, T(r, f) S AP
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Then, for 1 <o <36 and r > rg, we have
(2.2) T(or, f) = o T(r, f)(1 +0(r,0)), |n(r,o)| <e.

Lemma 5 ([6]). Let f(z) be meromorphic function, a;(z) (i = 1,2,--- , k) be dis-
tinct meromorphic functions satisfying T(r,a;(z)) = o(T(r, f)). Let {a;(2)";}be
mazimal linearly independent group of {a;(2)%_,} (h < k). Put

4 o o a
ap= | DB G, me),
) @) )
thus
(23) L(f)= (_A}O)hA(f, ar,az, - ap) = f + ﬁ—;f(hl) +o ﬁ—z

Then, the inequality

h 1
2.4 m(r, ——) < m(r,
(2.4) > min o) <

holds outside a set E of a finite linear measure except in positive real number aris
(mesE < +00).

Lemma 6. Let g be an entire function of order p and lower order A\ (A < 400),
let a;(z) (1 = 1,2,--- ,m;n < o0) be entire functions satisfying T(r,a;(z)) =

o(T(r,g)). If i d(a;(2),9) =1, 6(ai(2),g9) >0 and a;(z) # oo for each i, then
i=1
T(or,g) ~ a’T(r,g) (r— o0, 1 <o <36).

Proof. 1. Since a;(z) # oo and d(a;(z),g) > 0, we may assume that a;(z) # oo
and 6(a1(z),g) > 0. By (2.4) we have

h
Somlr ) ST L) +o(T(g)). (¢ B,
i=1 !

So

mlr, —— )

, v
Jim L L(9)) > Zlirgo ;(;;;(Z) > 6(a1(z),g) > 0.

Thus, there exists A > 1 such that for r > A we have

(2.5) T(r.9) < T, Llg))



106 JIANWU SUN

where ¢1 = $6(a1(2),g). By (2.4) and (2.5) we get

1
h m(r, ———)
. g—a;(2)
;Tlfffo T i) OO L9):
Since
h A h '
N(r,L(g)) <Y _ N(r, A_;) + Y N(r,g") +o(T(r,g)) = o(T(r,9)),
=1 =1
we have
T'(r,L(g)) =m(r, L(g)) + N(r, L(g))
(2.6 <nlr.g) + mln “L) + o(T(r.g)

=T(r,g) +o(T(r,g)) = (1 +o(1))T(r,g).

2. Using [9, (1.5.8)] we have
h

DTSN F () S S BT

i=1 =1

< T(r, L(g)) — N(r,

Hence, by (2.1) we obtain

1
1——<Z<5aZ <llmz Tgalz)

T—00 ]

T(r,L(g) N0 zg)

< lim — .
_7’_’00( T(’I", g) T(’I", g) )
Thus, for any € > 0 (¢ > &), we have
. T(r,L(g)) €1
2. lm —————=>1—-——>1—c¢.
27) o T(1,9) g 2 7 ¢

n
3. Since g(z) is an entire function satisfying the condition ) d(a;(z),9) = 1
i=1
and 0(a;(z),g9) > 0 (a;(z) # o), by the first assertion of Lemma 3 we see that
g(z) is of regular growth and p = X is a positive integer.
By the third of assertion of Lemma 3 we know that L(g) is of regular growth,
the order of L(g) is equal to lower of L(g) and L(g), g(z) have the same order.

By Lemma 3 we see that L(g) satisfies the conditions of Lemma 4 where P = p.
Hence, for 0 <e <1, 1 <o <36 and r > 79, by the result in the subsection 2 of
this proof we have

(2.8) T(or, L(g)) = o"T(r, L(9))(1 +n(r,0)), [n(r,0)| <e.
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It follows from (2.6)-(2.8) that

T Llorg) o = Tlorg) —T(or L(g) —T(r,L(g))

r—oo T(r,g) = r—oT(or, L(g))r—c0 T(r,L(g)) r—o T(r,g)

>1HT(0T, L(g) 70— (1 + o(1))T(r, g)
r—oo T(r,L(g)) r—oc  T(r,g)

1 1
coP(l+4¢) = re
£

AN
I/~ Z
E.
=
R)
=
S/ SN—

< o’.

1—¢

Letting ¢ — 0, we obtain

—T(or,g)
2.9 im oP.
(2.9) Y
Besides, we observe that
. T(or,g9) . T(or,g) . T(or,L(g)), T(r,L(g))
lim ——=~ lim im lim
7’—>_oo T(T’g) - TTOOT(JTaL(g))TTOO T(T’L(g)) 7’—’_00 T(Tag)
1
T
14+0(1) (

or,L(g)) —— T(r,L(g)) \
(Frior zt) 079

Letting € — 0, we get

T(or,g)
2.10 P,
( ) r—00 T(T, g =7
So, by (2.9) and (2.10) we have
T(or,g) ~o’T(r,g), (r— o0, 1 <0 <36).

O

Lemma 7 ([1]). Let g be a transcendental entire function, ¢(L),(L) and \(L)
be nondecreasing functions in L > Lo, ¢(L) — oo and A(L) — oo as L —
oo, ¥(L) > 1. For sufficiently large r, let

L=logM(r,g), R=r(1+1/¢(L)).

Iflog M(R,g) < ¢(L), logr < A(L) hold for all sufficiently large values of L,

and
| ML) Alog Y(L) + 6log 6(L)

rT—00 L

<1,
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then for any € > 0 there exists a positive K = K(g,¢,1,\,e) such that the
equation g(z) = w has roots in circle

1
|z| < t(l + 1 >,
log M (t
Wy leg M(t,9))
when |w| > K. Here t = t(Jwl|) is determined by M(t,g) = |w|.

Lemma 8. Let g be a transcendental entire function of lower order Ay (A\y <
+00), leta;(z) (i =1,2,--- ,n; n < 00) be entire functions satisfying T (r,a;(z)) =
n

o(T'(r,g)), > 6(ai(z),9) =1 and 6(ai(z),9) > 0 (ai(z) # oo). Then for any
5 €(0,1) t;zzei’e exists a constant K = K(g,9) such that the equation g(z) = w
has roots in the circle |z| < t(Jw|)(1 + 6) when |w| > K(g,0). Here t = t(|w|) is
determined by M (t,g) = |w|.
Proof. Let r = r(L) be the inverse of L = log M(r,g). Put

ML) =logr(L), ¢(L) = log M(3r,g),
and (L) =1/ > 1. For R= (1+1/¢(L))r = (1 + 0)r we have

log M(R,g) < ¢(L), logr = A(L)
and r — 400 when L — +o00. By Lemma 2 we obtain
T(r,g) <logt M(r,g) <log™ M(3r,g) < 7T (4r,g).

From Lemma 3 and Lemma 6 we deduce that p, = A, and
(2.11) T(or,g) ~ o T(r,g) (r—o00,1<0 < 36).

Since p, is a positive integer by Lemma 3, we know that T(r, g)/(log)? — oo.
Thus

log 1 - log(log M logr - log 7T (4
i 1087 log(log M(3r,g)) . ~logr-log7T(4r,g)

roo log M(r, g) T T(r,g)
. 4P
— lim logr - log[7-4PT(r,g)(1 + o(1))] _0
r—oo T(r.g)
Hence

L)L) log (L) + 6log 6(L)]
L—o0 L
= lim logr - %[4 log % + 6log(log M (3r,g))]/log M(r, g)
= 0.

Thus, by Lemma 7 the equation g(z) = w has roots in the circle
1
A<e(1+ ) = @+ e,
log M
(g 5108 (t,9))
for |w| > K(g,9). O
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Lemma 9. Let f be a transcendental meromorphic function, g be a transcenden-
tal entire function of lower order g (A\g < +00), let a;(z) (i =1,2,--- ,n; n <

00) be entire functions satisfying T (r,a;(z)) = o(T(r,g)), > 6(a;(z),g9) =1 and
i=1

d(ai(2),9) > 0 (a;(z) # o0). Then, for any 6 € (0,1) there ezists a constant
ro > 0 such that

8

T(r, f(g)) log M (1255 9)

Y

(r > o).

Proof. Thanks to Nevanlinna’s theory we have

N =) =T f) (= o0)

outside a set of value a with capacity 0. Without loss of generality, we may
suppose that it holds for a = 0, that is

(2.12) N(r,1/f) ~T(r, f) (r — 00).

Now, by Lemma 8, for any § € (0,1) there exists K = K(g,9) such that the
equation ¢g(z) = w has roots in the circle |z| < (1 + §)t(|w|), where t satisfies
M(t,g) = |w| with |w| > K.

If wo is a zero of f(w) in the region D = {w : K < |w| < M(r,g)}, we have
|lwo| > K. Hence there exists zg, |20| < (14 9)t(|wo]), such that g(zp) = wp. This
implies that zg is a zero of f(g(2)).

Denote by n(r) (resp., 7(r)) the number of the zeros (resp., distinct zeros) of
f(w) in D. Then we have

(2.13) n((1+0)r,1/f(g)) >7(r) =7(M(r,g),1/f) —7(K,1/f)
and
(2.14) n((1+0)r,1/f(g)) = n(r) =n(M(r,9),1/f) — n(K,1/f).
Consequently, for p > 1 and 6 > 0,
1 1 [at1/f)

(2.15) Mmﬁ—MLp—/—j—%meUﬁmp
and

1 R0 O 1 1426

> flg

(2.16) N((1+26)r, f(g)) > / ———2dt > n((1+ 9)r, f(g))log T3

(1+6)r
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It follows from (2.14)-(2.16) that

1 1 1
o 1 () =l )
(2.17) > n(M(r,9),1/f) —n(K,1/f)
N(M(r,g),1/f)  N(1,1/f)
< log M(r,g)  logM(r,g) mE/)

Since % <log(l+z) <z (x> 0), for any § € (0,1) we get
x

<20y
S1+6

4 < 4 6 < 41 1429

pa— —_ pa— O _—

3°01+20 20 2140
By (2.12), for sufficiently large r,

NOM(r. g1/ f) > g1 95 T(M(r.g). ).
PRI

Thus

1+20 N(M(r,9),1/f) _ 0T(Mr,g)f)

146 logM(rg) 4 log M(r,g)

From the first fundamental theorem we see that T'((1 + 20)r, f(g)) — T((1 +
26)r,1/f(g)) is a bounded quantity.

Hence, for sufficiently large r we have

(2.18) log

T((1+26)r, ﬁ) —T((1+20)r, f(g))

. (n(K,l/f)+ N(1,1/f) >10 1+ 26

log M(r, g) 1+0

0T (M(r,g),[)

(2.19) S Tog M(r,g)

From (2.17)-(2.19) we obtain

T((1+ 26)r, f(g)) =N ((1 + 26)r, %g)) L T((1+ 20 £(g) — T((1 +2)r, f(lg)
ST (M(r,9), f)
—8 logM(r,g)
Substituting r for (1 4 2J)r, we obtain the desired inequality. O

3. PROOF OF THEOREM 1

For completeness we now give a simple proof of Theorem A. For any small
g > 0 there exists 1o > 0 such that T'(r, f) < r?/*¢ for r > rg. By Lemma 1 we
get

T(r,f(g)) < AT(BM(or,g), f)log M(or,g) < A(BM(O’?", g))pf+€ log M (o1, g),
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hence

—log T(r, f(9)) _

NI
&.1) 5 Tog M(o7,g)

From Lemma 3 we observe that

(3.2) lim log M(or,q)/T(or,g) = 7.

rT—00

Now for any o € (1,36), by Lemma 6 we obtain

(3.3) lim T(or,g)/T(r,g) = o".
r—00

Combining (3.1)-(3.3) we get

lim log T(r, f(g)) _ log T'(r, f(g)) log M(or,g) T(or,g) .
r—00 T("", g) sy log M(UT, g) T(UT, g) T(T, g) < py

.oP9.

Letting o — 1 gives
(3.4) hm logT'(r, f(9))/T(r,g) < 7py.

Next we prove the converse inequality. For ¢ > 0 and any 6 € (0,1), there
exists a sequence {r,}, r, — 0o (n — 00), such that

Tn

T pr—e W= M .
Now, by Lemma 9,
1) Tn
>
T(ra, (9)) = ST 9), 1)/ log M5, 9)
) r Pr—e r
> | M(—= log M (—= :
> 2 (MG Eg0) Nee(
Hence
55 o BTG T S)
log M{3755+9) lOg‘M(1+25 9
By Lemma 3,
r
log M ( 9)
(3.6) im L+20 ~ _
S A .9)
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Since 1 < 14 26 < 36 by Lemma 6, we get
r r

i o9
T(r9)  T(Q+20)——,
37 (T 559
= T(1+2579) — 1 (r — 00).
(1+20)"T(55.9) 1 +o(1)  (1+20)"

It follows from (3.5)-(3.7) that

r

.,
logM(1+25,g) T(1+25,g)

. logT(r,f(g)) H IOgT(va(g))

m -—— =

roc  T(r,g) r=®log M(——.q) T(— T(r,g)
> ppom-1/(1+26)".
Letting 6 — 0 we obtain
. _— = > .
o N
The desired conclusion follows from (3.8) and (3.4). 0
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