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RECONSTRUCTION OF ANALYTIC FUNCTIONS ON
THE UNIT DISC FROM A SEQUENCE OF MOMENTS:
REGULARIZATION AND ERROR ESTIMATES

NGUYEN VU HUY", NGUYEN VAN NHAN** AND DANG DUC TRONG*

Dedicated to the memory of Le Van Thiem

ABSTRACT. We consider the problem of reconstructing a function in the Hardy
space H?(U) on the unit disc U of the complex plane from a sequence of
moments. The problem, which is ill-posed, is regularized by polynomials and
error estimates are given.

We consider the problem of reconstructing a function analytic in U, the unit
disc of the complex plane, from its values at a given infinite sequence of points
in U. We thus deal with a moment problem. The problem of approximation of
analytic functions has given rise to a huge literature. The reader is referred, e.g.,
to [GH, AK, CM, A] and to the momograph [G].

The present moment approach to the problem, to our knowledge, is new. The
results of this paper extend those in our recent works [AT] and [TA]. We consider
the problem of determining a function u in the H?(U), the Hardy space of analytic
functions on U to be defined in (5) below, such that

(1) u(zn) = pn, n=1,2,..

where (z,,) is an infinite sequence in U, (uy) is in I, the space of all complex
bounded sequences. It is easily seen that the problem is ill-posed. Let ug be the
exact solution of (1) corresponding to the exact data u® = (1)) € lo (which is
often not known exactly), i.e.,

(2) ug(zn) = 12, n=1,2, ..
Let pt = (1n) € loo be a known “measured” data satisfying
it = 1%lloo = sup |n — piy| < e
n

From p, we shall construct a polynomial that, in a sense to be specified, approx-
imates the exact solutions ug (in (2)). For m € N, we consider the following
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system of linear equations

m—1
(3) Z iz = i, n=1,.,m.
k=0
Put
(4) Pu(z)= > am".
0<k<m/2

We shall give an estimate of the error between P, and the exact solution wug
corresponding to the exact data u¥ € lo.

Before stating our main results, we set some notations. The Hardy space
H?(U) is the class of all analytic functions F' on U having the form

e}
(5) F(z) = Zakzk
k=0
with
o
IFIe =3 Jo? < o0
k=0

(see, e.g., [H]). We shall denote the set {1,...,m} by 1,m.

We now state our main results.

Theorem 1. Let € > 0 and let a > 0 be a positive number satisfying

e
1= va)t

I<a<l, < 1.

Let (z,) C U be such that
2k # 2z Vk#G, |wm <a Vn=1,2 ..

and let ug € H*(U) be the ezact solution of (2) corresponding to the exact data
p® € lo. Let f :[1,00) — R be such a function that f(6) increase to +oo as
0 — +o00o and satisfies the condition

f(m) > (m+2)m* D}, (1 + a)*™ 2,
where
D,, = su n — Zi -1
1§n£m ‘ ﬂ |2 Z]‘
jel,m\{n}
Put
m(e) = [fH ).
Then m(e) — oo as € | 0 and there is a function n(c), 0 < € < 1, such that
liﬁ)l n(e) =0 and
3

HPm(e) - UOH%{2 < 77(5)’
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where P, is defined in (4).

Besides, if uf, € H*(U) then
m(e) + 2 Va m(e) " H2 N 4Hu6||%12 .
(1—va)2 \(1-va) Pl T Tm2(e)

Theorem 2. Let the assumptions of Theorem 1 hold. If, in addition, there exists
a Cl-function 1 : [1,00) — U such that

W ()| > Bz Va € [1,00)

for some 3 >0, and (n) = z,, then there exists an €9 > 0 such that

1Py — uollFe < e+

1\ !
IPoe ~ vl < (0 + ol + alae) (102
for 0 < e < g9, where m(e) = [f~1(e71)] and

20—2
f(0) =4(0 +2)0%*(1 + a)?02 (%) Vo > 0.

Remark. As an example of a function 1 with the properties described in the
above theorem, we can consider ¥(z) = 1/x, x > 1. In this case one has z, = 1/n.

Proof of Theorem 1. Since ug € H?(U), ug can be represented by a series

(e}
(6) up(z) = Z apz”,
k=0
where

o0
Z lax|* < oc.
k=0

From (4) it follows that
Prn(z) —uo(z) = Z Cmp 2" — Z a2",
0<k<m/2 k>m/2
where ¢k = amk — ak (amg is defined in (3)). Hence
(7) 1P —wollFz = Y lemkl>+ Y laxf*.
0<k<m/2 k>m/2

The latter equality shows that an estimate of the first sum in the right hand side
of (7) is essential.
The remainder of our proof is divided into three steps. In Step 1 we shall

represent the numbers ¢, as the coefficients of Lagrange polynomials. In Step
2 we shall estimate ¢,,;. Finally, in Step 3 we shall complete our proof.

Step 1. Representation of cpp = Gmip — ar aS a coefficient of a Lagrange
polynomial.
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Recall that
uo(zn) = pb, n=1,2,..

Hence, (6) gives

m—1 o9
k 0 k
(8) g arz, = by, — g agz, .
k=0 k=m

Substracting (8) from (3) gives
m—1

k
(9) CmkZp = Pmn, N = 1> ey T,
k=0

where

[e.0]
Pmn = En T+ Z akzﬁu
k=m
En = Un — ,u%, n=1,..,m.
We wish to estimate |c;,;|. For this purpose, we shall give an explicit form for
(Cmk)- Put

m—1

(10) Qm(2) =Y coz"

k=0
Condition (9) implies that

Qm(zn) = Pmn, n = 17 ey M.

Hence, using Lagrange’s interpolation (cf, e.g., [G], p.61) we get

S T (:52)

jeT,m\{n}
Since
[o¢] o0
Pmn =En+ Y arzh =+ Y amiizm i,

k=m =0
we have
(11) Qm(2) = Qun(2) + Q2m(2),
where

on=e T (2=2).

=1 jelm\{n}

Q=Yoo T (222,

n=1 jel,m\{n}
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Now, if we denote by cimk,Camr (kK = 0,...,m — 1) the coefficients of z* in the

expansion of the polynomials Q1,,, Q2. respectively, then

m—1
(12) Qjm = Y cmr?®, j=1,2.
k=0
From (10), (11), (12), one has
(13) Cmk = Clmk + C2mk-

Step 2. Estimates of cimk, Comks Cmk -
i) Estimation of ¢1p.
We claim that
(14) |Cimk| < MeDy(14+a)™ 1, 0<k<m-—1.
Let us introduce some notations. For j = 1,2,..,m, put
21 = (29, s Zm),

Zj = (21, ---,Zj—172j+1,-'-azm)a 2<j<m—1,

ém = (21, ...,Zm_l).
Setting t = (t1, ..., t;m—1), we define
oo(t) =1,

Jl(t) =t +to+ ... +tm-1,

oa(t) = Z tirtja,

1<j1<je<m—1

o3(t) = Z tjrtjatjss

1<j1<ja<js<m—1

O'mfl(t) = tl...tmfl.
Then we put
Smn = H (zn — 2j).
jeLm\{n}

Using these notations, we can rewrite the representation of Q1,, as follows

m m—1
le(z) = Z%&;}l Z Zk(_l)mikilamfkfl(én)
n=1 k=0
m—1 m
=Nk (Z ens;;(—nm—k—lam_k_l(zn)> .
k=0 n=1

This gives

m
Cimk = ZEnS;L%(_l)m_k_lo'm—k—l(én)y 0<k<m-1.
n=1
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Since
|Smn| ™t < sup H |2n — 2j| 7
TSRS T (n)
=D, (m=12.,1<n<m),
we have
m
(15) ‘Clmk| <eDy Z |Um—k—1(2n)‘~
n=1
On the other hand, since |z,| < « for all n = 1,2, ..., one has
|Om—k—1(2n)| < @™ > 1

1<j1 <2< <Jm—k—1<m—1
Note that the latter sum is the number of (m — k — 1)-element subsets of the set
{1,2,..,m — 1}. Hence
(16) > L=Coot
1<j1<j2 <. <Jm—k—1<m—1

where C = m!/k!(m — k)!.
From (15) and (16) we deduce that

m
lCimi| < €D Y o™ IO
n=1
= emDyoam - 1omokl
< emD,, (14 o)™ L,
ii) Estimation of |copk|-
We claim that

(va)y"

(17) \Cka|§sgp|an|W, 0<k<m-1
Put Z; = (21, ..,25). For B = (B1,....,0s) (6; =0,1,2,....;,1 <i < s), we define

VA zlﬂl...zfs.
For each s > 1, we put

s
Ry(Ze2)=> 2 ] (%)

n=1  jeTs\{n} ~

and

Ry(Z1,2) = 2.
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From the definition of ()9, we have

(18) Q2m (2 ZaerlRerl( ms 2)-

=0

To continue the proof of (17), we need the following lemma (which will be proved
later on).

Lemma 1. One has

s—1
o(Zs,2) = cpi(Z z, 1<s<p,
k=0
where
(19) eon(Zs) = Y CprpZl, 0<k<s—1,
|B|l=p—k
(B= (B, Bs), 18] =01+t Bs, Z5=20"2), and
(20) 1Cpipl < Cp.

We now return to the proof of (17). By Lemma 1, from (18) we get

QQm ZaerlRerl( ms % )

m—1

Am+1 Z Cmti,k(Z

0 k=0

—1
(Z Am+1Cm+1, k ))

Il
IMs 10>

3

W

0

Hence

e}

Comk = Z am-l—lcm-I—l,k(ZM)'
=0

This implies in view of (19) and (20) that

o
|come] < suplan] > > Cskmi1Zy)]
" 1=0 \|B|=m+I—k

(21) < sup|ay| Z Cow D 123l
1=0 |B|l=m+1—k
On the other hand, one has
1Z8| = |21 |z [P < @P1aPm = QP
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Hence (21) implies

(22) |szk|<Sup\an\Z R Z 1

=0 |B]l=m+1—k
We shall calculate the quantity
Z ]-7 ﬂ: (/817"'7/8171)'
|Bl=m~+1—k

For all z in U and (6,,) C U, one has the expansion

1
=0, ! + 0,24+ 072"+ .., Yn=1,2,..
Hence
m o
[Mi===>1> 0000 | 2P,
n=1 p=0 \|B|=p

In particular, one has for 6, =1 (n =1,2,..,m) the equality

1—2 i Z

p=0 \|B|=p

On the other hand, one has the Taylor’s expansion (cf, e.g., [T])

(23)

o0

1 1
(24) = Z Con 17"
p=0
Combining (23) with (24) gives
m—1
Z 1= Cm 1+p-

181=p
For p = m 41 — k, the latter equality implies
1
Z =Gk
|B|=m~+l—k

So we can write (22) as follows

|comk| < SUP |an| Z Crnsl g:r;yll_kqamﬂik-
=0

This yields

+1—k
|02mk;‘ <Sup|an|zcm+ \/_)m+l kC m+l ke 1\/_m
=0

<sup|an| (Z i ( ) <ch7n+ll e oz)mH_k).
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Using Taylor’s expansion (24), one has

m— 1 1
lcami| < S%P|an|(\/a) k(l — Ja)mtl ’ 1— Ja)m
o m—k

Inequality (17) has been established.
iii) Estimation of ¢;.

One has ¢k = cimk + comi. Hence, using (14) and (17) we obtain

|ka| S ‘clmk‘ + |62mk‘

(Vay*
(1 — \Ja)2m+1

For 0 < k < m/2, the latter inequality implies that

< emDp, (1 + )™ + sup |ay|
n

(25) [emk| < emDpn(1+a)™ ! + Sﬁ”%' ((1 —\4/5&)2> '

Step 3. Estimation of || P, ) — uo|| g2
From (7), it follows that

(26) 1Py —wolie = Y. ekl + D anl®

0<k<m(e)/2 k>m(e)/2
By (25), we can apply the inequality
(a+0)* <2(a* +b%), Va,beR,

to get for 0 < k < m/2 the following

@27)  lewnl? <2 <52m2Dfn(1 1 22 4 SPnlonl” <( va )4>m> .

I-vap \(I-+va

Combining (26) with (27) gives

1Py — ol <2(1+mi(e)/2)e2m?(e) D2, ) (1 + )™ 2 +

sup ‘an‘Z o )
+2(1+m(e)/2) (1"_ Ja)? ((1 —\(/&)4>

(28) + \ak\Q.
k>m(e)/2

From the definition of m(e), one sees that m(e) — 400 as € | 0 and

e! > f(m(e)) = (m(e) + 2)m*(€) D}y (1 + @)™ 2,

315
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Hence (28) implies

Hf%qs)—-uoﬂéef§54—2(1‘F7n()/2)

sup,, |an|? ( Ja )m@
(11— a2 \(1-ya)
(29) + > =)

k>m(e)/2

Now, if ufy € H*(U) then

ZkQ\ak\Q g7 < 0.

Hence

(30) > ol <iag X K i < Wl

k>m(e)/2 k> (e)/

From (29) and (30) we get

[Juo |7 a  \™ 4fup?
Prce — wol| < &+ (2 + m(e)) — ol 12 \F)4 o Ml 2

(1-va) \(1-va m?(e)
This completes the proof of Theorem 1 provided that Lemma 1 is proved. U
Proof of Lemma 1. We shall prove the lemma by induction in p. For p = 1, we

have s = 1. From the definition of R,(Zs,z) one has Ri(Z1,z) = 21, i.e., the
lemma is true for p = 1.

To proved by induction we suppose that the statement holds for p = r. We
shall prove that the statement also holds for p = r + 1. We first claim that

(31)
Roi1(Zs,2) = 25(R.(Zg,2) — Rp-(Zs—1,2)) + 2R (Zs—1,2), 2<s<r+1.

In fact, one has

s—1
Z— Z5
RT_|_1(Z5,Z) - Zer(Zsaz) = Z(z:z—’—l - ZSZ;) H <Z _ ;)
n—1 TS n J

= (Z — ZS)Rr(Zs—l) Z)

From this it follows that (31) holds.

To continue the proof, we first consider the case p = r + 1, s = 1. Since
Ryi1(Z1,2) = 2™, Lemma 1 holds for p =7+ 1, s = 1. For 2 < s < r, one has
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from the induction hypothesis that

s—1

(32) R (Zs,2) = > CpunZl | 2,
k=0 \|B|=r—k
s—2

(33) R (Zs1,2) = Z B,k S zk’

k=0 \|B|=r—k
where 8 = (81,....,3s), b= (B1,.... 36-1), 2< s <r, and
(34) Canrl <C7 (0<k<s—1),
(35) Chprl SCF71 (0<Ek<s—2).
But we have

B =58, 20=20 0 20 =760,

Hence (32) can be written as

(36)
s—1 _ s—1 } }
Ri(Z2) =Y | Y CounZPO) 2437 S0 CppopzlPrto1ol | 2k,
k=0 \|B|=r—k k=0 \|3|<r—k

For convenience, in the following calculations we put C';

Gs—1r = 0. Substituting
(33), (36) into (31), one has for 2 < s < r the following

s—1

RT+1(ZS>Z) = Z Z (Cﬁ,kﬂ“ - C,@,k,r)ZSZsﬁ—l zk
k=0 \|gl=r—k

s—1 5—2 )
30| DD Ol 2P | by D o 2l |
k=0"\|g|<r—k k=0"\|B|=r—k
(37)
s—1
= Z cr+1,k(ZS)Zk>
k=0
where
Cri1,k(Zs) = Z (C@k,r—CB’k’r)stﬂ 1+ Z Cshor Z(ﬁﬂ“ k—|B+1)
|B|l=r—k |B|<r—k
(38) + > Ol (1<k<s—1),
|B]=r—k+1

) couralZ = 3 Coa — Cyp )2y + X g 2070,
|B|=r |Bl<r
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Let us check (20) forp = r+1, 2 < s < r. From (38), one obtains for 1 < k < s—1
the equality

crp(Zs) = D, CarrnZy.

|8|=r—k+1
where 3 = (3, 8,) and
Capr — C’/@’kﬂ, for |B] =r — k,
C,B,k,'/‘-‘,—l = Cﬂ,k,r for |@| <r-— k‘,
Chpr for Bl =r—k+1.

Then we can use (34), (35) and the identity
Gl Gl =Gy
to deduce that
Coprral <Ciy 1<k <s—1).
Similarly, for kK = 0, we can use the representation (39) to get
‘Cﬁ,o,rﬂ\ < 019+1'

Thus the lemma holds for p =7+ 1 and 2 < s < r. In the case where p =r + 1,
s =r+ 1, we can replace (32) by the following equality

(40) R.(Zyy1,2) =2".

(In fact, the degree of the polynomial R,.(Z,41,.) is r and R, (Zy41,2n) = 2), for
n=1,2,..,7 + 1. Hence (40) holds). Using the same arguments as for the case
2 < s < r we shall get (19), (20) for p =r + 1, s =r + 1. As mentioned earlier,
Lemma 1 holds for p = r+1, s = 1; hence the above arguments show that Lemma
1 holds forp=7r+1,1 < s <r—+1. The proof of Lemma 1 is complete. U

Proof of Theorem 2. Put

i(z) =¢(1/z), Ve (0,1].
One has

1

[Y1(2)| = | Zo(1/2)| = B Yz € (0,1],

and

lim 1/)1(.1‘) =0, z,= 1/)1(1/’!7,)

z—0t
Using the mean value theorem, one has
1 1
|20 = 2| = W1 (1/n) =1 (1/m)[ 2 B = — — -

n
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Hence,
lsmnl = [ (20 — 2))]
jeL,m\{n}
() 0 ) () (-2)
n n 2 n n-—1 n n+1 nom

_ B n — 1) (m —n)!

nm=2m) , (I<n<m)
This implies that
\smn|_1 < ™ m! )
= BT (n — 1)i(m —n)!
Hence
nm72
D,, = su Srm| 71 < su
" léngm‘ mal < pml 1§n£m (n—1)l(m —n)!
1 m—1
=—— Ssup n c".
ﬁm—l 1§n£m m

But, one has
Ch <(1+1)m=2"

mm—lom—1 om m—1
pnsatt— (%)

Therefore

Put

20—2
F(8) = 4(0 + 2)82(1 + )22 (%) :

We can verify that f is increasing for § > (e/2. By Theorem 1, one has
(41)

wole (_va_ \™ 4Ll
(1= va) \(1-ya)! m?(e)
where m(g) = [f~!1(e71)]. We shall estimate the latter quantity.

There exists an ¢, > 0 such that m(e) > fe/2 for 0 < € < g;. In this case,
since f is increasing on (fe/2,4+00), one has

e < f(m(e) +1)

1Py — uollFp < &+2(1+mf(e)/2)

or, equivalently,

20 —2
4(0: + 2)02(1 + «)?0=72 <2—ge> > % , O-=m(e)+ 1.
So we have
(42) 2(: —1)In (W) + In(4(6. + 2)62) > In G) .
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For ¢ — 0, one has . — +o0 and
1
(0. —1)2 > LHS of (42) >1In (—) :
€
Hence

(43) mie) = 6. — 1> <ln 1) "

By (43), we can find an €y such that 0 < gy < ¢(, and

(44) £ < (m(e)) 2 < (ml)l,

(45) <2+m<e>>< va )4)m<e> _ (m 3)1

™

1—var \(i-va
for 0 < € < g9.
Substituting (43)-(45) into (41) gives

1\ !
1Py = ol < (1-+ ol + gl (1)
This completes the proof of Theorem 2. U
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