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LIE SUPERALGEBRAS OF STRING THEORIES

PAVEL GROZMAN, DIMITRY LEITES AND IRINA SHCHEPOCHKINA

ABSTRACT. We describe simple complex Lie superalgebras of vector fields on
“supercircles” - stringy superalgebras - in intrinsic terms. This is an an-
nouncement of a classification: there are four series of such algebras and four
exceptional stringy superalgebras.

We also describe Lie superalgebras close to the simple stringy ones, namely,
12 of the simple stringy Lie superalgebras are distinguished: only they have
nontrivial central extensions and since one of the distinguished superalgebras
has three nontrivial central extensions each, there exist exactly 14 superiza-
tions of the Liouville action, Schrédinger equation, KdV hierarchy, etc. We
also present the three nontrivial cocycles on the N = 4 extended Neveu—
Schwarz superalgebra in terms of primary fields.

One of these stringy superalgebras is a Kac-Moody superalgebra g(A) with
a nonsymmetrizable Cartan matrix A. It can not be interpreted as a central
extension of a twisted loop algebra.

In the literature the stringy superalgebras are often referred to with an
unfortunate term superconformal. We show that only three of simple stringy
superalgebras are indeed conformal.

INTRODUCTION

I.1. The discovery of simple stringy Lie superalgebras. Simple and
close to simple Lie superalgebras studied here appear as symmetry algebras in
String Theories. For this and other reasons given below we call them stringy
superlagebras. The discovery of simple stringy superalgebras was not easy. Even
the original name of these Lie superalgebras is unfortunate. Mathematicians
lately bapthised the Lie algebra of vector fields on the circle toitt in honor of
Witt who considered it in prime characteristic. Recall that conformal means
preserving a metric (or a more general bilinear form) up to a factor. By a theorem
of Liouville roitt is the only infinite dimensional conformal Lie algebra. Physicists
who considered the first superization of tvitt, namely € (1]1) and £ (1|1), dubbed
them “superconformal” algebras. But, as we will show, except for them, NO
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stringy superalgebra is superconformal, or, better say, conformal in the original
meaning of the word. Besides, the diversity of the stringy algebras requires often
to refer to them using their “given names” that describe them more precisely,
than a common term. When the common name is needed, then stringy is, at
least, a not selfcontradictory and suggestive name. An intrinsic definition is
desirable and there appeared one in [KvL]. We give another, more invariant,
intrinsic description of stringy superalgebras we dug out of [Ma].

The physicists who discovered first examples of simple stringy superalgebras
(INS], [R], [Ad]) were primarily interested in unitary representations, so they
started with real algebras which are more difficult to classify than complex alge-
bras. So they gave a number of examples, not a classification. We refer to [S3]
for the complete list of real forms of the stringy algebras known at that time.
The real forms of the other examples will be given elsewhere.

Observe also that the physicists who studied superstrings were mainly inter-
ested in nontrivial central extensions of “superconformal” superalgebras. Only
several first terms of the four series of stringy superalgebras - the 12 distinguished
superalgebras - have such extensions, the other algebras were snubbed at. For
a review of applications of distinguished stringy superalgebras in string theory,
see [GSW]. For some other applications see [LX]. Observe that nondistinguished
simple stringy superalgebras are also of interest, see [CLL], [GL2] and [LSh].

Ordered historically, the steps of classification are: [NS] and [R] followed by
[Ad], where four series of the stringy superalgebras (without a continuous pa-
rameter) and most of the central extensions of the distinguished superalgebras
were found for one real form of each algebra; in [FL| the complexifications of
the algebras from [Ad] were interpreted geometrically and expressed in terms of
superfields and two classifications were announced: (1) of simple stringy super-
algebras and (2) of their central extensions. Regrettably, each classification had
a gap. During the past years these gaps were partly filled by several authors, in
this paper the repair is completed, thus a classification is announced here.

Poletaeva [P] in 1983 and, independently, Schoutens [Sc] in 1986, found three
nontrivial central extensions of £-°(1]4), i.e., of the 4-extended Neveu-Schwarz
superalgebra (the importance of [P], whose results were expressed via H'(g;g)
rather than more conventional H?(g), was not recognized in time and Poletaeva’s
result was never properly published).

Schwimmer and Seiberg [SS] found a deformation of the divergence-free series.

In [KvL] the completeness of the list of examples from [FL] amended with the
deformation from [SS] was conjectured and the statements from [FL] and [Sc] on
the nontrivial central extensions reproved; [KvL] contains the first published proof
of the classification of the nontrivial central extensions of the simple superalgebras
considered.

Other important steps of classification: [K], [L1] and [Sh1], [SP], where the
vectorial Lie superalgebras with polynomial coefficients are considered, and [Ma],
where a reasonable characterization of stringy algebras is given.
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Observe, that after [Sc] there appeared several papers in which only two of the
three central extensions of £°(1]4) and £ (1]4) were recognized; the controversy
is occasioned, presumably, by the insufficiently lucid description of the superalge-
bras involved and ensuing confusion between the exceptional simple superalgebra
glo(1]4), see below. Besides, the cocycles that the physicists need should be
expressed in terms of the primary fields; so far, this was not done.

I.2. Owur results. Here we define classical stringy Lie superalgebras (a.k.a.
superconformal ones) in intrinsic terms and announce the list of all simple stringy
superalgebras. Under certain additional assumptions the completeness of a part
of our list satisfying these assumptions is proved in [K3].

We also answer a question of S. Krivonos: we replace the three cocycles found
in [P] and [Sc] with cohomologic ones but expressed in terms of primary fields.

This paper, with its exceptional example based on hep-th 9702121, was pre-
printed in hep-th 9702120. Though later [CK] appeared, our interpretation of
several exceptional simple stringy superalgebras, as well as the intrinsic definition
of stringy (“superconformal”) superlagebras, explicit presentation (description of
defining relations) and the description of a distinguished stringy superalgebra
with the help of a Cartan matrix are still new.

Remark. The results of this paper were obtained in Stockholm in June 1996 and
delivered at the seminar of E. Ivanov, JINR, Dubna (July, 1996) and Voronezh
winter school Jan. 12-18, 1997. Kac’s questions concerning exceptional Lie
superalgebras in his numerous letters to I. Shchepochkina in October-November
1996 culminated in [CK], where our example £as” is described in different terms.
We thank Kac for the preprints [CK]| and [K2], where several results from [L2]
are discussed, and a kind letter to Leites that acknowledges Kac’s receiving a
preprint of [Shl].

I.3. Real forms. The 1986 result of Serganova [S3] completed description of
the real forms of the distinguished and simple stringy superalgebras known at
that time. Crucial there is the discovery of three, not two, types of real forms of
stringy and Kac—-Moody superalgebras, cf. [S1] with [K1], where only two types
of real forms of Kac-Moody algebras are recognized. Another important result
of Serganova pertaining here: the discovery of three basic types of unitarity, one
of them with an odd form, see [S2].

0. BACKGROUND

0.1. Linear algebra in superspaces. Generalities. Superization has certain
subtleties, often disregarded or expressed as in [L], [L3] or [M]: too briefly. We
will dwell on them a bit.

A superspace is a Z/2-graded space; for a superspace V = V5 @ Vi denote by
II(V') another copy of the same superspace: with the shifted parity, i.e., (II(V)); =

Vi 1. The superdimension of V is dim V' = p + qe, where €2 =1 and p = dim Vj,
g = dimV;. (Usually, dimV is expressed as a pair (p,q) or plg; this notation
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obscures the fact that dimV ® W = dim V - dim W which is clear with the help
of €.)

A superspace structure in V' induces the superspace structure in the space
End(V). A basis of a superspace is always a basis consisting of homogeneous
vectors; let Par = (p1,...,paimv) be an ordered collection of their parities. We
call Par the format of (the basis of) V. A square supermatriz of format (size)
Par is a dimV x dim V' matrix whose ith row and ith column are of the same
parity p;. The matrix unit E;; is supposed to be of parity p; +p; and the bracket
of supermatrices (of the same format) is defined via Sign Rule:

if something of parity p moves past something of parity q the sign (—1)P? ac-
crues; the formulas defined on homogeneous elements are extended to arbitrary
ones via linearity.

For example, setting [X,Y] = XY — (—=1)?XP0)Y X we get the notion of the
supercommutator and the ensuing notion of the Lie superalgebra (that satisfies
the superskew-commutativity and super Jacobi identity).

We do not usually use the sign A for differential forms on supermanifolds: in
what follows we assume that the exterior differential is odd and the differential
forms constitute a supercommutative superalgebra; still, we keep using it on
manifolds, sometimes, not to deviate too far from conventional notations.

Usually, Par is of the form (0,...,0,1,...,1). Such a format is called standard.
In this paper we can do without nonstandard formats. But they are vital in the
study of systems of simple roots that the reader might be interested in (see [GL1])
in connection with applications to g-quantization or integrable systems.

The general linear Lie superalgebra of all supermatrices of size Par is denoted
by gl(Par); usually, gl(0,...,0,1,...,1) is abbreviated to gl(dim V5| dim V;). Any
matrix from gl(Par) can be expressed as the sum of its even and odd parts; in
the standard format this is the following block expression:

(e 5)=( p) (e ) (66 p)=0r((e 0))=r

The supertrace is the map gl(Par) — C, (A;5) — > (—1)Pi A;;. Since str[z,y] =
0, the subsuperspace of supertraceless matrices constitutes the special linear Lie
subsuperalgebra sl(Par).
Superalgebras that preserve bilinear forms: two types. To the linear
map F' of superspaces there corresponds the dual map F* between the dual
superspaces; if A is the supermatrix corresponding to F' in a basis of format Par,
then to F* the supertransposed matrix A%! corresponds:

(Ast)ij _ (_1)(Pi+Pj)(Pi+P(A))A

ji-
The supermatrices X € gl(Par) such that
X B+ (—1)PXPBIBX =0 for a homogencous matrix B € gl(Par)

constitute the Lie superalgebra aut(B) that preserves the bilinear form on V' with
matrix B. Most popular is the nondegenerate supersymmetric form whose matrix
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in the standard format is the canonical form B, or B.,:

1, O 0 1,
Bey(m|2n) = < 0 > , where Jy, = <_1 0),

/ _ (antidiag(1,...,1) 0
B,,(m|2n) = ( 0 o )
The usual notation for aut(Be,(m|2n)) is osp(m|2n) or osp®¥(m|2n).

Recall that the “upsetting” map u : Bil(V,W) — Bil(W,V) becomes for
V = W an involution v : B — B% which on matrices acts as follows:

Bi1 Bis u B, (—1)PB BE
B = BY = .
(Bm 322) - (—1)P B B, B,

or

This involution separates symmetric and skew-symmetric forms. The passage
from V to II(V') sends the supersymmetric forms to superskew-symmetric ones,
preserved by the “symplectico-orthogonal” Lie superalgebra 0sp**(m|2n) which
is isomorphic to 0sp®¥(m|2n) but has a different matrix realization. We never use
notation spo(2n|m) in order not to confuse with the special Poisson superalgebra.

In the standard format the matrix realizations of these algebras are:

E Y X! A B X
osp(m|2n) = X A B : osp®t(m|2n) = c -—-At Y! ,
-yt ¢ -A Y -X! FE

where (C —it) €sp(2n), FE € o(m) and?is the usual transposition.

Among nonstandard canonical forms the following ones are most important
and often used:

0 0o 1,
Bey(0,1,...) = antidiag(1,—1,1,—1,...); Bey(n|m|n) = 0O 1, 0
-1, 0 O

A nondegenerate supersymmetric odd bilinear form B,g4(n|n) can be reduced
to a canonical form whose matrix in the standard format is Jo,. A canoni-
cal form of the superskew odd nondegenerate form in the standard format is
Iy, = (10 16‘) The usual notation for aut(B,qq(Par)) is pe(Par). The pas-

n
sage from V to II(V) establishes an isomorphism pe®¥(Par) = pe*(Par). This
Lie superalgebra is called, as A. Weil suggested, periplectic one. The matrix
realizations in the standard format of these superalgebras is shorthanded to:

pe’? (n) = {(é —it> , where B = —B! (' = Ct};

pesF(n) = {(g —Zt) , where B= B!, C = —Ct}.

The special periplectic superalgebra is spe(n) = {X € pe(n) : strX = 0}.
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0.2. Vectorial Lie superalgebras: The standard realization. The elements

of the Lie algebra £ = der C[[u]] are considered as vector fields. The Lie algebra

L has only one maximal subalgebra Ly of finite codimension (consisting of the

fields that vanish at the origin). The subalgebra Ly determines a filtration of L:

set

L 1=L and L; = {D eL; q: [D,E] C [,1;1} for i > 1.

The associated graded Lie algebra L = & L;, where L; = £;/L;4+1, consists of
i>—1

the vector fields with polynomial coefficients.

Superization and the passage to a subalgebras of der C[[u]] brings new phe-
nomena. Suppose Lo C L is a maximal subalgebra of finite codimension and
containing no ideals of £. For the Lie superalgebra £ = detr C[[u, £]] the minimal
Lo-invariant subspace of L strictly containing Ly coincides with £. Not all the
subalgebras of der Cl[u, £]] have this property. Let £_; be a minimal subspace of
L containing Lo, different from Ly and Ly-invariant. A Weisfeiler filtration of £
is determined by the formulas

L_ ;1= [[,717571‘] +L_; and L; = {D eL; q: [D, [,71] C [,1;1} for i > 0.
Since the codimension of Ly is finite, the filtration takes the form
(0.2) L=L gD...LyD...

for some d. This d is the depth of L or of the associated graded Lie superalgebra
L. We call all filtered or graded Lie superalgebras of finite depth vectorial, i.e.,
realizable with vector fields on a finite dimensional supermanifold. Considering
the subspaces (0.2) as the basis of a topology, we can complete the graded or
filtered Lie superalgebras L or L£; the elements of the completion are the vector
fields with formal power series as coefficients. Though the structure of the graded
algebras is easier to describe, in applications the completed Lie superalgebras are
usually needed.

Unlike Lie algebras, simple vectorial superalgebras possess several maximal
subalgebras of finite codimension. We describe them, together with the corre-
sponding gradings, in sec. 0.4.

1) General algebras. Let © = (uy,...,up,01,...,60,), where the u; are even
indeterminates and the 6; are odd ones. Set vect(n|m) = der Clz]; it is called the
general vectorial Lie superalgebra.

2) Special algebras. The divergence of the field D =) fi% + Z&-% is
( ( J J

the function (in our case: a polynomial, or a series)
) of; \ 09;
divD = L —1)Pl95) 22
v Z ou; © zj:( T

e The Lie superalgebra svect(n|m) = {D € vect(n|m) : divD = 0} is called the
special or divergence-free vectorial superalgebra.
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It is clear that it is also possible to describe svect(n|m) as {D € vect(n|m) :
Lpwvol, = 0}, where vol,, is the volume form with constant coefficients in coordi-
nates x and Lp the Lie derivative with respect to D.

e The Lie superalgebra
svecty(0lm) = {D € vect(0)m) : div(1 + A0y - - - - - 0m)D = 0},

the deform of svect(0|m), is called the deformed special or deformed divergence-free
vectorial superalgebra. Clearly, svecty(0lm) = svect,(0|m) for Ay # 0. Observe
that p(A) = m (mod 2), i.e., for odd m the parameter of deformation A is odd;
strictly speaking, svecty(0|2k + 1) is considered not over C, but over C[A].

Remark. Sometimes we write vect(z) or even vect(V) if V' = Span(z) and use sim-
ilar notations for the subalgebras of vect introduced below. Algebraists sometimes
abbreviate vect(n) and svect(n) to W, (in honor of Witt) and S,,, respectively.

3) The algebras that preserve Pfaff equations and differential 2-
forms.

L Set u = (t7p17 o9 Pnsqly .- 7qn)7 let
ap =dt + Z (pidg; — qidp;) + Z deej and @9 =day .
1<i<n 1<j<m

The form @7 is called contact, the form & is called symplectic. Sometimes it is
more convenient to redenote the #’s and set

1
&= 5(93' — ibr45),

1
n; = ﬁ(ej +i64;)  for j <r =[m/2] (herei* = —1),
0= 927’—}—17

and in place of @y or &7 take o and wg = daq, respectively, where

0 if m=2r
h +1<Zi<:n(p v p)+1§-<r(§ R 5J)+{9d0 it m=2r+ 1.

The Lie superalgebra that preserves the Pfaff equation a; = 0, i.e., the super-
algebra
t(2n + 1lm) = {D € vect(2n + 1jm) : Lpay = fpaq },
(here fp € Clt,p,q,£&] is a polynomial determined by D) is called the contact
superalgebra.

e Similarly, set u=q = (q1,...,qn), let 8 = (&1,...,&,;7) be odd. Set
ag = dr + 3 (&Gdgi + qid&i), w1 =dag

and call these forms the odd contact and periplectic, respectively.

The Lie superalgebra that preserves the Pfaff equation ag = 0, i.e., the super-
algebra

m(n) ={D € vect(n|n+1): Lpay = fp-ap}, where fp € Clg,&, 1],
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is called the odd-contact superalgebra.

0.3. Generating functions. A laconic way to describe ¢, m and their subalge-
bras is via generating functions.

e Odd form «;. For f € Clt,p, q, 0] set

K= (@2-B)f) o

H I8
ot T e

0
where F = E Yig (here the y are all the coordinates except t) is the Fuler oper-

7

ator (which counts the degree with respect to the y), and Hy is the Hamiltonian
field with Hamiltonian f that preserves do:

_ of 0 of 0 _1\p(f) a_fi
Hf‘Z(e?piaqz aqzap) - ;

The choice of the form a7 instead of a; only affects the form of H; that we
give for m = 2k + 1:

_ of 0 _9f 9 () of 0 9f 9\ 0f0
Hf‘%(é?pz o5 g a) Y 2 \og o, * ony95) * o070
e Even form «g. For f € Clg,&, 7] set
0 8f

My =(2-E)(f)5-~Les— (-1 5B

0
where £ = ) y; 3 (here the y are all the coordinates except 7) is the Euler

i

af o 8f 0
Les _Z<aqz a8+ "5 an>

operator, and

Since
Lic, () = 2%041 K1 (o,
(03) Lagy (o) = ~(~17"P27 0 = (1P (f)a,

it follows that K¢ € €(2n + 1|m) and My € m(n). Observe that
p(Leg) = p(My) = p(f) + 1.

e To the (super)commutators [Ky, K,] or [My, M,] there correspond contact
brackets of the generating functions:

Ky, Kgl = K{f.gy.,5  [Mp, Mg] = Mgy,

The explicit formulas for the contact brackets are as follows. Let us first define
the brackets on functions that do not depend on t (resp. 7).
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The Poisson bracket {-,-} pp. (in the realization with the form wy) is given by
the formula

af a9  af dg of 9y
_ Z _ 999 el - I

and in the realization with the form wg for m = 2k + 1 it is given by the formula
_ of 09  Of 9y
b =3 (51 30 o
of 0g ~ O0f Og of Og
— (=1 i NS B & it
= L;l (3@' on; oy 9¢;) " o0 06

The Buttin bracket {-,-}pp. is given by the formula

{f,9}Bs. =) <% g—g + (—1)P) of 59)

= 0&; 0q;
Remark. What we call here “Buttin bracket” was discovered in pre-super era
by Schouten; Buttin was the first to prove that this bracket establishes a Lie
superalgebra structure. The interpretations of the Buttin superalgebra similar to
that of the Poisson algebra and of the elements of le as analogs of Hamiltonian
vector fields was given in [L1]. Later it gained a great deal of currency under
the name “antibracket” given by Batalin and Vilkovisky who rediscovered it,
cf. [GPS]. The Schouten bracket was originally defined on the superspace of
polyvector fields on a manifold, i.e., on the superspace of sections of the exterior
algebra (over the algebra F of functions) of the tangent bundle, I'(A*(T'(M))) =
Ar(Vect(M)). The explicit formula of the Schouten bracket (in which the hatted
slot should be ignored, as usual) is

[Xl/\"'/\”’/\Xkayl/\"'/\Yl]

() =D (CDUMXLYIAX A AX A AXg AYI A AT A AT
i3

With the help of Sign Rule we easily superize formula (x) for the case when

manifold M is replaced with supermanifold M. Let x and £ be the even and odd
0 0 .

coordinates on M. Setting 0; = H<8 ) = Ty, qj = H(f) = & we get an
€Ty 7

identification of the Schouten bracket of polyvector fields on M with the Buttin

bracket of functions on the supermanifold M whose coordinates are x,£; %, &; the

transformation of x, ¢ induces from that of the checked coordinates.

In terms of the Poisson and Buttin brackets, respectively, the contact brackets
take the form
g of

{fs9}kn. = (2 - E)(f)a - 5(2 —E)(g9) —{f.9}ps.
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and, respectively,

dg

{fi9}me. = (2 - E)(f)g

It is not difficult to prove the following isomorphisms (as superspaces):
t(2n 4 1|m) = Span(Ky : f € Clt,p,q,0]); m(n) = Span(M; : f € C[r,q,¢]).

Lie superalgebra svect(1|n) has a simple ideal svect®(n) of codimension 1 (more
exactly, (1—0) or (0—1), depending on n) defined from the exact sequence
0
0 — svect®(n) — svect(ljn) — C- & ... 5,1& —0
0.4. The Cartan prolongs. We will repeatedly use the Cartan prolong. So let
us recall the definition and generalize it somewhat. Let g be a Lie algebra, V' a
g-module, S* the operator of the i-th symmetric power. Set g_1 =V, go = g and
for ¢ > 0 define the i-th Cartan prolong (the result of Cartan’s prolongation) of

the pair (g_1,go) as

o) OF

+ ()L 2 - E) o) — {1, 9}

gi = {X € Hom(g_1,9i-1) : X(v)(w,...) = X(w)(v,...) for any v,w e g_;}
= (5"(g-1)" ® 80) N (S} (g-1)" ® g-1).
(Here we consider gg as a subspace in g* ; ®g_1, so the intersection is well-defined.)
The Cartan prolong of the pair (V,g) is (g—1,80)« = @ g@;- (In what follows -
in superscript denotes, as is now customary, the collectlii;llof all degrees, while x

is reserved for dualization; in the subscripts we retain the oldfashioned * instead
of « to avoid too close a contact with the punctuation marks.)

Suppose that the go-module g_1 is faithful. Then, clearly,

(g-1,90)« C vect(n) = ver C[zyq,...,x,], where n=dim g_1 and
gi ={D € vect(n) :degD =1i,[D, X] € g;—1 for any X € g_1}.

It is subject to an easy verification that the Lie algebra structure on vect(n)
induces same on (g_1, go)s«-

Of the four simple vectorial Lie algebras, three are Cartan prolongs: vect(n) =
(id, gl(n))«, svect(n) = (id,sl(n)). and h(2n) = (id,sp(n)).. The fourth one —
£(2n + 1) — is also the prolong under a trifle more general construction described
as follows.

A generalization of the Cartan prolong. Let g = & g; be a nilpotent
—d<i<-1

Z-graded Lie algebra and gg C derpg a Lie subalgebra of the Z-grading-preserving
derivations. For i > 0 define the i-th prolong of the pair (g_, go) to be:

gi = ((5°(g-)" ®g0) N (5 (g-)" @ 9-))i,

where the subscript ¢ in the right hand side singles out the component of degree
i.



LIE SUPERALGEBRAS OF STRING THEORIES 37

Define (g_,g0)« to be @ g;; then, as is easy to verify, (g_,g0)« is a Lie
i>—d

algebra.

What is the Lie algebra of contact vector fields in these terms? Denote by
hei(2n) the Heisenberg Lie algebra: its space is W @ C - z, where W is a 2n-
dimensional space endowed with a nondegenerate skew-symmetric bilinear form
B and the bracket in hei(2n) is given by the following relations:

z is in the center and [v, w] = B(v,w) - z for any v,w € W.

Recall that for any g we write ¢g = g C- z or ¢(g) to denote the trivial central
extension with the 1-dimensional even center generated by z.
Clearly,
E(2n + 1) = (hei(2n), csp(2n))4.

0.5. Lie superalgebras of vector fields as Cartan’s prolongs. The super-
ization of the constructions from sec. 0.4 are straightforward: via Sign Rule. We
thus get infinite dimensional Lie superalgebras

vect(m|n) = (id, gl(m|n))s; svect(m|n) = (id, sl(m|n)).;
h(2m|n) = (id, 0sp**(m|2n)).; le(n) = (id, pe**(n))«; sle(n) = (id, spe* (n))s.

Remark. Observe that the Cartan prolongs (id, osp®¥(m|2n)). and (id, pe®¥(n))s
are finite dimensional.

The generalization of Cartan’s prolongations described in sec. 0.4 has, after
superization, two analogs associated with the contact series £ and m, respectively.

e Define the Lie superalgebra hei(2n|m) on the direct sum of a (2n, m)-dimensio-

nal superspace W endowed with a nondegenerate skew-symmetric bilinear form
and a (1,0)-dimensional space spanned by z.

Clearly, we have £(2n-+1|m) = (hei(2n|m), cosp®* (m|2n)). and, given hei(2n|m)
and a subalgebra g of cosp**(m|2n), we call (hei(2n|m), g). the k-prolong of (W, g),
where W is the identity osp®*(m|2n)-module.

e The “odd” analog of ¢ is associated with the following “odd” analog of
hei(2n|m). Denote by ab(n) the antibracket Lie superalgebra: its space is W@ C-z,
where W is an n|n-dimensional superspace endowed with a nondegenerate skew-
symmetric odd bilinear form B; the bracket in ab(n) is given by the following
relations:

z is odd and lies in the center; [v,w] = B(v,w) - z for v,w € W.

Set m(n) = (ab(n), cpe**(n)). and, given ab(n) and a subalgebra g of cpes*(n),
we call (ab(n),g). the m-prolong of (W,g), where W is the identity pe**(n)-
module.

Generally, given a nondegenerate form B on a superspace W and a superalgebra
g that preserves B, we refer to the above generalized prolongations as to mk-
prolongation of the pair (W, g).
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A partial Cartan prolong or the prolong of a positive part. Take a go-

submodule bh; in g; such that [g_1,b1] = go, not a subalgebra of go. If such b

exists, define the 2nd prolongation of ( @ g;,h1) to be hy = {D € g2 : [D,g_1] €
i<0

h1}. The terms h;, ¢ > 2, are similarly defined. Set h; = g; for i < 0 and
b = Z Bi-

Examples. vect(1|n;n) is a subalgebra of £(1|2n;n). The former is obtained as
Cartan’s prolong of the same nonpositive part as €(1|2n;n) and a submodule of
£(1|2n;n)1, cf. Table 0.7. The simple exceptional superalgebra tas introduced in
0.7 is another example.

0.6. The modules of tensor fields. To advance further, we have to recall
the definition of the modules of tensor fields over vect(m|n) and its subalgebras,
see [BL]. For any other Z-graded vectorial Lie superalgebra the construction is
identical.

Let g = vect(m|n) and g> = @ g;. Clearly, vectg(m|n) = gl(m|n). Let V
= >0

be the gl(m|n)-module with the lowest weight A = lwt(V). Make V into a g>-
module setting g+ -V = 0 for g+ = & g;. Let us realize g by vector fields
i>0

on the m|n-dimensional linear supermanifold C"™" with coordinates = = (u, €).
The superspace T'(V') = Homy 4. y(U(g), V) is isomorphic, due to the Poincaré—
Birkhoff-Witt theorem, to C[[z]] ® V. Its elements have a natural interpretation
as formal tensor fields of type V. When \ = (a, ..., a) we will simply write T'(a)
instead of T'(\). We usually consider irreducible gg-modules.

Examples. T'(0) is the superspace of functions; Vol(m|n) = T(1,...,1;—1,...,—1)
(the semicolon separates the first m coordinates of the weight with respect to the
matrix units Fy; of gl(m|n)) is the superspace of densities or volume forms. We
denote the generator of Vol(m|n) corresponding to the ordered set of coordinates
x by vol(z). The space of A-densities is Vol*(m|n) = T(\,..., \;=\,...,=\). In
particular, Vol*(m|0) = T(X) but Vol*(0|n) = T(——X)

More examples: vect(m|n) as vect(m|n)- and svect(m|n)-modules is T'(id); see
also sec. 1.3.

Remark. To view the volume element as “d™ud"¢” is totally wrong: the superde-
terminant can never appear as a factor under the changes of variables. We still
can try to use the usual notations of differentials provided all the differentials

anticommute. Then linear transformations that do not intermix Cghe evendu’s
UL+ ... s AUy

déy ... d

is multiplied by the Berezinian of the transformation. But how coul§ 1We jus‘grfly
this? Let X = (z,&). If we consider the usual, exterior, differential forms, then
the dX;’s super anti-commute, hence, the d§; commute; whereas if we consider
the symmetric product of the differentials, as in the metrics, then the dX;’s su-

with the odd £’s the volume element vol(x) viewed as the fraction

0
percommute, hence, the dx; commute. However, the — anticommute and, from

&
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3} 0
transformation point of view, — = —. The notation, dui-...-du;y, - —-...- —,
o5 dg; " 96 3
is, nevertheless, still wrong: almost any transformation A : (u,&) — (v,n) sends

0

duy - ... dy, - — - ...- — to the correct element, ber(A)(dv™

ae 0, )
tra t . Indeed, the fraction duq - ...-d — s —
extra terms ndaee s € Iraction au; Um, 851 8§n

vector of an indecomposable gl(m|n)-module and wvol(z) is the notation of the
image of this vector in the 1-dimensional quotient module modulo the invariant
submodule that consists precisely of all the extra terms.

2 =2, plus
8771 577n) P

is the highest weight

0.7. The exceptional Lie subsuperalgebra tas of £(1|6). The Lie superal-
gebra g = £(1]2n) is generated by the functions from C[t, &1, ..., &ny M1y .oy ).
The standard Z-grading of g is induced by the Z-grading of CJt, &, n] given by
degt = 2, deg&; = degn; = 1; namely, deg Ky = deg f — 2. Clearly, in this
grading g is of depth 2. Let us consider the functions that generate several first

homogeneous components of g = & g;:
i>—2

component | g_o g-1 90 g1
its generators | 1 | A'(&n) | A*(§,n) @ C-t | A%(§,n) & tAY (&)

As one can prove directly, the component g; generates the whole subalgebra g
of elements of positive degree. The component g; splits into two gp-modules
g11 = A% and g1o = tAl. It is obvious that gio is always irreducible and the
component gi1 is trivial for n = 1.

Recall that if the operator d that determines a Z-grading of the Lie superalge-
bra g does not belong to g, we denote the Lie superalgebra g@® C-d by 0g. Recall
also that ¢(g) or just cg denotes the trivial 1-dimensional central extension of g
with the even center.

The Cartan prolongations from these components are well-known:

(9- @ go, 811)5"* = po(0[2n) & C - K = 0(po(0[2n));
(9- D g0,012)™ =g 2D g_1Dgo D g12® C - K2 = 05p(2n]2).
Observe a remarkable property of £(1|6). For n > 1 and n # 3 the component
g11 is irreducible. For n = 3 it splits into 2 irreducible conjugate modules that
we will denote g% and g7,. Observe further, that go = co(6) = gl(4). As gl(4)-

modules, g% and g7, are the symmetric squares S?(id) and S?(id*) of the identity
4-dimensional representation and its dual, respectively.

Theorem 1. The Cartan prolong (g— @ go,gi ® g12)™F is infinite dimensional
and simple. It is isomorphic to (g— & go, g}, & g12)7".

We will denote the simple exceptional vectorial Lie superalgebras described in
Theorem 0.7 by tas® and €as”, respectively; or just by kas.
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1. STRINGY SUPERALGEBRAS

These superalgebras are particular cases of the Lie superalgebras of vector
fields, namely, the ones that preserve a structure on a what physicists call su-
perstring, i.e., the supermanifold associated with a vector bundle on the circle.
These superalgebras themselves are “stringy” indeed: as modules over the Witt
algebra titt = der C[t~!,#] they are direct sums of several “strings”, the modules
F) described in sec. 1.3.

This description, sometimes taken for definition of the stringy superalgebra g,
depends on the embedding witt — g and the spectrum of twitt-modules consti-
tuting g might vary hampering recognition. Rigorous and deep is the definition
of a deep superalgebra due to Mathieu. He separates the deep algebras of which
stringy is a particular case Lie algebras from affine Kac-Moody ones. Both are of
infinite depth (see 0.2) but for the loop algebras all real root vectors act locally
nilpotently, whereas g is stringy if g is of polynomial growth and

(1.0) there exists a root vector which does not act locally nilpotently.

d
(Roughly speaking, the stringy superalgebras have the root vector ﬁ)

Similarly, we say that a Lie superalgebra g of infinite depth and of polyno-
mial growth is of the stringy type if it satisfies (1.0) and of loop type otherwise.
Observe, that a stringy superalgebra of polynomial growth can be a Kac-Moody
superalgebra, i.e., have a Cartan matrix, but it can not be a (twisted) loop su-
peralgebra.

1.1. Let ¢ be the angle parameter on the circle, ¢ = exp(iy). The only stringy
Lie algebra is witt := der C[t—1,¢].

Examples of stringy Lie superalgebras are certain subalgebras of the Lie super-
algebra of superderivations of either of the two supercommutative superalgebras

REn) =Clt™Y,t,61,...,6,] or RM(1jn) =C[t™1,t,01,...,60,_1,VtE].

RE(1|n) can be considered as the superalgebra of complex-valued functions
expandable into finite Fourier series or, as superscript indicates, Laurent series.
These functions are considered on the real supermanifold S™ associated with
the rank n trivial bundle over the circle. We can forget about ¢ and think in
terms of ¢ considered as the even coordinate on (C*)!I”,

RM(1]n) can be considered as the superalgebra of complex-valued functions
(expandable into finite Fourier series) on the supermanifold S'"~%M associated
with the Whitney sum of the Mobius bundle and the trivial bundle of rank n —1.
Since the Whitney sum of two M6bius bundles is isomorphic to the trivial bundle
of rank 2, it suffices to consider one M6bius summand.

Let us introduce the main stringy Lie superalgebras associated with the trivial
bundle. These are analogues of vect, svect and € obtained by replacing R(1|n) =
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Clt,01,... ,0,] with RE(1|n):
vect”(1|n) = ver RE(1|n);
svecty (1/n) = {D € vect”(1|n) : div(t*D) = 0}
= {D € vect?(1|n) : Lp(t*vol(t,0)) = 0};
tL(1|n) = {D € vect!(n) : D(ay1) = fpay for
&y =dt+ Y 0;d; and fp € R"(1|n)}.

We abbreviate svect} (1|n) to svect”(1|n).

The routine arguments prove that the functions f € R¥(n) generate £(n),
and the formulas for Ky and the contact bracket are the same as for £(1|n) and
the polynomial f.

Remark. 1) The algebras vect(1|n) and svecty(1|n) obtained by replacing R(n)
with RM(1|n) are isomorphic to vect”(1|n) and 5bect§_%(1\n), respectively.
2) Clearly,
svecth (1|n) = 5Uect{j(1|n) ifA\—peZ.
In sec. 1.7 we will show a more subtle isomorphism.

3) The following formula is convenient:

(1.11) D= fo+ Y fid; € svecti(1|n) if and only if ~Af = —tdivD.

If A € Z, the Lie superalgebra svectl/(1|n) has the simple ideal svect{°(1|n) of
codimension £™:

0 — svecthi®(1jn) — svecth(1|n) — 61 -...- 6,0, — 0.

e The lift of the contact structure from S to its two-sheeted covering, S1mM

brings a new structure. Indeed, this lift means replacing 6,, with \/¢6; this re-
placement sends the form &7 into the Mobius form

n—1
(1.1.2) &=dt+ Y 0;df; +t0do.

i=1

It is often convenient to pass to another canonical expression of the Mdbius
form:

dt + S (Exdni + mides) + 040 ifr = 2%+ 1,
(1.1.2) &= i<k .
dt + > (&dn; + mid€; + CdQ) +t0d0 if n = 2k + 2.
i<k

Now, we have two ways for describing the vector fields that preserve & or é:
1) We can set: (autpm (1))

tM(1jn) = {D e vet RM(1|n) : Lp(&) = fp-é&, where fpe RM(1|n)}.
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In this case the fields Ky are given by the same formulas as for £(1|n) but
the generating functions belong to R (n). The contact bracket between the
generating functions from RM (n) is also given by the same formulas as for the
generating functions of ¢(1|n).

2) We can set: (autpr(aq))
tM(1jn) = {D € vect’(1|n) : Lp(a1) = fp - a1, where fp e RE(1|n)}.
It is not difficult to verify that
€4 (1jn) = Span(K; : f € RE(1jn),
where the Mobius contact field is given by the formula
(1.1.3) K;=(2-E)(f)D+D(f)E + Hy,

in which, as in the case of a cylinder S1", we set

I 00, 00
but where 5 05
1.
o atas 2™
and where

- af o 10f 0
H, = (=12 =~ 4 2=
g =0 96,00, 10000
in the realization with form &. In the realization with form & we have for n = 2k
and n = 2k + 1, respectively:

) of 0 . Of 0 10f 0
_ (1) St )+ S
Hf = (-1) > (agiam*amagiH t0680)

R of @ of o, of0o 19f 0
— (1)) 95 9 N+t S
iy = (X Gy * ae) * o 1o0om)

The corresponding contact bracket of generating functions will be called the Ra-
mond bracket; its explicit form is

(1.1.4) {f,9}rs. = 2= E)([)D(9) = D(f)(2 = E)9) = {f 9} mps.;

where the Mébius-Poisson bracket {-,-}prpp 18

(1.1.5) {f,g}MP.b:(_l)p(f)< of 9 1afag>

90,00, T 100 00

in the realization with form &.
Observe that

(1.1.6) Li (1) = Ki(f) - a1, Lg (6) = Ki(f) - a.

Remark. Let us give a relation of the brackets with the dot product on the space
of functions. (More exactly, for € it is defined on F_», etc., see sec. 1.3.)
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{fs 90} es. = {fr g nh+ (=1)PIPO gL £ hYyp + K1 (f)ghs
(1.1.7) {f.ghYro. = {f. g o h + (=1)PIPOD g{f W} gy + Ki(f)gh;
{fs0hYmp. = {f, gtmp o+ (=1)PUTVP@ gL f BY Ly + My (f)gh.

This relation (when the third term vanishes) is often listed as part of the
definition of the Poisson algebra which is, certainly, a pure nonsense: it follows
from the definition.

Explicitly, an embedding i : vect”(1|n) — €(1]2n) is given by the following
formula in which ® = > &n;:

i<n

D € vect”(1|n) the generator of i(D)

(1.1.8) &) (—1)p(f)2imf(§)(t + @)™,

1

F&ee | (—1p0

f(Emi(t + @)™

Clearly, svectl(1|n) is the subsuperspace of vect”(1jn) C €L(1|2n) spanned by
the generating functions

(1.1.9) FEE+ )™ + Z Fi©)mi(t + @)™ !

N
such that (A +n)f(§) = — zi:(—l)p(fl)a—gi.

The four series of classical stringy superalgebras are: vect!(1|n), svectl(1|n),
¢l (1n) and €M (1|n).

1.2. Nonstandard gradings of stringy superalgebras. The Weisfeiler fil-
trations of vectorial superalgebras with polynomial or formal coefficients are de-
termined by the maximal subalgebra of finite codimension not containing ideals
of the whole algebra, cf. [LSh]. The corresponding gradings are natural. We
believe that the filtrations and Z-gradings of stringy superalgebras induced by
Weisfeiler filtrations of the corresponding vectorial superalgebras with polyno-
mial coefficients are distinguished but we do not know how to characterize such
Z-gradings intrinsically.

Explicitely, the isomorphisms vect”(1|1) = £#(1]2) = m”(1) as abstract (filtra-
tions irnored) Lie superalgebras are as follows. Let z, £ be the indeterminates
that describe vect”(1|1); let ¢, £, 1) be the indeterminates that describe £¥(1|2) and
let 7, u, £ be the indeterminates that describe m”(1). Then the correspondending
elements are as follows:
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vect!(1]1) el (1)2) m¥(1)
n 1
X ax Q_HKtn+ntn—1§n Mung
1 1
§$n8$ —2—n &tn §Mun75
n 1
x 85 2_nK77tn Mu"
. 1 1
§x" 0 o Benr | Mun(r—ug)

Explicit pasage m”(1) — €(1]2) in terms of generating functions:

n —qn
n _ 1 tn
u TS 2n71§

"6l gl g
U on nén

1
n _ = (4n+1 _ n
L " 4+ (n — 3)ént™)

Explicit pasage £-(1]2) —% m(1) in terms of generating functions:

t" 2”_2(4u”£ + nu”_l(T —uf))
t"En —2n Ly (1 — )

"¢ —on—lynr¢

t"n 2%y

1.3. Modules of tensor fields over stringy superalgebras. Denote by
TE(V) = C[t~',t] ® V the vect(1|n)-module that differs from T'(V) by allowing
the Laurent polynomials as coefficients of its elements instead of just polynomials.
Clearly, T*(V) is a vect”(1|n)-module. Define the tensor fields twisted with weight

p - a version of TH(V) - by setting:
L T
THV) =Clt @ V.
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e The “simplest” modules — the analogues of the standard or iden-
tity representation of the matrix algebras. The simplest modules over the
Lie superalgebras of series vect are, clearly, the modules of A-densities, cf. sec.
0.5. These modules are characterized by the fact that they are of rank 1 over F,
the algebra of functions.

Over stringy superalgebras, we can also twist these modules and consider Volf;,
irreducible if A # 0,1. Observe that for y & Z the module has only one irreducible
submodule, the image of the exterior differential d, see [BL]|, whereas for u € Z
there is, instead, the kernel of the residue:

Res : Vol — C,

fvoly ¢ — the coefficient of in the power series expansion of f.

& .6
t

For Vol® = Fy, the space of functions, there is only one submodule, of constants.

e Over svect!(1|n) all the spaces Vol* are, clearly, isomorphic, since their gen-
erator, vol(t, #), is preserved. So all rank 1 modules over the module of functions
are isomorphic to the module of twisted functions Fy,, irreducible if u # 0. The
module Fy has a submodule of constants and a codimension 1 submodule of
functions with residue 0.

Over svectl(1|n), the simplest module is generated by t*vol(t, 9).

e Over contact superalgebras £(2n + 1|m), it is more natural to express the
simplest modules not in terms of A-densities but via powers of the form a = a1:

Faot forn=m=20
1.3.1 Fy =
( ) A {]: a™?  otherwise .

The twisted modules are denoted by F);,
Observe that

(1.3.2) Vol & {.7:)\(2”+2m) as £(2n + 1|m)-modules

.7:)]\‘(4277”“) as €M (1jm)-modules

To see this, it suffices to compute the degree of vol, 44 (the latter is, roughly

dtdpd
ﬂ) with the degrees of the indeterminates given by the standard

speaking,
grading, see 1.2. In particular, £(2n + 1|2n + 2) C svect(2n + 1|2n + 2) and
£(2n + 1|m) N svect(2n + 1jm) = po(2n|m) for m # 2n + 2.
In particular,
(1.3.3) E(1)4) ~ Vol and €M (1]5) ~ TI(Vol).
The module Vol of volume forms over £-(1|m) is isomorphic to F_,, whereas

over £M(1|m) it is isomorphic to F3_,,: the degree of the odd Mobius coordinate
vanishes.
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Observe also that the Lie superalgebra of series £ does not distinguish be-

tween — and a~! whereas the Lie superalgebra of series €M does not distinguish

ot

between D and @& ': their transformation rules are identical. Hence,

€£(2n + 1]m) = Foi form=m=0
- | F_5 otherwise ;

(1.3.4) M (1)m) = {f‘l for m =1

F_9 form > 1.

e For n = 0,m = 2 (we take a = dt — £dn — nd€) the £7(1|2)-modules of rank 1
over F = Fy 0, the algebra of functions, acquire addiional parameter, v, namely:

d 1//2
T()‘?V)M:f)\;u' <£) .

e Over ¥, we should replace the form o with & and the definition of the
¢L(1|m)-modules Fy,, should be replaced with

M _ Faul@)r  form=1
A Fru(@M? for m > 1.

e For m = 3 and & = dt — £dn — ndé — t0d6 the €M (1|3)-modules of rank 1 over
F = Fo,0, the algebra of functions, acquire addiional parameter, v, namely:

d€ 1//2
TM(\ V) = Fray - <%) .

e The simplest m”(n)-modules are Fy = F - ag‘/Q. In particular, m(n) = F_;.
For m&(1) the modules F) , = F - ag‘/ ® . t* are naturally defined.

1.4. The four exceptional stringy superalgebras. The “status” of these
exceptions is different: A) is a true exception, D) is an exceptional realization;
the other two are “drop outs” from the series (like the psl(n|n) that have no
analogs among sl(m|n) with m # n).

A) tas”. Certain polynomial functions described in [Sh1] and sec. 0.7 generate
tas C €(1|6). Inserting Laurent polynomials in the formulas for the generators of
tas we get the exceptional stringy superalgebra tas” C €7(1|6).

B, C) £/°(1]4) and €M°(1]5). It follows from (1.3.3) that the functions with
zero residue on SM* (resp. SU%4 M) generate an ideal in €-(4) (resp. €M (5)). These
ideals are, clearly, simple Lie superalgebras denoted in what follows by £/°(1|4)
and £M°(1|5), respectively.
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D) m%(1). On the complexification of S'12, let ¢ be the even coordinate, 7 and
¢ the odd ones. Set

mb (1) = {D € vect”(1]2) : Dag = fpao, fp € RF(1]1), ag = dr + qdé + £dg}.

1.5. Deformations. The superalgebrbas svect(1|n) and svect®(n) do not have
deformations, see [LSh]. The stringy superalgebras svect”(n) do have Z-grading
preserving deformations discovered by Schwimmer and Seiberg [SS]. More defor-
mations (none of which preserves Z-grading) are described in [KvL]; the complete
description of deformations of svect”(n) is an open problem.

Conjecture. vect’(1|n), €¥(1|n) and the four exceptional stringy superalgebras

are rigid.

1.6. Distinguished stringy superalgebras. In this subsect. 1.6 and in §2
let Ay be the common notation for both K; and Ky, depending on whether we
consider £* or €M respectively.

1.6.1. The cocycle operator V. The cocycle operator V is important in
applications to integrable dynamical systems. Though it implicitly appears in
the second column of Table 1.6.2 according to the formula

(1.6.1) ¢: Dy, Dy — (=1)PPDCVHDReg(F(Dy) - V(F(Dy)))
for appropriate functions F'(D), it deserves to be described explicitely. (For vect
and svect series the functions F'(D) are vector-valued and the dot product - in
eq. (1.6.1) is the scalar product Y F;(D1)F;(D2).)
i
The functions F(D) are as follows:
(Af) = F(My) = f;

(f +9182 82) (f,91,92).

Explicitely, the cocycle operator is of the form

+ g2

algebra its element v
vectl(112) | D = f -+ 01 ai* + g ai (o %C;zv 88511)
soectl(12) | D = f -+ ale + o 822 (0 %7 851)
vect(1]1) - +g§§ % ~ ((-ap gtf 2%)

The following Lie superalgebras of contact vector fields are concidered on a su-
percircle though we skip the superscript:
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algebra its element \Y
¢L(1/0) K; K{(f)

el (1]1) or £M(1]1) Ay AgA2(f)

- (1)2)or €M (1]2) Ap Ag, Ag, A1(f)
ml(1) My (Me)*(f)

L (1)3)or €M (1]3) Ap Ag, Ag, Agy (f)
WW} Ar | (1) Ag, Ag, Ag Ag, AT(F)
M (1)) R
Lo (4) K (2) tKi-1(f)

(3)  Ki(f)

1.6.2. Theorem. The only nontrivial central extensions of the simple stringy
Lie superalgebras are those given in the following table.

algebra the cocycle ¢ The name of the extention
¢l (1]0) ResfK3(g) Virasoro or it
el (11) Neveu-Schwarz or ns
Resf AgA2(g)
M 1
eM(1)1) Ramond or ¢
L
£ (1]2) (— 1) Resf A, Ag, Ar (g) 2-Neveu-Schwarz or ns(2)
M 1 2
Y (1]2) 2-Ramond or t(2)
m’ (1) My, My — Resf(Me)%(g) ml(1)
el (1]3) Resf Ay, A, Ag. (9) 3-Neveu-Schwarz or ns(3)
M (1]3) 3-Ramond or t(3)
eho(4 4-Neveu-Schwarz = ns(4
D UL (1) (1) Res f g, Agy dgy Agy AT (g) | NCVeSeharz = neld)
M (1]4) 4-Ramond = t(4)
el (4) (2) Resf(tA-1(g)) 4'-Neveu-Schwarz = ns(4’)
(3) ResfAi(g) 49-Neveu-Schwarz = ns(4°)

Observe that K !

is only defined on £/°(4) but not on £*(4); observe also that
the bilinear functionals (2) and (3) are defined on £*(4); but whereas they are
(trivial) cocycles on €M (4) (with K instead of K, of course, for the Moebius
version), they are not even cocycles on £¥(4).
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the restriction of the cocycle (1) deﬁned on £-°(4) :
8 5 Y +9g
15e, T 9258 .
vect?(1]2) g g vect (1]2)
f ;T g 26 " G257 2%
— Res(g175 —9291(_1) (D1)p(D2))
svectl (1]2) the restriction of the above f@f(l@)
0 =0
vect?(1]1 Dy
ect(1]1) V= Pt Da=Fg bage
an 82f 82 1
—_ —1)p(D2) 927
Res(f oy — g((-1pP) 5 —220) vect (1]1)

Observe that the restriction of the only nontrivial cocycle existing on vect”(1|2)
0
onto its subalgebra toitt = Span(f (t)a : f € C[t71,#]) is trivial while the the

restriction of the only nontrivial cocycle existing 5nect§(1|2) onto its unique sub-
algebra toitt is nontrivial. The riddle is solved by a closer study of the embedding
vect(1lm) — €(1|2m): it involves differentiations, see formulas (1.1.8).

1.6.3. The cocycle ¢ in monomial basis. For vect”(1|2) the nonzero values

of ¢ are:

(tkil— tfz 5 = —koy, i, (tkil? tfz ) = kéj, 1,
c(t kflfQ% t'—) = —kdy C(tk§1§2£ ¢! f) = ko, .

In svect} (1]2), set:

L9 Adm+l B
Lo =" (1 + 20 e+ ).
% o .0
Sh= 176 (157 + O+ mt Dy +&50)).

The nonzero values of the cocycles on svectl(1|2) are

(Lo, L) = %m(m2 O+ 1)),

(2 1) = —m(m —<A+1>>a i,
5%” d
(tm(&a6 528%) (518f 5235 ) = MO, —n,
("5 " o) = M.

0% 706
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For m%(1) the nonzero values of ¢ are:
(™, unt) = —(n? + 1) 0m-4n+1,0,
c(u™ e um ) = (n? — 1) ino,
c(u™T,u"T) = —6ndm4n,0-
For £°(1]4) the nonzero values of c are:
(™Y = m(m? — 1)0man.0;
c(thrl&’thrlgi) = —m(m + 1)dpm4n+1,0s
(™G 1 6) = —(m + Ddminsi20,

(™G E 6, T 68) = Smant3.0,

1

("6 a8, 1 E1665860) = ———Omantao.

The restriction of this cocycle determines the nontrivial central extensions of
¢l (1|n) for n < 3.

1.6.4. When the nontrivial central extensions of the stringy superal-
gebras are possible. We find the following quantitative discussion instructive,
though it neither replaces the detailed proof (that can be found in [KvL] for
all cases except tas”; the arguments in the latter case are similar) nor explains
the number of nontrivial cocycles on (1|4)-dimensional supercircle with a contact
structure.

When we pass from simple finite dimensional Lie algebras to loop algebras, we
enlarge the maximal toral subalgebra of the latter to make the number of gener-
ators of weight 0 equal to that of positive or negative generators corresponding
to simple roots. In this way we get the nontrivial central extensions g(1) of the
loop algebras g\!), called Kac—Moody algebras. (Actually, the latter include one

more operator of weight 0: the exterior derivation t% of ;(1\))
Similarly, for the Witt algebra toitt we get:

deg Ky || ... | —=2|—-110]1|2
f o th L e e

The depicted elements generate toitt; more exactly,
(a) the elements of degrees —1, 0, 1 generate s[(2);

(b) witt, as s[(2)-module, is glued from the three modules: the adjoint mod-
ule and the Verma modules M2, and M, with highest and lowest weights as
indicated: —2 and 2, respectively.

It is natural to expect that a central element can be obtained by pairing of the
dual s[(2)-modules M2 and My; this actually happens. One of the methods to
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find all the cocycle is to compute H?(g); a simpler way is to compute H!(g; g*)
and interprete them in ters of H?(g) (cf. [P] with [Sc], respectively).

e Further on, consider the subalgebra osp(n|2) in £“(1|n) and decompose
¢l (1|n), as an 0sp(n|2)-module, into irreducible modules. Denote by (xo0; X1, - -, Xr)
the weight of the irreducible osp(n|2)-module with respect to the standard basis
of Cartan subalgebra of s[(2) @ o(n); here r = [n/2].

These modules and their generators are as follows. Set

_ dt — > (&dn; + nid§;) for n even
—\dt = Y (&dns + mid€;) — 6d6 for n odd

[ (&m)  for n even
= (&,m,0)  for n odd.

Let (f) be a shorthand for the Verma module M with the highest (lowest) weight
as indicated by the sub- or superscript, respectively, generated by Ks; we denote
by L with the same indices the quotient of M modulo the maximal submodule.
Then the irreducible components of the osp(n|2)-module £-(1|n) are as follows,
where D denotes the semidirect sum of modules:

n irreducible factors of €-(1|n) as 0sp(n|2)-module
0 thH=L"2 sl(2) Ly = (t3)
1 {t19) =173 osp(1]2) L3 = (t%0)
2 (t=ten) = L0 osp(2(2) La;o = (t€n)
3 (t~Y¢ng) = L~10 osp(3[2) Li.o = (&)
4 (t 15152?7%1: L osp(4[2) Ly, e, = (&1mm2)
€ Loo = (t~"&1&amme)
(t71 . mpl) = MEO osp(5]2) Ly;—ey—ey = (m120)
(71 . 30y = MZO 0sp(6]2) L1 —cy—ep—cs D L1 —c)—eotes
>6 | (t7101...0,) = M40 o0sp(n|2) L. —ci—ey—es = (mmams)

For n > 6 the module M_y,_., _.,_., is always irreducible whereas M40 g
always reducible:

[Mn74; 0] — [Ln77;51+52+53] ez[LnféL; 0]‘

Exceptional cases:

n = 4. In this case the Verma module M%? induced from the Borel subalgebra
has an irreducible submodule M 1€t dual to My, _.,; the subspace of £-(1]4)
spanned by all functions except t~1&&m 112 is an ideal. An explanation of this
phenomenon is given in 1.3.

n = 6. Two miracles happen: (1) LO-%erteates — (L, .. y)* and
L5640 = 95p(6]2). (2) The bilinear form obtained is supersymmetric, see §2.
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For n > 6 there is no chance to have a nondegenerate bilinear form on £ (1|n).
The above qualitative arguments, however, do not exclude a degenerate form on
¢l (1|n), such as a cocycle. There are no cocycles either, for a proof see [KvL].

1.7. Root systems and simple roots for svect}(1]2) Set
0 0 0
9=92 5 -2 s -9
’ 1 agl ) 2 862

ot
The generators (coroots) coresponding to the distinguished system of simple
roots are:

X =&6, X =t4 XT =&t0 — (A +1)6&0
X| =606 X, = /\%52 + &0 X3 =02 (G1)
Hy=&101 — &0y Hy=1t0+ 8§61+ A2 Hz=1t9+ (A+1)616;
The reflection in the 2nd root sends (G1) into the following system which, to
simplify the expressions, we consider up to factors in square brackets [-]:

Xi = td xf =88

Tt
X; = A%él — &0 X, =th X; = [—A]i—%sQ (G2)
H = —(ta + X101 + 5252) Ho =t0+ &101 + M200 Hs = &30 — €161

The reflection in the 3rd root sends (G1) into the following system. To simplify
the expressions we consider them up to factors in square brackets [-].

So+ 60 X5 =[-Nt&ad

X =0 Xy =M+ 2t&dr X = (A + 1)&&6 — &t

X =t&H0— (A +1)6&66 X, = [—)\]%52 X5 =01

Hy =10+ (A +1)&10 Hy = &0 — 101 Hz = —t0 — (A +1)§202

(G3)
The corresponding Cartan matrices are:

2 -1 -1 0 —“A+1 =24 0 -2 A+1
1-X 0 X, [1=-A 0 A , -1 2 -1
14X =X 0 -1 -1 2 14X =2—=-2 0

To compare these matrices, let us reduce them to the following canonical forms
(C1) — (C3), respectively, by renumbering generators and rescaling. (Observe
that by definition, A # 0,+1, so the fractions are well-defined.) We obtain

2 -1 -1 2 -1 -1 2 -1 -1
1 1 1
— — —14+——- 0 1 —1+— 0 1
1—1-)\ 0 1 7 +1—/\ ’ +1+)\
1 1 1
14+~ -1 0 14—~ -1 0 14—~ -1 0
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We see that the transformations A — A+1 and A — 1 — X establish isomorphisms
the first of which is obvious, the second one is misterious.

1.8. Simplicity and occasional isomorphisms

Statement. 1) The Lie superalgebras vect”(1|n) for any n, svect¥(1n) for A ¢ Z
and n > 1, svect!?(1|n) for n > 1, €M (1|n) for n # 5 and €-(1|n) for n # 4; and
the four exceptional stringy superalgebras are simple.

2) The Lie superalgebras vect”(1]1), €-(1]2) and m*(1) are isomorphic.

3) The Lie superalgebras svect/(1|2) 2 sbectﬁ(lﬂ) if u can be obtained from \
with the help of transformations A — A+1 and A\ — 1— \. The Lie superalgebras

1
svect} (1]2) from the strip Re A € [0, 5] are nonisomorphic.

The statement on simplicity follows from a criterion similar to the one Kac ap-
plied for Lie (super)algebras with polynomial coefficients ([K]). The isomorphism
is determined by the gradings listed in sec. 0.4 and arguments of 1.7.

1.9. A relation with Kac—Moody superalgebras. An unpublished theorem
of Serganova (1990) states that the only simple Kac—-Moody superalgebras g(A)
of polynomial growth with nonsymmetrizable Cartan matrix A are: psq(n)® and
an exceptional parametric family with the matrix

2 -1 -1

2 -1 -1 1
A=[1-a 0 o |= _1+X 0 1

I+a —a 0 1
1+4- -1 0

+)\

The exceptional Lie superalgebra g(A) can be realized as the distinguished stringy

/\L
superalgebra svect, (1|2). For the description of the relations between its gener-
ators see [GL1].

Remark. 1) The Dynkin—Kac diagram corresponding to pﬁq(n)@) is the same as
that of s[(n)(") with odd number of nodes replaced with “grey” nodes correspond-
ing to the odd simple roots of type sl(1]1), see [FLS], the one-to-one correspon-
dence between Dynkin—Kac diagrams and Cartan matrices gives a description of
the possible values of A.

2) The parametric family g(A) was found by J. van de Leur around 1986.
Observe, that unlike the Kac-Moody superalgebras of polynomial growth with

symmetrizable Cartan matrix, § = @i(lﬂ) can not be interpreted as a central
extension of any twisted loop algebra. Indeed, the root vectors of the latter are
locally nilpotent, whereas the former contains the operator 0; with nonzero image
of every g;.

1.10. How conformal are stringy superalgebras. Recall that a Lie algebra
is called conformal if it preserves up to a factor a metric or, more generally,
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a (not necessarily symmetric) bilinear form B. It is known (as a theorem of
Liouville) that given a metric B on the real space V of dimension # 2, the
algebras conformally preserving B are isomorphic to c¢(aut(B)) = co(V, B). If
dimg V = 2, we can consider V as the complex line C! with complex coordinate ¢

and identify B with the metric dt-dt (the symmetric product of the differentials)

d
on C. The element f T from toitt multiplies dt by f’ and, therefore, it multiplies
dt - dt by f'f', so witt is conformal.

On superspaces V', metrics B can be even and odd, the Lie superalgebras

aut(V, B) that preserve them are osp®¥(Par) and pe®Y(Par) and the corresponding
conformal superalgebras are just trivial central extensions of aut(V, B) for any
dimension.
Let the contact superalgebras £~, ¥ and m” preserve the Pfaff equation o = 0
for the correponding form o = a3 or a = ag. Suppose now that we consider a
real form of each of the stringy superalgebras considered above and an extension
of the complex conjugation (for possibilities see [M]) is defined in the superspace
of the generating functions. From formulas (0.3) and (1.1.6) we deduce that the
Lie derivative along the elements of these superalgebras multiplies the symmetric
product of forms a - & by a factor of the form FF, i.e.,

(1.10.1) Li,(a-a) = FF(a-a),

where F' is the function determined in (0.3) and (1.1.6). Every element D of the
general and divergence-free superalgebra so ectf multiplies the symmetric product
of volume forms vol(t,6) - vol(t,0) by divD - divD, i.e.,

(1.10.2) Lp(vol(t,0) - vol(t,0)) = divD - divD(vol(t,0) - vol(t, 0)).

None of the tensors considered, i.e., neither a - & nor vol(t, ) - vol(t, ), can be
viewed as a metric in the presence of odd parameters except for g = £%(1]1) and
eM(1)1) .

Indeed, it is possible to consider g = £¥(1]1) and €M (1]1) as conformal super-

”

algebras, since the volume form “dt—"” can be considered as, more or less, df:

their transformation rules under g are identical. In fact, consider the quotient
O/ Fa or QY/Fa, respectively, of the superspace of differential 1-forms modulo
the subspace spanned over functions by the contact form. On the quotient space,

the tensor clt2 . dt_i can be viewed as the bilinear form df - d6.

06 06
So only titt, £-(1|1) and £ (1|1) are conformal Lie superalgebras, or as physi-
cists say, superconformal algebras.

2. INVARIANT BILINEAR FORMS ON STRINGY LIE SUPERALGEBRAS

Statement. An invariant (with respect to the adjoint action) nondegenerate
supersymmetric bilinear form on a simple Lie superalgebra g, if exists, is unique
up to proportionality.
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Observe that the form spoken above can be odd. For the proof see [Shl].

The invariant nondegenerate bilinear form (-,-) on g exists if and only if, as
g-modules,

~ | g if(,,-)iseven
8= 10(g") if () is odd.

Therefore, let us compare g with g* (recall the definition of the modules F, and
examples from sec. 1.3).

Table. g-modules g, Vol and g* over contact Lie superalgebras

0 1 2 3 4 5 6 7 n>0

g:

F_ F_ F_ F_ F_ F_ F_ F_ F_
€L (1|n) 1 2 2 2 2 2 2 2 2

Vol | Fi |I(F) | Fo |I(F_y) | Foo | I(F_s) | Foy | I(F_5) | I(Fo_p)

g Fo ||IU(F3) | Fo | I(Fr) | Fo |I(Fq) | Foo | IN(F_g) | I™(Fu—p)

1 [ 2] 3 [4] » 6 7 -] n>1

M?u:m) Fo |Fol| Fo |Ful| Fo |Fo| Fou |- Foy
Vol |T(FA) || 7 | T(F) | Fo [T(F o) | Fos | T(F ) |- | T (Fo_ny))
g8 |I(F) || F5 |I(F) | A | O(Fo) | Fou |H(F2) || II"(Fs-n)

A comparison of g with g* shows that there is a nondegenerate bilinear form on
g = £(1/6) and g = €M (1]7), even and odd, respectively.

Statement. These forms are supersymmetric and given by the formula
(Af, Ay) = Resfy.
The restriction of the bilinear form to tas” is identically zero.
A comparison of g with Vol shows that there is an invariant linear functional

on g = £4(1]4) and g = €M (1]5), even and odd, respectively.

3. THE THREE COCYCLES ON £/°(1]4) AND PRIMARY FIELDS

Let us introduce a shorthand notation for the elements of £-°(1]4):

the elements their degree | their parity
Ln = Kt"Jrl; T7Z7»J = Kt"9i0j§ Sn = Kt"716'1929394 2n 67

Efl = Kint1g,; Ffl = Ktn 90105050, 2n+1 1.
90,
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In the above “natural” basis the nonzero values of the cocycles are (see [KvL];
here A,, is the group of even permutations):

(L, Lyp) =a- m(m2 — 1)0m+4n,0
c(EL,EL) = a-m(m+1)0mint10
c(FL, FlL) = Omint10

1
c(SmsSn) = - —6min0
m

C(Lma Sn) = (7 + ﬁ : m)5m+n,0 (*)
o 1 1
(B} Fi) = (57 + 5 (m+ 5))5%”“70

(TR, TY) = a - mbpmino

(T, THY = —B - My gm0, where (i, ], k1) € Ay

To express the cocycle in terms of primary fields, we have to eliminate the term
(x). To this end, let us embed twitt differently and, simultaneously, suitably
intermix the odd generators:

Em:Lm—i—amSm for a,, = —— m2—1'm,
Q@
_ . , 3 5
E!, =E! +byF}, for b, = % (2m—|—1)+%.
In the new basis the cocycle is of the form:
— P o — 2
(L, L) = ( -m?® — T m) Om+n,0
_ a2—3§2 1,2 aa2—372
c(By,, By) = (T : (m + 5) — T)5m+n+1,0

c(Fry Fp) = - Omint1,0
1
C(Sma Sn) = Eém-I—n,O
C(Efna F?i) = (’7 + ﬂ : (2m + 1))5m+n+1,o
C(Té{, T?i]) = Q- m5m+n,0

c(Tﬁ{,Tffl) = —f - Mp4n,0, where (i,7,k,1) € As.

It depends on the three parameters and is expressed in terms of primary fields.
Observe that the 3-dimensional space of parameters is not C* = {(«, 8,7)} but
C? without a plane, since a can never vanish.
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4. THE EXPLICIT RELATIONS BETWEEN THE CHEVALLEY GENERATORS OF EasL

(Other results pertaining here: [GKLP], [GL1].)

4.0. Sergeev’s extension. Let w be a nondegenerate superskew-symmetric odd
bilinear form on an (n,n)-dimensional superspace V. In the standard basis of V'

. . . 1
(all the even vectors come first) the canonical matrix of the form w is < 0 ”>

1, O
and the elements of pe(n) = aut(w) can be represented by supermatrices of the
form CZ _bat , where b = b', ¢ = —ct. The Lie superalgebra spe(n) is singled

out by the requirement that tra = 0. Setting

) R (5) A ()

we endow pe(n) with a Z-grading. It is known ([K]) that spe(n) = pe(n) Nsl(n|n)
is a simple Lie superalgebra for n > 3.

A. Sergeev proved (1977, unpublished) that there exists just one nontrivial
central extension of spe(n). It exists for n = 4 and is denoted by as. Let us
represent an arbitrary element A € as as a pair A =z + d - z, where = € spe(4),
d € C and z is the central element. In the matrix form the bracket in as is

a b a, b/ a b a/ b/
[ R A0 RO B TG DY AN P

Clearly, deg z = —2 with respect to the grading (1.1).

The Lie superalgebra as can also be described with the help of the spinor
representation. Consider po(0|6), the Lie superalgebra whose superspace is the
Grassmann superalgebra A(§,n) generated by &1, &2, &3, 1M1, M2, 13 and the bracket
is the Poisson bracket. Recall that h(0(6) = Span(Hy : f € A(§,7)).

Now, observe that spe(4) can be embedded into h(0|6). Indeed, setting deg &; =

degn; = 1 for all i we introduce a Z-grading on A(£,n) which, in turn, induces a
Z-grading on h(0]6) of the form h(0|6) = @& H(0]6);. Since sl(4) = 0(6), we can
i>—1

identify 5]32(4)0 with 6(0‘6)0.
It is not difficult to see that the elements of degree —1 in spe(4) and h(0|6)

constitute isomorphic s[(4) = 0(6)-modules. It is subject to a direct verification
that it is possible to embed spe(4); into h(0|6);.

Sergeev’s extension as is the result of the restriction onto spe(4) C h(0|6) of
the cocycle that turns h(0[6) into po(0|6). The quantization deforms po(0|6) into
gl(A(§)); the through maps T) : as — po(0]/6) — gl(A(&)) are representations
of as in the 4|4-dimensional modules spiny distinct for distinct values A of the
central element z. (Here A € C plays the role of Planck’s constant.) The explicit
form of T} is as follows:

b b— A
(1.2) Ty : (‘CL ) +d oz <Z _atc> + A - Ly,

—at
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where 144 is the unit matrix and for a skew-symmetric matrix ¢;; = E;; — Ej;
we set ¢j; = cg for the even permutation (1234) — (ijkl). Clearly, T) is an
irreducible representation.

In [Sh1] it is demonstrated that

1) the Cartan prolong §* = (spin,, as), is infinite dimensional and simple for
A#0.

2) f* = 4 if A-p # 0. Observe that though the representations T are distinct
for A # 0, the corresponding Cartan prolongs are isomorphic.

For brevity, we denote the isomorphic superalgebras {* = (spin,, as), for any
A # 0 by tas.

4.1. The Chevalley generators in tas” in terms of 0(6). Let A* be the
subsuperspace of £/(1/6) generated by the k-th degree monomials in the odd
indeterminates 6;. Then the basis elements of £¥(1|6) with their degrees with
respect to K; are given by the following table:

—2|-11 0|1 2
1 t 12
A tA
A2
- A2 tA?
A_4 A_4 A4
t2 t

AS AP

= a4
AS t A6 ! A6
13 12 t

Explicitly, in terms of the generating functions, the basis elements of tas” are
given by the following formulas, where © = &£1&&3mmans, 1 = & and éz = 7.
Let T% (i = 1,...,6) be the matrix skew-symmetric with respect to the side
diagonal with only (i, j)-th and (j,4)-th nonzero entries equal to £1; let G* = 6;,
where 0 = (&1, &2,£3,13,m2,7m1). Let the S denote the generators of one of the two
irreducible components in the o(6)-module A®(id). We will later identify G with
the space of skew-symmetric 4 x 4 matrices and S with the s[(4)-module S2(id)
of symmetric 4 x 4 matrices, namely, S*ei for i = 1,2,3 will be the symmetric
off-diagonal matrices; 52,00 =220 60,-2.2 454 §0.0.-2 the diagonal matrix units
(the superscripts of S are the weights of the matrix elements of the symmetric
bilinear form with respect to s[(4), see sec. 4.2). Set

0 =& —& 13

5 0 & m
G = ,

0 T

0
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§16283  &1(&ame +&3m3)  E2(&m + &3m3)  n3(&m — Eame)

J— €1772773 E3(§am + Sama)  m2(&1m — E3ms)
SUE m (& —&n3) |
£3m 2

i.e., to & we assign the matrix G'2 = Ey — E1a, etc., to & (a2 + E373) we assign
the matrix S12 = Fo1 + Eqo, etc. These generators, expressed via monomial
generators of £(1|6), are rather complicated. Let us pass to simpler ones using
the isomorphism sl(4) 2 0(6). Explicitly, this isomorphism is defined as follows:

Soms &mz &1
§31m2 &1 —&183
=& am §83 |7
mmnz2  mn3 1213

Hy = —(&am2 — £3m3),
Hy = —(&1m1 — &amp)
H3z = (§am2 + &313),

)

i.e., to {am3 we assign the matrix Ejg, to a1 — E3n3 we assign the matrix —(FEqq —
EQQ), etc.

In terms of T, G (the sign + corresponds to tas® and — to tas” ) and S the
generators of £as (n > 0) and tas” (n € Z) are as folows:

the element its generating function
L2n—2) |[t"£n(n—1)(n—-2)t"30
GH(2n —1) t"0; + n(n — 1)t”—2a(f)
00;
Tij(Qn) tnﬁzﬂj + nt" ! aA aA O,
i OV
Si(2n +1) & (§5my + k)
S7¢i(2n + 1) t"ni(&5m; — Sk
5200(2n 4-1) t"€18283
S=220(2n + 1) t"E1m9m3
S0=22(2n 4+ 1) t"Eamns
S50.0=2(2 4+ 1) t"E3m1m)e

where S are the above symmetric matrices and where the skew-symmetric matri-
ces G* are defined as G*%, where ¢; and —¢; is the weight of &; and 7, respectively,
with respect to (Hy, He, Hs3) € sl(4).

4.2. The multiplication table in £as”. In terms of s[(4)-modules we get a
more compact expression of the elements of tas”. Let ad be the adjoint module,
S the symmetric square of the identity 4-dimensional module id and G = A%(id*);
let C -1 denote the trivial module. Then the basis elements of as” with their
degrees with respect to to K is given by the following table in which u is a new
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indeterminate of degree 2:

degree -2 -1 0 1 2
space |C-v L ad-w™ | S- v, G-ut|C-1,ad|S,G|C-u,ad-u

Though it is impossible to embed twitt B gl(4)(M) into tas™ (only ritt > si(4)D)
can be embedded into tas”), it is convenient to express the brackets in £as”
terms of the matrix units of gl(4)") = gl(4) ® Clu~",u]; we will denote these
units by Tj(a); we further set Hy(a) = Ti(a) — T2(a), Ha(a) = Ti(a) — T(a)
and H3(a) = T2(a) — T5(a). Clearly, the right hand side in the last line of the
following multiplication table can be expressed via the H;(a). We denote the
basis elements of the trivial s[(4)-module of degree a by L(a) and norm them so
that they commute as the usual basis elements of titt.

The multiplication table in tas” is given by the following table:

L(a), L) = (b—a)L(a+Db),
[L(a), Tj(b)] = ij(aler),
L(a), SU(b)] = (b+ =a)Si(a+b),
[L(a), Gi(b)] = (b= 5a)Gijla+b),
[Ti(a), TFE®)] = 0FT}(a+b) —6{Tf(a+b),
THa), S5()] = os(atb)+ a9 (atb),
[THa). Gu(®)] = 5Giy(a+b) +8iCyula+b) + ao(j.k, Lm)S™ (a+ ),
(5% (a), S¥(b)] = 0,
[S'9(a), Gu(®)] = 2 (877 (a+b) = §T} (a+b) + §{Ti(a+b) — 6/ Ti(a +b)),

[Gij(a), Ggi(b)] =2(b—a) ((5j ko (i, 4,1, m)T;" (a + b) + 6; ko (i, j, 1, m)T;" (a + b)
+ 8,0 k, L, m)T]" (a + b) + 6;40(j, i, k, m)T{™ (a + b))
+o(i, 7, k, l)( —4L(a+b)+ (b— a)(TZ-Z(a +b)
+T!(a+b) = Tf(a+b) — T{(a +b))),

where (7,14, k,m) is the sign of the permutation (j, 1, k,m).

4.3. The relations between Chevalley generators in tas” in terms of

sl(4). Denote: Tft = T/ (a). For the positive Chevalley generators we take same
of sl(4) = Span(Tij :1 <i,j < 4) and the lowest weight vectors S}, and G1, of S!
and G', respectively. For the negative Chevalley generators we take same of s[(4)
and the highest weight vectors Sﬁl and G§41 of S~ and G~!, respectively. Then
the defining relations, stratified by weight, are the following ones united with the
usual Serre relations in s[(4) (we skip them) and the relations that describe the
highest (lowest) weight vectors:

[T2037 [T203, Gﬁ“ =0; [T§’4, [T§’4, [T§)4> SMH = 0;

[[G%zv [T203> G%z]]a [T:?zp SM] = 0; [Si4> [T:§)4> SM] =

[Gla, (Tas, T3l (T35, Gl (T34, Sialll = 0;
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(G5 (135, T3, H (725, G5, [T, Sidlll =
(L0, S5 =S5t =0; [L°, G_IJ—G4 =0;
[HY, ;11]—2511_0 [HY, G531 =0; [HY, S =0;
[H3, G3i] = G3 =0; [HS, S5y =0; [HS, G3/l] =0;
[LO Szh] 544:05 (L 7G12]_G%2:0?

[HY, Siy) =0; [HY, Gip] = 0; [H, Si] =0

[H3, G ]_|_G12:0- [H3, Siy] + 284, = 0;

[H?)?G ] 7 [T127 S ]_0 [T12? G ] 0

(735, ]—0 T35, G3i]=0; [T9y, Si'] =0;

[ 45 ] 0; [544’ ]—0 [SL;, T32]:05
[
(G
[
[T
[Si
[51
[
(Gl
(G

12> T43] =0; [Tm’ 544] = 0; [ 12> G12] = 0;

T23, 544] =0; [T347 Gl 2] =0; [T21, G, ] =0;

11] 0 [T437 Sll] 0 [T437 G34] 0,
45 ] =0; [5447 G12] =0; [Gma Gu] = 0;
1 11 ] =0; [511 ) G§41] =0; [G:§417 G§41] =0;
544 ] = 0; [Shy, Gaf]+4Tp5 = 0;

] 4T12 = 0;
34] +4L° —2HY — 4HY — 2HY = 0.

447 ] =0; [Gma ] =0; [Gba T??2] =0;
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