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THE COMPARISON OF THE CONVERGENCE SPEED
BETWEEN PICARD, MANN, ISHIKAWA AND TWO-STEP
ITERATIONS IN BANACH SPACES

DUONG VIET THONG

ABSTRACT. The purpose of this paper is to compare convergence speed of the
Picard and two-step iterations, Mann and two-step iterations, Ishikawa and
two-step iterations for the class of Zamfirescu operators.

1. INTRODUCTION

Let E be a real Banach space, D a closed convex subset of £, and T : D — D a
self-map. Let pg, vo, uo, xo be arbitrary in D. The sequence {p,}>2, C D defined
by
(11) Pn+1 = Tpp, n=0,

is called the Picard iteration. Let {a,} be a sequence of real numbers in [0, 1].
The sequence {v,}72, C D defined by

(1.2) Unt1 = (1 — ap)vy + apnTv,, n >0,

is called the Mann iteration. The sequence {u,}2>, C D defined by
ug € D,

(1.3) zn = (1 =bp)up + by Tup, n=0,
Unt1 = (1 —ap)up + anTz,, n =0,

is called the Ishikawa iteration, where {a, } and {b, } are sequences of real numbers
in [0, 1].
Recently, Thianwan [4] introduced a new two-step iteration as follows

xo €D,
(1.4) Yn = (L = bp)zy + 0, Tzy, n >0,
Tp+1 = (1 - an)yn +ayTyn, n=0,

where {a,}, {bn} C [0,1].
In the last twenty years, many authors have studied the convergence of the
sequence of Picard, Mann, Ishikawa, and two-step iterations of a mapping 7" to a
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fixed point of T', under various contractive conditions. In such situations, it is of
theoretical and practical importance to compare these iteration methods in order
to estabilsh which one converges faster if possible.

Definition 1.1. (see [9]). The operator T': X — X satisfies condition Zamfirescu
(condition Z, for short) if and only if there exist real numbers a, b, ¢ satisfying
1

0<a<1,0<bec< 3 such that for each pair x,y in X, at least one of the
following conditions is true:

(1) [|Tz = Tyl| < allz —yll;

(2) [Tz = Tyl| < b(|}x — T[[ +[ly = Tyl]);

B3) 1Tz = Tyl| < c(lle = Tyl + [ly — Tl]).

Obviously, we could obtain that every Zamfirescu operator T satisfies the in-
equality

(1.5) 1Tz — Tyl|| < b||lx — yl| + 20|z — T'||
b c
@ — =
"1-b'1-c
In 1972, Zamfirescu [9] obtained a very interesting fixed point theorem for
Zamfirescu operator.

forallx,yéX,where&zmaX{ }With0<5<1.

Theorem 1.2. (see [9]). Let (X, d) be a complete metric space andT : X — X a
Zamfirescu operator. Then T has a unique fixed point q and the Picard iteration
(1.1) converges to gq.

Later on, Berinde [2, 3] improved and extended the above-mentioned theorem
and the results in the papers [2, 3] as follows.

Theorem 1.3. (see [3]). Let E be an arbitrary Banach space, D a closed convex
subset of E, and T : D — D an operator satisfying condition Z. Let {v,}22,
be the Mann iteration defined by (1.2) for ug € D, with {an} C [0,1] satisfying

o0

> ap =00. Then {v,}22, converges strongly to the fized point of T.

n=0

Theorem 1.4. (see [2]). Let E be an arbitrary Banach space, D a closed convex
subset of E, and T : D — D an operator satisfying condition Z. Let {un}22, be
the Ishikawa iteration defined by (1.3) forug € D, with {ay}, {b,} being sequences

oo
of positive numbers in [0,1] and {a,} satisfying > a, = oco. Then {u,}°,

n=0

converges strongly to the fixed point of T.

Recently, Isa Yildirim, Murat Ozdemir and Hukmi Kiziltunc [8] proved that
the two-step iteration converges strongly to the fixed point of T" with the following
result.

Theorem 1.5. (see [8]). Let E be an arbitrary Banach space, D a closed convex
subset of E, and T : D — D an operator satisfying condition Z. Let {x,}7> be
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two-step iteration defined by (1.4) and xo € D, where {a,} and {b,} are sequences
of positvie numbers in [0, 1] satisfying

oo
g a, = 00.
n=0

Then {x,}5°, converges strongly to the fized point of T.

In order to compare the speed of fixed point iterative methods, Berinde [3],
see also [Vasile Berinde, Iterative Approximation of Fixed Points, Spinger Verlag,
Lectures Notes in Mathematics, 1912, 2007] introduced the following concept of
rate of convergence.

Definition 1.6. (see [6]). Let {a,};>, and {b,}5°, be two sequences of real
numbers that converge to a and b, respectively. Then {a,} is said to converge
faster than {b,} if

an — a

by, — b =0

lim
n—oo

The purpose of this paper is to show that the Picard iteration converges faster
than the two-step iteration and two-step converges faster than Mann and Ishikawa
iterations for the class of Zamfirescu operators of an arbitrary closed convex
subset of a Banach space.

2. MAIN RESULTS
In the sequel, suppose that ¢ is the constant from (1.5).

Theorem 2.1. Let E be an arbitrary real Banach space, D a closed convex subset
of E, and T : D — D a Zamfirescu operator. Let {p,}>> be defined by (1.1)
for po € D, and let {z,}72 be defined by (1.4) for zo € D with {a,},{by} in

1
[0, 1+5> and satisfying

. oo
(i) Z an = 00;
n=0
(i) lim a, = 0;
n— o0
(iii) lim b, = 0.
n—o0
Then the Picard iteration converges faster that the two-step iteration to the fired
point of T.

Proof. By Theorem 1.2, T' has a unique fixed point, denote it by ¢. Moreover,
Picard’s iteration {p,}22, defined by (1.1) converges to ¢, for any py € D and

|lPn+1 —all = [[Tpn — ql].
Take x = ¢ and y = p,, in (1.5), then we get
(2.1) 1Pnt1 = all < dllpn = gll < 8"*lpo — gl,n > 0.
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Now, by two-step iteration in (1.4) and (1.5),
|znt1 —all = (1 = an)llyn — all — an||Tyn — 4|
z [1 =1+ d)an]|lyn — 4l
On the other hand

yn —all = (1 = bu)||zn — gl| — bal|Tzn — ql|
> [1 - (1 + 5)bn]||xn - QH
Thus
[znt1 —qll Z[1 = (1 + 6)an][l — (1 + 8)bn]l|zn — ql|
(2.2) >0 = L+ Sar][t — (1 + 8)bel|zo — gl-
k=0
From (2.1) and (2.2), it follows that
n _ 5n+1
Hiﬂ_qwg — — 0 asn — oo.
A T = (14 O)ar][1 - (1 + 6)by]
k=0
5n+1
Indeed, put w, = —; , we have
[T =1+ d)ar][l — (14 6)b]
k=0
Wn+41 o

- d<1 '
W, [1 — (1 + (5)an+1][1 — (1 + 5)bn+1} — as n — oo

(o ¢]

Applying reatio test, we get Y w, < 00, S0 w, — 0asn — oo, that is, ||p,—q|| =
n=0

o(||zn — ¢||). By Definition 1.6, we obtain the conculusion of Theorem 2.1. [

Now we will give an example satisfying the hypotheses of Theorem 2.1.

Example 2.2. Suppose
1
T:00,1] = [0,1], Tz= 2%

1

an=>by=0, n=0,1,....,n0; an:bn:n,n>n0+l.

It is clear that T is a Zamfirescu operator with a unique fixed point x* = 0.
And it is easy to see that T, a,, b, satisfy all the conditions of Theorem 2.1.

Theorem 2.3. Let E be an arbitrary real Banach space, D a closed conver
subset of E, and T : D — D a Zamfirescu operator. Let {v,}22 be defined by
(1.2) for vg € D, and let {x,}72 be defined by (1.4) for xo € D with {a,} in
1

0’1+(1+2)5

m

() > an=oo;
n=0

for some m > 0 and satisfying
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oo
(ii) > by = oc.
n=0
Then the two-step iteration converges faster that the Mann iteration to the fixed
point of T.

Proof. By Theorem 1.3 and Theorem 1.5 {z,,} and {v,} converge strongly to a
fixed point of T, denoted by ¢. Now, by Mann’s iteration in (1.2) and (1.5),

lon+1 =gl = (1 = an)lfun — gl] = an[[Tv, — Tq|
2 [1 = (14 0)an]l[vn —q|
(2.3) > [0 = (1 + 6)arlfo — gl

k=0
Now by using two-step iteration (1.4), we have
|znt1 — all < (1= an)llyn — gl + an||Tyn — 4|
< (1= an)llyn — all + andllyn — ql|
(2.4) =[1— (1= d)an]llyn —all.
On the other hand, we have
yn = all < (1 = bn)l[@n — g|| + bn|[Tzr — ql|
<(1 = bp)llzn — g[| + bnd|zn — ql|
(2.5) =[1 = (1 = 8)bn]llzn —ql|.
From (2.4) and (2.5) we get the following inequality
lnss = all < [1— (1= B)anl[1 = (1 = &)ballln — gl

(2.6) < [ - @ =dart = (1 = 8)blllxo — gll.
k=0
From (2.3) and (2.6) it follows that

|01 —all _ ﬁ [1— (1 = d)ar][1 — (1 = 6)bk] |lzo0 — gl

2.7 < .
O = T TS0 Sl el
Here we observe that

1—(1=9)ag

— 7 <1 for all k =0,1,2,....

= (140 = +m, or a 0,1,2,
Thus

a1 —all _ T/ [lzo — 4|
(2.8) <A+ m)[1 =1 —=0)bg]——.

[lont1 — 4l ,H) [lvo — 4l

Since 0 < § < 1, by, € [0,1] and ) b, = oo then

n=0

s T[(+mft - (1= 8 =0,
k=0
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it follows from (2.8) that

lim Woni =dll_

=20 ||vpt1 — ql|
Therefore the two-step iteration converges faster than the Mann iteration to the
fixed point of T O

Remark 2.4. It is easy to see that Example 2.2 satisfies all the conditions of
Theorem 2.2.

Theorem 2.5. Let E be an arbitrary real Banach space, D a closed conver
subset of E, and T : D — D a Zamfirescu operator. Let {u,}° be defined by
(1.8) for ug € D, and let {x,}2, be defined by (1.4) for xo € D with {a,} in
1

0’1+(1+l)5

(i) 3 an = oo;
nozo(]

(il) > by = 0.
n=0

Then the two-step iteration converges faster that the Ishikawa iteration to the
fixed point of T.

for some m > 0 and satisfying

Proof. By Theorem 1.4 {u,,} converges strongly to the fixed point of T, denoted
by ¢q. Now by using Ishikawa iteration (1.3) and (1.5), we have

lunt1 = all = (1= an)l|zn = gl = anl||Tyn — 4|

(2.9) 2 (1 —an)||zn — ql] — andllyn — ql|-
Moreover
lyn — all <1 = bp)l|zn — ql] + ba|[T2n — 4|
<(1 = bp) ||z — q|| + bndl|zn — ql|

(2.10)
From (2.9) and (2.10) we get
lznt1 —qll 2 [1 — an — dan + anbpd(1 = §)]|[zn — q|
> [1 = (L+d)an]llxn — |

[1— (1= 9)bu]l|zn — qll-

(2.11) > [[0 — (1 + 8)ar][lxo — qll-
k=0
From (2.6) and (2.11) it follows that

n

lenis —all _ gy [ = (1= 8)agl[1 = (1= 8)bi] [Jz0 — gl
o —q) =11 1= (1+0)as] o —l

k=0

(2.12) gH(1+m)[1—(1—5)bk]:x‘)_qH—>o as n — oo.
up —4q
k=0
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Thus we obtain the conclusion of Theorem 2.5. O

Remark 2.6. Theorem 2.1 provides a direct comparison of the rate of conver-
gence of Picard and two-step iterations in the class of Zamfirescu operators, while
Theorem 2.3 and Theorem 2.5 obtain similar results for Mann, Ishikawa and two-
step iterations. However, we do not have an answer for the rate of convergence
in the case of Mann and Ishikawa iterations in the same class of mappings (see
[5, 6]).
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