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BOUNDEDNESS FOR MAXIMAL MULTILINEAR
BOCHNER-RIESZ OPERATORS ON
CERTAIN HARDY SPACES

ZHOU XTAOSHA

ABSTRACT. In this paper, the boundedness for the maximal multilinear Bochner-
Riesz operators on certain Hardy and Herz-Hardy spaces are obtained.

1. INTRODUCTION

Let m be a positive integer and A be a function on R"™. The multilinear
Bochner-Riesz operators is defined by

Bls(f)(x) = sup |BLs(F) ()],

where
Rm-l—l(A; x»Z/)
no o —ylm

B(7)a) = [

Ri1(Aiy) = A(x) = D =D A(y)(z —y)°,

|laj<m

and (BY(f))(€) = (1= r*€P)Lf(€). Set B)(f)(x) = f + B)(x), where B}(z) =
r~"BO(z/r) with r > 0 and B%(z) is the kernel (see [10]). We also define

BY(f)(z) = iglngf(f)(w)l,

which is the Bochner-Riesz operator (see [10]).

Note that when m =0, Bﬁé is just the commutator of Bochner-Riesz operator
(see [7]). It is well known that multilinear operators are of great interest in
harmonic analysis and have been widely studied by many authors (see [1-5]).
In [8], Liu proved the boundedness of multilinear Littlewood-Paley operators on
Hardy and Herz-Hardy spaces when D®A are Lipschitz functions for |a| = m.
The main purpose of this paper is to establish the continuity of the multilinear
Bochner-Riesz operator on certain Hardy and Herz-Hardy spaces when D®A are
BMO functions for |a] = m.
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First, let us introduce some definitions (see [9-15]). Throughout this paper,
Q = Q(zp,d) will denote the cube of R™ centered at xgy with side-length d and
sides parallel to the axes.

Definition 1.1. Let A be a function on R™ and m be a positive integer and
0 < p < 1. A bounded measurable function a on R" is said to be a (p, D"™A)
atom if

i) suppa C Q = Q(zo,d),

i) [lallz < |QI7V7,

i) fpn a(y)dy = [pu aly) D*A(y)dy = 0,]a] = m.

A temperate distribution f is said to belong to H%, 4(R"), if, in the Schwartz
distributional sense, it can be written as

fla) =" Aaj(x),
=0

where the a; are (p, D™A) atoms, \; € C and > 72,[\;[P < oco. Moreover,

. 1/p
111, = (X520 Il)

Let By = {z € R" : |z| < 2¥},C0y = By \ By_1,k € Z. Denote x,=xc, for
k € Z and xo=xB,, where x g is the characteristic function of the set E.

Definition 1.2. Let 0 < p, ¢ < o0 and « € R.
(1) The homogeneous Herz space is defined by

KgP(R") = {f € LL(R*\{0}) : ||l gow < 00},

loc

where

[e%s} 1/p
£l o = [ S 2kap||ka||§q] .

k=—00

(2) The nonhomogeneous Herz space is defined by
KgP(R") = {f € Li,o(R") « || fllggr < o0},

loc

where
o

1/p
I ker = [ZQko‘plleleiq + ||f><o||1£q] :
k=0

Definition 1.3. Let c € R, 0 < p < o0, 1 < ¢ < 00, m be a positive integer and
A be a function on R". A function a(x) on R" is called a central (o, g, D™ A)-atom
(or a central («,q, D™ A)-atom of restrict type), if

1) Suppa C Q(0,d) for some d > 0 (or for some d > 1),

2) lallze < 1Q(0,d)|~*/,

3)  Jpna(@)dz = [, a(z)DPA(z)dz =0, |8] = m.

A temperate distribution f is said to belong to HK;’SWA(R”) (or HK P 4 (R)),
if it can be written as f =222 Aja; (or f =224 \ja;) in the S'(R™) sense,
where a; is a central (a, ¢, D™ A)-atom (or a central (o, ¢, D™ A)-atom of restrict
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type) supported on B(0,27) and Do AP <00 (or 35524 [A4[P < 00), more-

1/p
over, [|fllyzey,, o0 Ifllaxes, )= (5, 507)

2. THEOREMS AND PROOFS
We begin with some preliminary lemmas.

Lemma 2.1 (see [3]). Let A be a function on R"™ and D*A € LY(R") for |a| =m
and some q > n. Then

1/q
m 1 [0
|Ro(A;2,y)| < Clz—y[™ > (—,Q(x l /Q( )\D A(z)!%) :
M fE,y

|a)l=m
where Q(x,y) is the cube centered at x and having side length 5v/nlz — y|.

Lemma 2.2. Let 1 < g < o0, d > (n—1)/2 and D*A € BMO(R") for |a| = m.
Then Bﬁé is bounded on L1(R™), that is

IBs(Flle < C D [ID*AllsymollfllLe.

|a|=m
Proof. By the condition of BS (see [10]), we have
|BS (2 — y)| <Cr~™(1 4 |z — y|/r)~CFT(+1/2)

_c < r >5—(n—1)/2 1
r+ |z =yl (r+lz—yh"

SC‘.’L’ - y’_nv

so that

|Rm+1 (A7 €, y)

BN < [ BealGn il g,

R?’L
thus, by [4, 5], we get
1B (H)lle < ClIf|]Le-
U

Theorem 2.3. Let§ > (n—1)/2, 1 > p > 2n/(26+n+1) and DPA € BMO(R")
for |8 =m. Then Bﬁé is bounded from HY,. ,(R™) to LP(R™).

Proof. Tt suffices to show that there exists a constant C' > 0 such that for every
(p, D™A)-atom a,
1BZ5(a)llze < C.
Let a be a (p, D" A)-atom supported on a ball @ = Q(xg,d). We write

A Pdr = A(a)(z)Pdx A (a)(2)Pdx
[ ps@era= [ BG@E@pas [ @)
=I+1I.
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For I, taking ¢ > 1, by Holder’s inequality and the L%-boundedness of Bjé(;
(Lemma 2.2), we see that

1< C|B5(@)|1%, - 1Qo, 2)[' 717 < Clall, QI < .

To obtain the estimate of I, we need to estimate Bjé(;(a)(x) for x € (2Q)°. Let
Q = 5y/nQ and A(z) = A(z) — 3. é(DO‘A)Q - %, where (A)g denotes the

|a|=m
mean values of A on Q. Then Ry, 41(A;z,y) = Ryi1(A;2,y). We have, by the
vanishing moment of a,

A |Brs(z —y)| _ | Brs(x — 20)| . a
Bs(o)@) < [ | Fpo g o B ()l
b [ 1Bl =20 (i) — B, a0)] o)y

0 |z — xo|™

|3 o P D Aatway

|z —y|™

laf=m

=1l +1I,+ I15.

Note that |z — y| ~ |2 — x| for y € Q and x € 271Q \ 2¥Q. By Lemma 2.1
and the following inequality (see [15])

b, — bg,| < Clog(|Q2|/[Q1)[[bl[Bro for Q1 C Q2,
we know that, for y € Q and z € 2871Q \ 2¢Q),

|Run(Ase,y)| <Cla—y™ 3 (1D Allpaso + [(D*A)gy,,, — (D*A)g))

|a)l=m
<Cklz —y[™ Y |ID*A||zwmo-
|a|=m
By the formula (see [3]):

1Bl<m
and Lemma 2.1, we have
|Bin (A5 2,y) = Rin(Asmo,9)| <C Y > o —ao™ Pla — y[P||D* Al | prro
|8]<m |a|=m
<C > |ID*Al|puolz — wollz —y|™ .

|a|=m

We consider the following two cases:
Case 1: 0 < r < d. Notice that [10]:

|B%(2)] < O(1+ [a])~CHD/2),
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then

IR (A;2,9)]

|z — @o[™

<C > |IDAllsyor™"k|QIT / (1 + [a =yl /r)~CHFD D gy

|lal=m

<C 37 D Allsaol QP klz — o~/ (-1/2),

|a|=m

o [ Bn(A52,y) — Rp(A;z0,y n
h=cr /‘ ( !iz—ylm( 0 9L1 4 J — gl ) /D )y

IL < or Q| 1+ |z — y|/r)~ D2 gy

x — xolla(y n
<0 Y 10" Allswor™ [ FtUIL1 gy
la|=m

<0 Y D" Allswo | oty

|al=m

<C Z ||DaA||BMO|$ o $0|—n—1|Q|1/n—1/p+1‘

|al=m

For 113, we write

/ Bro@ =)@ =y)® pa 4 - (D*A)g)a(y)dy
Q

|z —y|™
_ / |:Br76($ —y)@—y)*  Brs(x —xo)(x — 20)*
Q |z —y|™ |z — xo|™

x[D*A(y) — (D*A)qla(y)dy,
similar to the estimate of I1;, we obtain

I3 < C Z HDOCAHBMO (’x - xo,—(5+(n+1)/2)’Q‘((S—(n—l)/2)/n+1—/p

|a|=m

o — o QI

Therefore, recall that p > n/(n+1) and 6 >n/p—(n+1)/2,

I < Z / (a)(x)]Pdx

7

k+1Q\2kQ
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< cz/ (3 [D°A@) — (D Ay
k=1

k+1cz\2k@ o

" [kpyx — [ POHHD)/2) Qo= (n=1)/2) /4 p-1

o — x0|—p(n+1)|Q|p(1+1/n—l/p)] dz

Z | D*Al|lBmo)? Z/ (| — | POHD|QP+1/n=1/p)

la|=m k+1Q\2kQ
+ kp‘x _ xo,—p (6+(n+1)/2) ’Q‘p 6—(n—1)/2)/n+p—1)dx

p
¢ ( Z DaABMO) Z[k’?k("—p‘p”) + 2kn=p(6+(n+1)/2)))

|a)l=m k=1

C ( > DaABMo)p-

laf=m

Case 2: r > d. In this case, we choose dy such that (n —1)/2 < §y < min(d, (n +
1)/2), notice that (see [10])

’VIBJ(Z)’ < C(l + ‘Z’)—(5+(n+1)/2)

for any I = (I1,--- ,1,) € (NU{0})", where V! = (0/0x1)" - - (0/0xy)!. Similar
to the proof of Case 1, we obtain

p
I1<cC ( Z DQABMO) Zsup(r/d)((n—l—l)m—éo)p
k=1 >0

|laj=m

« ka —k((n+1)/2460)p—n + 2k(n p— pn)]

|laj=m

p
C ( > DO‘ABMO) ;

|al=m

<C ( Z DQABMO) ka —k((n+1)/2+60)p—n 4 gk(n—p— pn)]

which together with the estimate for I yields the desired result. O

Theorem 2.4. Let 0 <p<oo,1 <g<oo,n(l—1/q) <a<n(l-1/q)+1,0 >
a+n/qg— (n+1)/2 and DPA € BMO(R™) for |8| = m. Then B;% is bounded
from HKq hmy (R7) to K$P(R™Y).
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Proof. Let f € HKQDMA(R") and f(z) =>.%2___ Aja;(z) be the atomic decom-

j=—00
position for f as in Deﬁmtlon 1.3. We write

o 3 pq1/p
IB25(llgor < C [ S gk ( ) AjB£5<aj>kaq) ]

k=—o00 j=—o00
~ ~ py1/p
> 25| Y WllIBs(ag)xalls = I+11.
k=—o00 j=k—2
For IT, by the boundedness of BA i on L(R")(see Lemma 2.2), we have
o 1/p
I1=20C Z 25 (N [N (1B (a)Xk| | Lo)P
k——oo j=k—2
1/p
<C Z 2ker( Z Nilllagllza)?
k——oo j=k—2
o 1/p
<C Z 2k ( Mg - 277
k——oo j=k—2
o i 0o _oo1/p
SR 2R NP2 0<p <
< OF R 2P (5, o Iyl - 27 jep/2)
. 1/p
X(Z;ik—2 9o—jap /2)p/p} ., 1<p<oo
, 1/p
AjfP(it?otk- JW’} L 0<p<1
<o) [Eran W 2t p<

. 1
[zj__oo AT 20er)] 1 <o

<C Z NIV < Ol ll ey ey

j_—OO

For I, similar to the proof of Theorem 2.3, we have, for x € Cy, j < k — 3,
Bls(a)(@) £ C |[a[ 77 HQy [ o fa| 700/ g (Go(nm1/2) /]

y ( /Q | |aj<y>||Rm<A;w,y>|dy>

J

+C [’x‘—n—llQ _’1/n + ’x‘—(50+(n+1)/2)‘Qj‘(éo—(n—l)m)/n]

< 3 [ 19740~ (0" A1 oyl

|al=m
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thus
1/q
I<C Z gkap Z N (/ |DPA(z) — (DﬁA)Bk|qu>
k=—oco j=—00 |8]=m
1/p
% <2—k(n+1)+j(1+n(1—1/q)—a> i 2—k<60+(n+1>/2>+j(6o—(n—1>/2+n(1—1/q>—a>)”]
+C| Y 2erdnla( 3 DA paro)?
k=—00 |a)]=m
Z ’)\ ‘ —j kn+1)+](1+n(1 1/q)—a)
j=—00
1/p
+ 2—k(5o+(n+1)/2)+j(5o—(n—l)/2+n(1—1/q)—a)))p
=0 + I>.
To estimate I; and I, we consider two cases.
Case 1: 0<p<1.
11<c[ > D Allpuo) Y 2P Z AP
|B|=m k=—00 j=—00

[2(—k(n+1)+j(1+n(1—3)—a))p

1
+2(_k(5o+(n+1)/2)+j(5o—”Tfl+n(1—§)_a))p} 2@] v

=C > |IDPAllpmo
|B|=m

% (Z I[P Z (2(jk)(1+n(1;)a)p+2(jk)(5o+(n+1)ZMP))

j=—00 k=743

1
P

L A

<C Z HDﬁAHBMO ( Z )‘jp) <CHJCHHK“§mA

1Bl=m j=—o00

similarly,

I < C||f||HK

D’UL A
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Case 2: p > 1. By Holder’s inequality, we deduce that
L <C Z ID° Al smo

|8]=m
1 1
!
s k=3 G-Rpatni-H-a) \ P [ 23 Goppatna-1)-a) \ P
S[S I
j=—oo L \j=—c0 j=—00
1/p %
k=3 (jfk)p(5o+*r(n+1)*%*a) k=3 (jfk)p'(5o+‘2—(”+1)7%fa) P
+ D 2 g 2 :
j:—oo j:—OO
o 1/p
<C AP <C “a,
= Z ‘ ]’ = HfHHqugmM
j=—00
similarly,
I, < C||f||HK;'§mA(R")‘
This finishes the proof of Theorem 2.4. O

Remark 2.5. Theorem 2.4 also holds for nonhomogeneous Herz-type spaces.
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