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CONSTRUCTION OF IRREDUCIBLE REPRESENTATIONS OF
THE QUANTUM SUPER GROUP GL,(3|1)

NGUYEN THI PHUONG DUNG, PHUNG HO HAI, AND NGUYEN HUY HUNG

Dedicated to Tran Duc Van on the occasion of his siztieth birthday

ABSTRACT. In this note, we construct all irreducible representations of the
quantum general linear super group G'Lq(3|1) using the double Koszul com-
plex.

1. INTRODUCTION

A quantum general linear super group is understood as a Hopf super algebra
determined in terms of a Hecke symmetry R on a super vector space V of finite
dimension. A representation of such a quantum group is nothing but a comodule
on the corresponding Hopf super algebra.

The main invariant of a Hecke symmetry is its birank. It is shown in [7] that
the category of representations of this quantum group is uniquely determined
up to braided monoidal equivalence by the birank of the Hecke symmetry R,
provided that the quantum parameter ¢ is not a root of unity of order larger
than 1. Therefore, the quantum general linear super group associated to a Hecke
symmetry of birank (r, s) is denoted simply by GL,(r|s).

An explicit construction of irreducible representations, i.e. simple comodules
over the associated Hopf super algebra, is however not known. Actually, such a
construction is not known even in the classical situation of the Lie super algebras
gl(m|n). The difficulty lies in the so called atypical representations.

Some particular cases of lower biranks (1|1) and (2|1) are treated in [5, 1].
Recently, an explicit construction of irreducible representations of gl(3|1) was
obtained in [2] using the so called double Koszul complex. In this work, this
construction will be extended to the case of quantum general linear super group
GL4(3|1). To show that the representations obtained are indeed irreducible and
furnish all irreducible representations we use a result of [17] on the perfect par-
ing between GL,(r|s) and Uy (gl(r|s)) as well as the character formula for these
representations.
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2. THE QUANTUM GENERAL LINEAR SUPERGROUP

Let V be a super vector space of finite dimension over k, an algebraically closed
field of characteristic zero. Fix a homogeneous basis x1, T2, ..., x4 of V. We shall
denote the parity of the basis element z; by 7. An even operator R on V ®V can
be given by a matrix Rfjl:

R(z; @ zj) = x1, ® lef}.

R is an even operator implies that the matrix elements Rg are zero, except for

those with ¢ + j = k+1. Ris called Hecke symmetry if the following conditions
are satisfied:

i) R satisfies the Yang-Baxter equation RjRyR; = RaoRj Ry, where Ry :=
R® I, Ry :=1® R, I denotes the identity matrix of degree d.
ii) R satisfies the Hecke equation (R — ¢)(R 4+ 1) = 0 for some ¢ which will
be assumed not to be a root of unity of order larger than 1.
iii) There exists a matrix Pi];»l such that P;,TR% = 5}6;‘?.
ExaMPLE. The following main example of Hecke symmetries was first considered
by Manin [13]. Assume that the variables z;, i < r are even and the rest s = d—r
variables are odd. Define, for 1 <4,j,k, Il <r+s,

¢ if i=j=k=1i=0
u —1 if i=j=k=10i=1
RV = @—-1 if k=i<j=
(-Didg if k=j#i=I
0 otherwise.

The Hecke equation for R19) is (z — ¢?)(x + 1) = 0. When ¢ = 1, R"l®) reduces
to the super-permuting operator on V@ V. ‘ '
Let {z;-,t;\l < i,j < d} be a set of variables, where the parities of '’ and t]
are 1 + J.
The super algebra Ep is defined to be the quotient algebra of the free non-
commutative algebra on the generators {2}[1 <4, j < d}, by the relations
(1) (~1)S PR s = ()RR R ) < k1< d.
Here, we use the convention of summing up over the indices that appear in both
lower and upper places.
The super algebra Hp, is deﬁned to be the quotient of the free non-commutative
algebra generated by {2,t;|1 < 1,5 < d}, by the relations

5(1+p) pkl S I(g+k) Jk I pan .
(2) (_1) (+p)Rpszfzj = (_1) @+ )Zanjo ’ 1< Za]akal < d7
(3) (1R = (—) ) =61, 1<k <d.

The super algebra Fg is a super bialgebra with the coproduct given by
A =2 @2, A(th) =t @,
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The super algebra Hpg is a Hopf super algebra with the coproduct given by

A =z @2k, Af)=thet,

and the antipode given by

S(zh) = (-1 S(th) = (1) Clfot,
where C; = P;ll See [6] for details.

The super bialgebra Ep is called the (function algebra on a) quantum matrix
super semigroup M,(r|s). The Hopf super algebra Hp is called the (function
algebra on a) quantum general linear group GL,(r|s). When R = RU19) the
associated Hopf super algebra is called the (function algebra on the) standard
quantum general linear super group GL4(r|s). Note that R(1%) has birank (r, s).

The Hecke algebra of type A, H,, = H, 4 is generated by elements 73,1 < ¢ <
n — 1, subject to the relations

T;T; = 115, |i — j| > 2
LT T = T Ty
T? = (¢— 1T +q.

To each element w of the symmetric group &,,, one can associate in a canonical
way an element T, of H,, in particular, Ty = 1,T(; ;4.1) = T;. The set {Tyy|w €
S, } forms a k basis for H,.

The operator R induces an action of the Hecke algebra H,, on the tensor powers
Ve of V, po(T;) = R; := idl"/_1 ®R®id7‘ﬁ_i_1. We shall therefore use the notation
Ry := p(T\). On the other hand, Er coacts on V by d(z;) = z; ® z]. Since
Er is a bialgebra, it coacts on V®" by means of its multiplication. With the
assumption that ¢ is not a root of unity of order larger than 1, H,, is semi-simple
and we have the double centralizer theorem asserting that the action and coaction
mentioned here are centralizers of each other in Endy(V®™) [6]. It follows that
FEr-comodules are semi-simple and each simple Er-comodule is the image of the
operator induced by a primitive idempotent of H,, and, conversely, each primitive
idempotent of H, induces an Er-comodule which is either zero or simple. Since
irreducible representations of H,, are parameterized by partitions of n, primitive
idempotents of H,,, up to conjugation, are parameterized by partitions of n, too.

For example, using the notation

_q¢ -1

[n]! == [1][2] ... [n],

we have the (central) primitive idempotents
1 1
— E : — n(n—1)/2 E —g)"l(w)
Ty = i 2 T, and y,:= [n]!q 2 (—q) Ty,

which induce the symmetrizing and anti-symmetrizing operators X,,, resp. Y,
on V®" Let S, := ImX,, and A, := ImY,,. One can show that S, (resp. A,)
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is isomorphic to the n-th homogeneous component of the quadratic algebra S(V)
(resp. A(V)) defined as follows:

SET(V)/(Im(R—-gq)), (resp. A=ZT(V)/(Im(R+1))),

(T'(V') denotes the tensor super algebra on V). These algebras are called the
symmetric and exterior tensor algebras on a quantum super space.

By definition, the Poincaré series P (t) of Ais Y o2 dimy(A,,)t". It is proved
that this series is a rational function having only real negative roots and real
positive poles [4]. Let r be the number of its roots and s be the number of its
poles. Then simple Egr-comodules are parameterized by hook-partitions from
I8 :={AFn|A41 < s} [6].

Simple H p-comodules are much more complicated. The main difficulty lies in
the fact that Hpg-comodules are not semi-simple. In [7] it is shown that, as a
braided monoidal category, the category of Hpg-comodules depends only on the
quantum parameter ¢ and the birank of R. Thus the problem reduces to the
case of the standard deformation R(1®). In this case the problem was studied by
R.B. Zhang et al. [15, 17], using the duality between H p(-s) and Uy (gl(r|s)). The
problem of constructing all its simple comodules is still open. The aim of this
work is to treat this problem in the particular case, when R has birank (3,1).

3. THE DOUBLE KOSZUL COMPLEX

3.1. The Koszul complex K. The Koszul complex K associated to R can be
defined as a collection of complexes K,. The terms of K, are indexed by pairs
(k,1) with k — 1 = a. Denote by db : k — V ® V* the map 1 — x; ® £, where
(€%) is the basis of V*, dual to the basis (z;) of V. The term K} ; is Ay, ® S;* and
the differential dj; : A ® S;* — A1 ® Si41™ is given by:

id®db®id Yer1®Xp 1"
dk,l ALRST — V®k®V*®l iy V®’“+1®V*®l+1 — /\k+1®51+1*,

where X;, Y are the ¢g-symmetrizing operators introduced in Section 2. The
reader is referred to [3] for the proof that d is a differential.
Define the maps 0y ; as follows:

1d@(evRy, 1+ )®id Y, ®X*
Ol N1 ®Si41" — YOkt g @i+l —5 A e Nk ®S*,

where ev : V* ® V' — k is the evaluation map and Ryy+ : V@ V* - V'@V
is the symmetry induced from R. In terms of the dual bases (x;) and (¢£7) it is
given by z; ® & — 8 @ a:lPijl, thus evRy v+ (z; ® &) = CJZ

One can show [3, 7] that 0 is also a differential and satisfies

(4) g[l)[K]dD + [1 + 1)[k + 1]8d = ¢ (] — k] — [r — s))id

on Ky, where (r,s) is the birank of R. Consequently, the complex K|, is exact
if a # s — r. Further, it is shown that, for a = s — r, the complex K, is exact
everywhere, except at the term K, 5, where it has the one dimensional homology

group.
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3.2. The Koszul Complex L. There is another Koszul complex associated to
V', which was first defined by Priddy as a free resolution of the symmetric tensor
algebra of V' (see [12]). As in the case of the complex K, the complex L is a
collection of complexes L,. The complex L, has (p,r)-term, with p + r = a,
L,, =S5, ® A, and the differential P,, : L,, — L,_1,41 given by

Xp71®Yr+l

P,r:Sp @ N s VO g O Sp—1 @ Npy1 .

The complexes (L, P),a > 1, are exact. This is shown by considering the map
Qp,r : Lp—l,r—i—l I Lp,ra given by

Xp®Yy

Qp,r : Sp—l ® Npp1——— y®p-1 (= yertl Sp QVAVAE
One checks [3] that on Ly,
(5) [rllp + 11PQ + [pllr + QP = [p + rlid.

Remark 3.1. The differentials of both complexes are morphisms of Hg-comodules.

3.3. The double Koszul complex. The two Koszul complexes mentioned in
the previous section can be combined into a double complex called the double
Koszul complex. For simplicity we shall use the dot “” to denote the tensored
product. Fix an integer a. We arrange the Koszul complexes K_,, K_,_1,
K_4_o,...as follows.

o, di,a+1 d2,a+2
K g 10— 8" —2A1 - Surt* 2 Ay - Sppo™ 2 Ag - Sppg® —> -
do,a+1 di,a+2
K 4 1: 0 Sar1" ——=A1-Sap2" —= N2 - Sgy3" — -
o doat2 "
K_,2: 0 Sa+2 — /N1 Sa+3 -

Here S; and A; are set to 0 if i« < 0. To get the entries on a column into
a complex we tensor each complex K; with S_,_;, i.e. the complex K_1_, is
tensored with Sy, the complex K_o_, is tensored with Ss... Then each column
can be interpreted as the complexes L; tensored with S,;*. Thus we have the
following diagram with all rows being the Koszul complexes K, tensored with S,
and columns are the Koszul complexes Lo tensored with S¢*:

(6) 0 0 0 0

P T

d
0 = Sa" >~ A1-Sa41” N2 Saq2” N3 Seys*——---

| | |

d d d
0 =S1-Sat1™ > S1-A1-Sat2"——>S1-Na-Seq3* — -

| dl o

d
0 >S3-Set2" =S A1 -Seys" -

! T

0
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A general square in diagram (6) has the form

* ided *

(7) Si- Ak -Si* ——>S; Ap1 - St
P®idT TP@id

Sit1 - Ng—1- S —=Sit1 - Ni - Si41”

ided

with [ =i+ k + a. For convenience, we denote d :=id®d, P := P®id. It is easy
to show that Pd = dP for all these squares. Thus (6) is a bicomplex.
We also have an exact double Koszul complex with d, P replaced by 9, Q.

(8) 0 0 0 0
| | | |
Y \ \ %
0<— —Sa*<— —N1-Sat1* <———No-Sao* < — — N3 Sag3* <—— — -
o B | P | 0 |
‘VQ ‘VQ VQ VQ
0<———S1-Sat1™ < — —S1-/N1-Sayo* <— —S1-N2-Says* <— — -
? 'q ? e ? L
\ \i \
0<— — — — — S2-Sat2* < — — —S2- N1 -Says* <— — -
15} | 15} | 15}
v \
0

From now on, we assume that R has birank (3,1).
We combine the two diagrams (6) and (8) into one:
9)

do,ati—1 d1,a+4i d2 atit1

Sic1-Sati-1"===Si—1-NA1-Sapi* T==Si—1- N2 Saqit1* T==Si—1- N3 Saqito™ -
90,a4i—1 | 01,041 | 02,a4i+1 |
P|lQ PTl Q PTl Q
v do,a+i v di,a+i+1 |l
SiSari* == ===5,.N\1.Sarit1* T===S; N2 -Sayita*
90,a+i | 01,a4i+1 |
Pl Q PTl Q
v do,a+i4+1 |
Sit1-Satit1 == == Siqy1-N1-Sapiso* -
90,a4i+1

Proposition 3.2. Assume that the Hecke symmetry R has birank (3,1). Then the
composed map OPQd : S; -Sq4i* — Si - Sayi™ in diagram (9) is an isomorphism
for all a,i with i,a + 17 > 0. Consequently, S; - S,* is isomorphic to a direct
summand of S;+1 - Set1™. Moreover, this isomorphism is an isomorphism of
Hp-comodules.

Proof. We will use induction on i to prove that the endomorphism dPQd : S; -

Sari* — S; - Squi™ is diagonalizable with the set of eigenvalues being equal to

(la+2i+1—j] = [-2])[j]
[i +1)[a+1i+1]

(10) Ai::{ ,j:1,2,...,2’+1}
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For i = 0, the map PQ : S,* — S,* is equal to ids,-. Hence
al —|—2
)= opod < ==

[a+ 1]
Assume that the claim holds true for ¢ — 1. We have

id.

1 0P ol
b= OPQd =]l ][ +[ ]][ QP _ g [[ HZ]]OQPd
2]l ,lg(la+i—1] —[-2]) — [a +1]d0)]
=0d — P
[—I—l]Q 2][a+ i+ 1]
q[i][(fa +i — 1] — [-2])] [i][a + 4]
=0d — P
[i +1][a + i + 1] QP+ [i 4+ 1][a + i+ 1]
B e (RSl )y W OTE
= - - - 1d+— -
la +i+1] [i + 1][a + i + 1] [i + 1][a + i + 1]
By assumption 0PQd : S;_1-Sq—1* — S;—1-Sq_1" is diagonalizable with eigen-
values in A;_1,, in particular it is invertible. Thus the minimal polynomial P(X)
of this operator has no multiple root. It follows that the minimal polynomial of
the operator QdOP :S;-Sqti* — S;i-Sqyi™ is just X P(X). Consequently QdOP
is diagonalizable with eigenvalues in A;_1 U{0}. Thus 0PQd : S;-S,* — S;-S.*
is diagonalizable with the set of eigenvalues in A;. O

QdoP

QdOP.

Consider the diagram in (6) as an exact sequence of horizontal complexes
(except for the first column) and split it into short exact sequences.

(11)

. Ay ithta g;c+l,i+k+a+l .
. .KerPiyk . SfL'JrkJra > KerPNHl . Si+k+a+1 > KerPNHz . Si+k+a+2 e
| | |
Pi+1,k1T|Q Piyq, kT|Q Pi+1,k+1T|Q
\ dk—1,itk+a Al dis,itk4at1 Y

o Sig1 Nk—1 - Sigktd” = Siv1- Nk Sitrtart” > Siv1 - Nky1 - Sivkrar2™ -
| | |
i|lQ i|lQ i|lQ
Y diccfl,i#»kJra Y d;c,i+k+a+1 Y .
~KerPip1 p—1 - Sighta® T KerPip1 k- Sithtarr” —  KerPiyq g1 Sightare” -

where dj, itkta 18 the restriction of dj ;4x+q to KerP;y - Sitrye”. Notice that
KerP; ; = ImPH_Lj_l for all + > 0.
Consider the following part of (11) for i,k > 1:

(12) Si- /\k+1 ) Sa+i+k+1* - — = S - /\k+2 ) Sa+i+k+2*
I |
I |
A v

KerP; 11 - Satitht1” e KerP; 12 - Satitkt2”

he |

d
Sz‘+1 WAV Sa+i+k+1* o Sz‘+1 : /\k+1 : Sa+i+k+2*
2]
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Proposition 3.3. Assume that the Hecke symmetry R has birank (3,1). Then
fori>0k>1a+1+k+12>0 the composed map

POdQ : KerP; 41 - Saqiths1” — KerP pi1-Saqitrs1”
in diagram (12) is an isomorphism. Consequently KerP; j11 - Sqtitk+1* is iso-

morphic to a direct summand of S;y1 - Imdy, o itk+1. Moreover the isomorphism
is an isomorphism of Hg-comodules.

Proof. We assume first that a > 0, the case a < 0 is treated similarly but a bit
more tedious. We use induction to prove that

. i,k+1 " Da+i+ —|—1>l< i,k+1 " Da+i+ —|—1>l<
PadQ : KerP, k S k — KerP, k S k

is diagonalizable with eigenvalues

aym (ot k2l )

i =1,2,...,1+ 1,4 1L
i+ Uk + 1 Platitk+e 7 7% i+ ,Z+k+}

For ¢ = 0, consider the following part of (12):

8 a
N - Sapr™ == == Nit1 - Sathkg1™ = == VAV R M

| I I
PTlQ PTlQ PTIQ
Y P Y P Y

St Ak—1-Sask™ ===51-Ng - Satht1” ===51- Npt1 - Saprt2”

and the composed map PAdQ : Agi1-Sarksr1™ — Aka1-Sarks1”™. By means of
formulas (4) and (5) we have

[¢" ([a + 1] — [-2]) — [K][a + &k + 1]d0)]

PodQ = P e+ 1+ k +2] @
et -2 Matksl]
T+t hr2 Y Totaths

Since dd is diagonalizable with eigenvalues 0 and %, PodQ is diagonal-

izable with the set of eigenvalues

A .:{qk[k+1]([a+1]—[—2]> qk<[a+k+1]—[—2]>}
0 ot 12fatk+2 ° [k+12latk+2

For ¢ = 1, consider diagram (12) with ¢ = 1 and the map P0odQ : KerP; ;41 -
Satk+2" — KerPy g1 - Saip42", we have
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[¢"([a + 2] — [-2)) — q[k][a + k + 2]d0)]

PodQ =p [k +1]ja+ k + 3] @
¢"(la+2] - [-2) qlklla + k + 2]
RS AR S Y il
_qk([a—|—2]—[—2])[k—|—2]i gkl +k+2] [[k+1]—[k+1]QP]a
21k +1]2[a + Kk + 3] [k +1][a + k + 3] [2][¥]
_qk([a+2]—[—2])[k7—|-2]i B qla+ &k + 2] qla+ &k + 2] )
[2l[k + 1]2[a + K + 3] [2][a + k + 3] 2][a + k + 3]

We have d0 : S1-A-Sgipie™ — S1-A-Sgakao™ is diagonalizable with eigenvalues
¢ '(la+1] = [-2])
qlk + 1][a + k + 2]

On the other hand, we have d0 - dQP0 = dQPO - d0 and if do(x) = 0, then

dQPO(x) = 0. Therefore, the eigenvalues of POdQ : KerP j11 - Sqypy2* —

KerP, j41 - Satk+2" are in the set

Al.:{q’%[a +2] - [k +2] ¢"(la+k+3]—[-2) ¢"2l(la+k+2- [—2]>}
[2][k +12[a+ Kk +3] " [2][k+12[a+k+3] " [2][k +1]%[a + k + 3]

In general, consider the composed map

and O.

PodQ : KerP; g1 - Savivkr1” — KerPjpy1 - Sapivkt1”

in diagram (12), we have

F(la+i+1) —[-2]) —qlk]la+i+k+1]d0

PodQ =P k+1[a+i+k+2] @
C¢"(la+i+1] = [-2)PQ  g[klla+i+k+1]dPQ
k+1a+i+k+2] k4 1ja+i+k+2]
" ([a+i+1] —[-2)[i + &k + 1]id

k+ 12+ fa+i+ &+ 2]
glklla+i+k+1d  ([i+k - [i|[k + 1]QP)d

k+1[a+i+k+2] [K][i + 1]
¢ a+i+ )= [-2)[i+k+1]id  gli+Ka+i+k+1]d0
k412l +1)a+i+ k+ 2] k+ 1+ 1ja+i+k+2]

qli]ja+1i+k +1]dQPO
i+ 1a+i+k+2] °
One has d0 is diagonalizable with the set of eigenvalues

{[ ¢*(la + i — [-2]) ] 0}.

E+1)fa+i+k+1)




224 NGUYEN THI PHUONG DUNG, PHUNG HO HAI, AND NGUYEN HUY HUNG

We have d0 o dQP0O = dQPO o d0 and if dd(z) = 0, then dQPO(x) = 0. By
induction assumption POdQ : KerP;_1 11 - Sqtitr™ — KerP_q1 11 - Satitr™ is
diagonalizable with eigenvalues in the set A;_1. Thus the composed map

* *
dQPO : KerP; jy1 - Savivk+1” — KerP; g1 - Satitk+1

is diagonalizable with the set of eigenvalues is A;. The proof is complete. O

4. CONSTRUCTION OF IRREDUCIBLE REPRESENTATIONS OF G L4 (V).

Let R: V®V — V ®V be a Hecke symmetry with birank (3,1). Using the
double Koszul complex, we will construct in this section for each (integrable)
dominant weight, i.e. a quadruple (m,n,p,t) of integers, with m > n > p, a
comodule I(m,n,p|t) of Hr. The proof that these comodules are simple and
furnish all simple Hgr-comodules will be given in the next section.

Recall that the complex K> is exact everywhere, except at the term K3 1, where
the homology is one dimensional. Denote this comodule by I(1,1,1]1).

For a dominant weight (m,n, p|t) set

I(m,n,pl|t) :==I(m —t,n—t,p—t0)® I(1,1,1]1)%".

Thus one is led to construct I(m,n,p|0).

First, recall from Section 2 that each partition A € 3! defines a simple Hp-
comodules. Denote it by My. Such a partition A has the form (A1, Ao, Az, 1M).
For a weight (m,n,p|0) with p > 0 set

(13) I(m,n, pl0) := M, 5 p)-
Further, for such a dominant weight with p > 1 we set

and for a dominant weight of type (m,n,0[0) we set

(15) I(—2,—n —1,—m — 1]0) := I(m,n,0[0)* ® I(1,1,1]1)*®2,
Finally we set
(16) I(—1,-1,—-m|0) := I(m,0,0/0)* ® I(1,1,1[]1)*®1.

The reason for the choice of the weight on the left hand side above will be ex-
plained in the next section when we compute the character.

4.1. Comodules constructed from complex K. Consider complexes K,
with a ;= k — [ # 2.

Ka:...—>/\k_1®Sl_1*—>/\k®Sl*—>/\k+1®Sl+1*—>...

By using the exactness of the complex K we will construct a class of irreducible
representations of GL4(3|1). According to (4) we have

(17) NS = Imdk—l,l—l O] Imko.
For a dominant weight (m,m,p|0) with m >0 > p, set
(18) I(m,m,p|0) := Imdp+2m—p ® I(1,1, 1)@m=t
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and

(19) I(—2 —p,—m —2,—m — 2[0) := I(m,m,p|0)* @ I(1,1,1]1)**3.

4.2. Comodules constructed from the double Koszul complex. From

Proposition 3.2, for any 4,a with i,a +¢ > 0, there exists X;, such that
Sit1-Satit1” = SiSati” ® Xig.

For any dominant weight (m, —1,p|0) with m > 0 (and p < —1), set

(20) I(m,—1,p|0) = Xy —pm—p—1 ® I(1,1,1]1)".

According to Proposition 3.3, there exists a comodule Y; 1, , such that, for ¢, k, a
with k> 1,4,a4+i+k+12>0,

*
KerPi k11 ® Savitks1” @ Yiga = Sit1 @ Imdy gpiyry-

For a dominant weight (m,n, p|0) with m >n >0 > p, set

(21) I(m,n,p|0) = Yot nt2n-m—p-2 ® I(1,1,1]1) <"1,
For a dominant weight (m,n,p|0) with m # —2,n < —2, we set
(22) I(m,n,pl0) = I(=2 —p,—2—n,—2 —m)*I(1,1,1]1)*®3.

Thus for any integrable dominant weight (m,n,p|0) we have constructed a
comodule I(m,n,p|0). Here is the detailed check:
(1) m>n >0: I(m,n,p|0) is given by (13).
(2) m>n>0>p:
(a) m =n: I(m,m,p|0) is given by (18);
(b) m > n: I(m,n,p|0) is given by (21);
(3) m>0>n>p:
(a) n=—1: I(m,—1,p|0) is given by (20);
(b) =2 > n: I(m,n,p|0) is given by (22);
(4) 0>m>n>p:
(a) m=n=—1: I(—1,—1,p|0) is given by (16);
(b) m=—1>n: I(—1,n,p|0) is given by (22);
(¢) m=—2: I(—2,n,p|0) is given by (15);
(d) =2 > m: I(m,n,p|0) is given by (22).
In the next section we shall exhibit the simplicity of these comodules by re-
ducing it to the case of the standard Hecke symmetry R(") and using the formal
character.

5. SIMPLICITY AND COMPLETENESS

In this section we shall prove the simplicity of the comodules constructed in the
previous section and that they furnish all simple comodules of Hg. Our method
is to use the representation theory of the quantum universal enveloping algebra
Uy(gl(3]1)). According to [7, Thm 4.3] there is a monoidal equivalence between
the category of comodules over Hgr and the category of comodules over H ).
Thus the problem is reduced to the case R = RV, In this case, there is a duality
between Hpspy and Uy (gl(3]1)), [17, Thm 3.5], which shows that there is an
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equivalence between the category of comodules over H 31y and finite dimensional
integrable representations of U, (gl(3|1)). Notice that irreducible representations
of Uy(gl(n|1)) can be obtained by other methods, see e.g. [14, 10]. But these
methods are not compatible with the braided monoidal equivalence mentioned
here. This is the reason why we want to give a construction based merely on the
braiding (given by R) and the two maps ev and db.

For finite dimensional representations of U, (gl(3|1)) the weight decomposition
is obtained in the same way as for the classical case of gl(3|1), whence the char-
acter is defined and does not depend on the parameter ¢ (as long as ¢ is not a
root of unity).

The character of H ps)1)-comodules can be defined directly. Consider the quo-
tient Hopf super algebra of this algebra by setting zj- = 0 for all 4 # j. This
quotient is just the algebra of Lorenz polynomials [k[zfil]. Assume that M is
a comodule over H s, consider it as a comodule over k[zi*!] we obtain the
decomposition

M =P M,
A

where A runs over the set of Z-linear mappings from the free abelian group gener-
ated by z} to Z, i.e. the set of integrable weights. The character of M) is defined
to be

ch(My) == dimy(M))e.

It follows immediately from the definition that the character is additive with
respect to short exact sequences and multiplicative with respect to the tensor
product. The fact that this definition agrees with the above definition follows
from the explicit duality between H papy and Uy (gl(3[1)).

Now to finish the proof that all comodules of Hg constructed in the previous
section are simple and furnish all Hg-comodules, it suffices to verify the following
lemma and to compute explicitly the character of these comodules.

Lemma 5.1. Let V' be a representation of Uy(gl(3|1)) with the character equal
to the character of the simple highest weight representation V(X). Then V is
isomorphic to V(X).

Proof. Consider V and V() as representations of the Hopf subalgebra U, (gl(3) &
gl(1)). Since they have the same character, they are isomorphic. In particular,
as Uy(gl(3) & gl(1))-representations, V' contains a direct summand with highest
weight A, say S(A).

According to [15],V ()A)is obtained from S(A)by induction. More precisely, V' (\)
is the quotient of the Kac representation V() by its maximal sub-representation.
The representation V() is defined as follows. One first extends (in a trivial way)
the action of U,(gl(3) @ gl(1)) to the action of an intermediate algebra and then
induces this action to the whole algebra U,(gl(3]1)).

It follows by the adjoin property that there is a non-zero map

V(A — V.
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Hence V() is a sub-quotient V. But they have the same character, in particular,
same (total) dimension, hence are isomorphic. O

Lemma 5.2. The character of the representation I(\) constructed in the previous
section is equal to the character of the highest weight irreducible representation

VI(A) of Uy(gl(3[1))-

Proof. The character of V(\) does not depend on ¢, hence can be computed by
the classical formula, for instance it is given explicitly in [2]. On the other hand,
the character of I(\) can be computed directly from their construction and the
compatibility of the character with exact sequences and tensor product. First,
setting
21 = e10000) o — p(01000) 40— ((00,110) \ — ,(0,0001)
we have
ch(I(1,0,0[0)) = x(V) = z1 + 2 + 3 — y.
Using [11, Example 1.3.22(4)] we have, for m >n >p > 1,

ch(I(m,n,p|0)) = (z12223)" " (21 + y) (w2 + y) (x5 +y)S(m — p,n — p,0)
where S(m,n,p) is the Schur function on the variables x1,x2,x3, associated to
partition (m,n,p). Further, we have
(1 +y)(x2 +y)(x3 + )

ch(I(m,n,0[0) = (r1 — 22) (22 — 23) (21 — 23)

m+1_.n n..m+1 m+1_n n..m+1 m+1_.n n . .m+1
T +y T2+ Y T3 +Yy ’

(1 +y) (w2 +y) (73 +Y)

(z1 — x2) (22 — 51732(331 — x3)
y <x;n+1 _ :Egn—l— $gn+1 _ JET—H JET—H _ :Egn—l—l)

1 +Yy T2+ Y T3 +y

ch(I(m, 0,0[0) =

Since I(1,1,1|1) gives the quantum super determinant, we have
ch(I(1,1,1]1) = zyzox3y~ L.
Using induction we obtain, for k — 1 # 2, k > 2,
(z1+y) (@2 +y) (w3 + )y
(z12023)!

Hence we have, according to (18), for m > 0 > p,

ch(I(m,m,p|0) = (z1 + y) (22 + y) (23 + y)(z12223)" ' S(m — p,m — p,0).

Next, we have, for i,a > 0,
(21 +y) (w2 +y) (w3 +v) <w1(w5 g — 2 Pag e

(1 — xo)(xo — x3) (21 — T3)Y 1ty

ch(Imko) = S(l, l, 0)

Ch(XLa) =

—a—z—1x7,+2 . xz—i—Zx—a—z—l) —a—z—1x7,+2 . xz—i—Zx—a—z—l)

TolT r3\x
n 2(73 1 3 2 I 3(7 2 1 %y >
T2+ Y T3+ y
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That is, X;, has the same character as the comodule V(i + 1,0, —a — i|1).
Finally, we have, for i > 0,k > 2,a+1¢+ k > 0,

(z1 +y)(z2 + y)(zs + y)y* >
(xlx2x3)a+i+k+l

That is Y; 1 o has the same character as V(i +2,1, —a—i— k|3 — k). This formula
for the case a + 1+ 3 # 0 follows from the character formula for dj,; given above.

For the case a + ¢ + 3 = 0, the comodule Imdy, ;o is not simple, its character
can be computed by using the complex K». Indeed, we have Imdz g = Ag. Using
induction and the fact that the homology of Ky is concentrated at the term
(3,1) and is I(1,1,1]1) one can show that Imdj ;o has a decomposition series
consisting of I(1,1,2 — k|2 — k) and I(1,1,3 — k|3 — k).

By the formulas given above one can easily check that for any dominant weight
(m,n, p|0)

Ch(}/;,k,a) =

Sla+2i+k+2,a+i+k+1,0).

I(m,n,p|0) = V(m,n,p|0).
This finishes the proof. U

The following theorem is a direct consequence of the two lemmas above.

Theorem 5.3. The comodules I(\) constructed in the previous section are simple
and furnish all simple comodules of the Hopf super algebra Hpg.

Remark 5.4. The first named author has constructed in [2] a full list of ir-
reducible representations of the super group GL(3|1). There is unfortunately
several misprints in that work that makes the list in fact incomplete. The de-
scription here fulfills this gap.

REFERENCES

[1] N. T. P. Dung, P. H. Hai, Irreducible representation of quantum linear groups of type Ay,
J. Algebra 282 (2004), 809 - 830.

[2] N. T. P. Dung, Double Koszul complex and construction of irreducible representations of
gl(3|1), Proc. Amer. Math. Soc. 138 (11) (2010), 3783-3796.

[3] D. I. Gurevich, Algebraic aspects of the quantum Yang-Baxter equation, Leningrad Math.
J. 2 (4) (1987), 801-828.

[4] P. H. Hai, Poincaré series of matrix quantum space associated to Hecke operators, Acta
Math. Vietnam. 24 (2) (1999), 235-246.

[5] P. H. Hai, Splitting comodules over Hopf algebras and application to representation theory
of quantum groups of type Ag|o, J. of Algebra 245 (1) (2001), 20-41.

(6] P. H. Hai, The integral on quantum supergroups of type A,|,, Asian J. Math. 5 (4) (2001),
751-770.

[7] P. H. Hai, On the representation theory of matrix quantum groups of type A, Vietnam J.
Math. 33 (3) (2005), 357-367.

[8] V. G. Kac, Character of typical representations of classical Lie superalgebras, Comm. Alg.
5 (1977), 889-897.

[9] V. G. Kac, Representations of classical Lie superalgebras, in: Lecture Notes in Math. 676
(1978), 597-626.

[10] Nguyen Anh Ky, Two parametric deformation U, 4)[g{(2|1)] and its induced representa-
tions, J. Phys. A 29 (1996), 1541-1550.
[11] 1. G. Macdonald, Symmetric Function and the Hall Polynomials, Oxford University Press,

New-York, 1979.



IRREDUCIBLE REPRESENTATIONS OF GLg(3|1) 229

[12] Yu. I. Manin, Quantum Groups and Noncommutative Geometry, Université de Montreal
Centre de Recherches Mathematiques, Quebec, 1988.

[13] Yu. I. Manin, Multiparametric quantum deformation of the general linear supergroups,
Comm. Math. Phys. 123 (1989), 163-175.

[14] T.D. Palev and V. N. Tolstoi, Finite dimensional irreducible representations of the quantum
superalgebra U, (gl(n|l)), Comm. Math. Phys. 141 (1991), 549-558.

[15] R. B. Zhang, Finite dimensional irreducible representations of the quantum supergroup
Uq(gl(m|n)), J. Math. Phys. 34 (3) (1993), 1236-1254.

[16] Y. Su, R. B. Zhang, Character and dimension formulas for general linear superalgebra, Adv.
Maith. 211(2007), 1-33.

[17] H. C. Zhang, R. B. Zhang, Dual canonical bases for the quantum general linear supergroup,
J. Algebra 304 (2) (2006), 1026-1058.

BIENPHONG UNIVERSITY, SON TAYy, HANOI, VIETNAM
E-mail address: phuongdung72@yahoo.com

INSTITUTE OF MATHEMATICS, HANOI, VIETNAM
E-mail address: phung@math.ac.vn

HANOI1 PEDAGOGICAL UNIVERSITY I, VINHPHUC, VIETNAM
E-mail address: hungp1999@yahoo.com



